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PEEFACE. 



The appearance of another text-book on Geometry may 
perhaps be considered to demand an apology, but I venture 
to hope that an examination of the following pages will 
shew them to differ considerably from any existing treatise. 
The extending use of graphic methods in the solution of 
many practical engineering problems has appeared to me 
to demand a corresponding extension in the practice of 
drawing the curves on which such solutions may frequently 
depend, and, though the properties of conic sections have 
been discussed thoroughly both geometrically and analyti- 
cally, there is so far as I am aware no book treating of the 
actual delineation of the curves from given data to any- 
thing like the extent here attempted. Independently how- 
ever of their applied use, the problems generally will, I 
think, be found useful merely as drawing exercises in science 
and other schools. A great deal of attention is devoted to 
the construction of regular polygons, circles packed into 
another circle and similar fancy figures, by methods which 
no practical draughtsman ever uses, while the construction 
of an ellipse is at the most limited to drawing it from the 
principal axes or from a pair of conjugate diameters ; and 
the time spent on these and similar exercises might, I think, 
E. h 
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be moro profitably dovoted to work bringing out the nature 
and properties of this and other curves. 

I can say from experience that the practice of sketching 
a curve freehand through a series of previously found points 
is a most valuable element in teaching mechanical drawing, 
while the finding the points furnishes abundant exercise in 
handling square and compasses, and impresses on the student 
in a very striking manner the necessity for neatness and 
accuracy in their use. 

Each problem may of course be drawn on paper without 
reference to the proof of the principle on which its con- 
struction depends, but I consider that for the advanced 
student at any rate it must be much more satisfactory to 
work with as complete an insight as possible into the 
methods he is using instead of groping along by mere rule 
of thumb, so that in nearly all cases notes in proof of the 
property made use of have been added, although such proofs 
may be found in numerous published works, and are indeed 
so completely common property that I have not thought it 
necessary to give direct references to the pages from which 
they have been taken. 

I cannot however here omit to notice my indebtedness 
to Dr Salmon's classical work on Conic Sections, or to 
Chasles' Gdometrie Stip^rieure for the chapter on Anhar- 
monic Ratio and the Anharmonic Properties of Conies. 
Chap. VIII. will, I hope, convince a draughtsman that he 
can if he likes make use of an engine veiy little known in 
England and of enormous power. The methods of Modem 
Geometry deserve to be brought into much closer relation 
with the drawing-board than has hitherto been the case. 

The chapter on Plane Sections of the Cone and Cylinder 
involves some elementary notions of Solid Geometry or 
Orthographic Projection, but the explanations given will, I 
hope, enable the average student to work through the chapter 



y Google 



without referring to any special treatise on Projection. The 
ordinary pseudo-pei'spective diagrams usually given in books 
on Conies are I think unsatisfactory, and the method of 
referring the solid to two rectangular planes seems to me 
in every way preferable. When the mental conception of 
a, plan and elevation is once thoroughly realised the student 
is well repaid by the exactness with which he is able to 
lay down on paper any point or line on the surface of the 
cone. 

The later chapters cannot be read without some know- 
ledge of trigonometry, but the practice of translating a 
trigonometrical expression into something which can be 
represented to the eye is a valuable one, and the hints 
given in the chapter on the Graphic Solution of Equations 
will I trust be found useful. 

My warmest thanks are due to my friend and colleague 
Professor Minchin for much valuable advice and assistance 
most freely and readily given : without his help the hook 
would have been much less complete than it is, whatever 
its imperfections may be found to be. 

It would be too much to hope that a work of this 
character should have been compiled and gone through the 
press without some errors creeping in. I hope they are not 
more numerous than from the nature of the case may be 
considered unavoidable, and I shall be thankful for any such 
being brought to my notice. 
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CONSTRUCTIVE TEEATISE ON 
PLANE CUEVES. 



CHAPTER I. 

INTEODUCTORY. 

Ihe Iii^tiuments lequued tor the acourafe n-p( esBiit ition on 
paper of almost all known curves are few m niimbei and ot 
simple construction For acidulate woik Jiowe^ei it is essential 
they should he of good quality, and be kept m ^ood oider A 
hmited number of good instruments it in eveiy way to be pre 
fened to a laigei numbei ot mfeiior article&, and where economy 
18 an object tterefoie, in prefeiente to the usual large and small 
single jointed compasses found xn cheap bo^es of mathematical 
instruments the author strongly lecommends the purchase of one 
medium &ize, double jointed pan of conipd,sw>s with pen and 
penul points, whi(,h ;^n be used for both luge and small cirdes 
if caie be taken to adjust the le^^s so that the lowci portions of 
both may be perpendicular to thf papei This is a tme qvd rum 
foi good work ami it lo of couiae impossible with the ordiaaiv 
single jointed instruments In addition to the above a p'ur of 
dividers, a drawing pen for mting m straight Imea, a protractor 
which should also contain a diagonal scale of half-inches, a couple 
of set squares (45° and 60°), pencil and paper may be considei-ed 
a complete equipment for the work of the following pages. 

More may be learnt as to the proper way of handling these 
tools by ten minutes' observation of a practised draughtsman 
than from pages of explanation, but failing the opportunity of 
this practical instruction, the following hints may be useful. 
E. 1 
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2 USE OF INSTRTOtENTS. 

Parallel lines should be drawn by means of the set squares ; 
(tkey are far better than parallel rulers). The edge of one must 
be adjusted in the required direction and held firmly on the 
paper, the other siould be placed in contact with a second edge 
of the first and held ia that position, and the firat may th«n be 
made to slide along the second till it comes into the position of 
the required parallel Line. A lino perpendicular to another and 
passing through a given point should be drawn by adjusting an 
edge containing the right angle of one of the squares to the given 
line, placing the second square in contact with the hypotenuse of 
the first and sliding the first along the second until its third side 
passes through the given point, when the required perpendicular 
can be drawn. 

If a line is to be drawn through two given points, the point 
of the pencil should first be placed on one of the ]Joints, the 
square can then be brought «p to the pencil and worked against 
it as a centre till it coincides with the other, when the line can 
be drawn, and care must be taken that the iine passes accurately 
through both points, as omng to the thickness of the edge of the 
square it is quite possible to make a slight but quite appreciable 
error. This is particularly the case if the pencil is cut to a 
chisel edge instead of to a circular point, and the author woild 
express his decided conviction as to the superiority of the circular 
point. It is of course quite impossible to draw accurately unless 
a good sharp point to the pencil be constantly maintained. 

Lines whether straight or circular should be bisected, tri- 
sected, &o. by trial, mechanical methods however good in theory 
being unnecessary and indeed objectionable in practice. A very 
little practice in handling a pair of dividers will enable this to 
be done with great ease and with all attainable accuracy, if the 
amount by which the first shot exceeds or falls short of the 
desired result is noted and the legs of the dividers closed up or 
extended to the necessary estimated fraction of this amount. If 
the required number of parts admits of division, the line should 
first be divided in the smaller number of parts necessary, i.e. if 
it is to be divided into six parts, it should bo first bisected, and 
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tliPii each hili tiisected if into nme p'uts it shruld \jp firit 
triaeoted aid ao on Caie must be taken by a light ban Umg of 
the mstium nta not to damige the paper lit td it n tound that 
it can be maikfd with the points in the light jlaces and when 
a point IS 1 em^ narked ou a line with the dividers spociaJ care 
should be taken to piess in the point oi the hne tnil not merely 
somewheie in its neij^hbourhood In handling the instruments 
thej should le constantly ke]t m as nearly vertiwl j. lanes as 
possible A point ■when found should be marked by a light 
pencil ring round it an l not 1 y a smudge made with a blunt 
pointed pencil which entitely obsouiea the exact position of the 

Pkoblem 1 (F ^s 1 2 ) Tt dj / a I w hu'-cfm i tfu- angk 
Ml sen t to given hn s 

It IS fiequently neoessaiy to do this when the 1 nns iie so 
nearly paiallel ot arc ftlicrwise so situated that then j int o± 
intei section does not fall ■v^thln the Imnts of the sheet of paper 
01 drawing board an I since the method of proceeding m this 
case includes the oi linary Mm} le case it is the ine chosen as 



an example. Let AB, CD (fig. 1) be the given lines. Draw Gff 
parallel to AB at any convenient distance {£^) from it, and draw 
GK parallel to CiJ at a distance DI" equal to S^ from it. This 
can be done by drawing BH perpendicular to AB' from any point 
B on it, and DF perpendicular to CD from any point J) on it 
and making BE = DF, and then using two set squares in the 

1—2 
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4 BISECTION OF AN ANGLE. 

way reforrod to in the introduction. The distance BE should 
be BO chosen, as to bring the point G about as in the ligure, 
i.e. BE should be somewhat greater than half the least distance 
between the given linos. If the angle EGF he now bisected, 
its bisector will obviously also by symmetry bisect the angle 
betweea AB and CD. Take any equal distances GS, GK on &B, 
GF respectively or, what comes to the same thing, with centre 
G and any radius describe an arc IIK, and with centres H and K, 
and with any (the same) radius desciibe arcs intersecting in L. 
Then GL will be the required bisector. For the triangle GHL 
is obviously equal and simUar in all respects to the triangle GKL. 
This method is scarcely satisfactory when the lines are nearly 
parallel, on account of the smallness of the angle EGF and the 
difficulty of determining accurately tbe point of intersection G 
of two nearly coincident lines, and an alternative method evading 
this difEculty is shewn in fig. 3. As before, let AB, CD 1>e the 




two given lines. At any point B of the one line draw a line as 
BF, and at any point J) of the other conatruct an angle GDH 
equal to the angle EBF. The exact size of this an_le is im 
material but preferably it should not diffpr much trom half a 
right angle. [An angle (GDH) can be onstructed equal to a 
given angle (EBF) by describing arc^ EF, GH, with the angular 
points B, D as centres and with any (equal) i-adius, and then 
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INTRODUCTORY. 5 

making the cliord GS equal to tbe chord EF by means of a pair 
of dividers.] 

Let Bf and DR intersect in K. The bisector of the Migle 
BKD will, by symmetry, he ptvrcdld to the required bisector, i, e. 
bisecting the angle BKD by the line KL, the direction of the 
required bisector is known. To find ite position, draw any line 
AG perpendicular to KL meeting the given lines in A and C 
The required bisector must evidently pass through M the centre 
point of AG. It can therefore be drawn through ths point 
parallel to KL. 

Peoblew 3, (Fig. 3.) To find a fourth proportional to tJi/ree 
given, lines AB, GD, EF, or to find a Une of sv/ah length {I) that 

AB : GD :: EF : I, 
or that the rectangle contained hy ike two lines AB and I shail be 
eqacA in area to Hie rectangle contained by GD and EF. 

All questions involving proportionals depend on the construc- 
tion of similar triangles. Draw any two lines OK, OL meeting 



V^- 



in and containing any angle. From along one line set off 
0G = .^^, tliefiiMt term of the proportion, xa&OK^EF, the tMril 
term of the proportion. From along the other line set off 
OH — GD, the second term of the proportion, then through K 
draw KL parallel U> GU meeting OH in L. OL will be the re- 
quired fourth term. For obviously by the similar triangles OGH, 
OKL, 

OG : OH :: OK : OL, 
i,o. AB : CD ;: EF : OL. 
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SIMILAR DIVISION OF TWO LINES. 



A similar construction ■will obviously give a third proportional 
to two givea Jines -AS, CD; i.e. a line of length, (I) such that 

AB : CD :: CD : I, 
or tliat the rectangle contained hj AB and I shall be equal in area 
to the square on CD ; the only difference being that in this case 
the lengths OH and OK will be equal to each otiior. 

Pboblem 3. (Fig. i.) To divide a line of given length (AB) 

simMarly to a given liv^ CD divided im, any ma/nner as at E,F. 

{Thenv tnay he any mam/ner of points of division.) 

Draw any two lines as Off and Off. Make OG^AB, 0/7= CD, 
OK=Ci:, QL = CF... and draw KM, LN... pai^allel to H&. The 




ilarly to GI) ii 



line 00, i.e. AB will be divided 
E, F.... 

Problem 4. (Kg. 1.) To dram a line through a given point 
and throngh the intersection of two given lines. 

It is of course the simplest possible thing to do this when the 
actual point of intersection of the two lines is available. As in 
Problem 1 however it is frequently necessary to draw a line the 
direction of which depends on an inaccessible point. Let AB, CD 
be the two given lines and M the given point. {M may be 
between the lines as in fig. 1 or on the farther side of either with 
regard to the otter.) Draw any line through M meeting the 
given lines in N and 0, and at any convenient distance from M 



y Google 



INTRODUCTORY. 7 

draw a second line parallel to NO meeting tte given lines aa at 
A and G. If we divide AC, aa in Q, in similar segments to those 
in wliicli M divides NO (Problem 3) tlie line QM will be the 
required line passing through the intersection of AB and CD. 
The most convenient method for dividing AG is probably thus : 
join CN, draw PM through M parallel to GD and meeting GN in 
P, and through P draw PQ parallel to AB meeting AG in Q. AG 
is obviously divided in Q similarly to NO in P and therefore 
to NO in M. 

Peoblem 5. {Fig. 5.) To find the geometrie mean between two 
gvoenlines AB, GD, Le. to find a Urn of length (I) mioh tliat 

AB -.1 i-.l : CD, 
or that the $qua/re on I shall be equal in a/rea to Ike rectangle con- 
tamed by AB and GD. 

Draw any straight line EOF and set ofT on it on opposite 
sides from 0, OE--^AS, OF=CD. Otx EF describe a semicircle 



and from draw Off perpendicular to EF meeting the circum- 
ference in G. OG will be the required mean proportional or 
geometric mean. For, since the angle in a semicircle is a right- 
angle (Euclid in. 31), .-. the angles OEG, EGO are together equal 
to the angles EGO, OOF,a.ni .-. the angle 0£'ff = the angle OGF, 
.: the right-angled triangles OEG, OGF are similar and 

.■- EG : OG :: OG : OF, 
i.e. AB : OG :: OG : GD. 

Problem 6. To divide a given line so Hiat the rectangle con- 
tained by its segiiientis ia equal to the square on a given line which 



y Google 



8 MEAN AND EXTREME PROrORTION. 

imist obviously be not greater than lialf the line to he divided 
(fig. 5). 

This ia the converse of the last problem. Let EF be the given 
line, on it describe a semicircle. Draw the radius KL perpendi- 
cular to EF and on it make KM equal to the side of the required 
square. Through M draw a parallel to EF meeting the circle in 
ff and from G drop a perpendicular on ^f meeting it in 0, will 
be the required point of division. 

The conatruotioa ig obvious £rom the last problem. 

Peoblem 7, (Fig. 6. ) To divide a line medially, or in e:c(reme 
aTid mean proporUon, i.e. to find a point (F) in a line AB such 

ike whole line AB : the greaier segment {BF) 

:: BF : the lesser segment {AF), 
or that tlhB rectangle contained by the whole line and the lesser 
segment is eqtial in area to the sqv/we on the greater segment. 

Bisect AB in C, from A draw AD perpendicular to JB a'.id 
make AD = AG^\AB. Join BD and on it from I) cut off 




BE^DA; from B on BA cut off .B^ = BE. F will be the required 
point. This construction is simplified from Euclid ii. 11, the proof 
may be shewn thus. 

The sq. on BD = sq. on AB + sq. on AD (Euclid i. 47). 

Also „ - sq. on JS^ + sq. on ED + 2 rect. EB . ED, 

but ED^-AD and EB^FB, (Euclid n. 4), 

.■. sq. on^5 = sq. on J^.B + 2 rect. FB.AJ). 

Again sq. on AB=&\. on2^B + eq. on ^#+ 2 rect. AF.FB 

(Euclid n. 4), 
= sq. oni?'5 + rect. AF(AF+FB) 
+ reat. AF.FB. 
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.-, 2reot. F£.AD = rect AF . AB + reoi. AF . FB, 

i.(i.Teot.FB{2AI)-AF} = x&<xt.AF.AB, 
but 2AD^AB and AB- AF^FB, 

.-. finally sq. on FB^te^ci.AF .AB. 

Pkoblem 8. (Fig. 7.) To find graphically a series of terms in 
geometrical progression, being given either two successive terms or 
one term and the common ratio. 



Draw two lines Oe, OF meeting in at any convenient angle, 
a one mark off the Ut given term as OA, and on the other the 




2nd given term as OB, or if the common ratio be given a length 
OB = 1st term multiplied by the common ratio. 

[In the figure OA the first term = 2, and 05= 2'4 ; the com- 
mon ratio therefore ia 1'2, the unit being 3"/8.] 

With centre and radius OB describe an arc cutting OA in i ; 
through b draw hC parallel to AB cutting OB in C. OG will be 
the required third term of the series. Similarly make Oc on OA 
= 00 and through c draw cD parallel to AB cutting OB in D, 
OD will be the required fourth term, and so on in succession. 
Terms on the other side of OA can also be determined as shown 
at Ofij, OC„&Q. 

The construction evidently depends on the similarity of the 
triangles OAB, ObG, Jic. 

by which 00 : OB :: Ob : OA, 

i. e. since Ob = OB, OB' = OA . 00, 
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10 PRODUCT OF TWO EATIOS. 

or each term ia a mean proportional between, tho two 
sides of it, in other words the series ij 



Since OB —r. OA, the above expression for 0£' becomes 
r'. OA^OG, 
and 80 also t^ .OA^ OD and so on. 

Very careful drawing ia required to ensure accuracy, and the 
scale should be as large as possible, as otherwise, since errors are 
cumulative, the lengths ohtained for the fourth or fifth and suc- 
ceeding terms may differ considerably from their true values. 



PnOELEJi 9. Giv 



■) ratios =■ and — to delermine the ratio 



,—, or to divide a given Une so that Hie ratio of its segments sludl 
equal the product of two given ratios {Fig. 8). 

Draw any line AB and on it make AD=^a, BB = b. "With 
centre B and i-adius l + ia describe an arc, and witli centre 




A and radius AG the length of the given line to be divided 
describe an arc intersecting the former in G. Make BF on BG - 1 
so that FG = m. I>raw AF, GD intersecting in and draw BO 
meeting AG va. E. E will be the required point o£ division : 



EC DB ■ FC b " 



n.AOD 
a BOD' 



nBOD 
liO'DS' 
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IKTRODUCTOBY. 11 

sin BOF ain EOF 



"G ^rnCOF SW.AOD' 

AE _sia AOF wn. EOF _ AD BF 

WsXa^FOO'smBOD "bD-'FG- 

It follows of course ttat in any triangle if lines be drawn from 
the Terticea ABC meeting the opposite sides in F, E, D and all 
passingthrough the same point 0,4Z). EF .CE = DB . FG . EA, 
i.e. that the continued products of the alternate segments taken 
in order are equal. 

Problbm 10. To det&mmie gra/pkieally the square root of any 
number («), i.e. to determine a Une the lenglA of which : length of a 
line containing n vmila meamtred on any scale :: 1 ; •Jn. 

This is sometimes, though misleadingly, called determining the 
square root of a given line. The fact ia that the expression the 
square root of a given line has no meaning unless we take the line to 
represent, by the number ai units it contains, a given area; and 
then the line to be found is the side of a square, the number of 
square units in which is equal to the number of «nits contained in 
the line — the aime scale o£ course being used for each. If a triangle 
AEG be diawn ught angled at A and having the sides AE, AC 
eai-h one ini.h long the aide EG is the side of a square of two 
squire mches area and m this sense EG may be said to bo the 
square loot of a line two inches long, or of the number 2, the 
unit bemg one inub but if the unit be half-an-iach the same 
Ime EC represents the square root of 8, since (Euc. I. 46) 
EC = ^5" + JC" = 2' + 2' - 8. 

If we use a diagonal scale of half-inches, the length BC 
may be read on it to two places of decimals, and the number 
so obtained is the square root of 8 to two decimal places. 
Any question relating to the square root of a number, must 
therefore always be taken as involving the application of some 
particular scale. The square root of any proposed number can be 
found by splitting the number up so as to make it equal to the 
sum or difference of two or more aquare'!, and then constructing 
light-angled triangles having sides equal to tho sides of these 
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12 EXTEACTION OP SQUARE ROOT. 

squares. Thus ^3 = Ji-l, = J2' - I' so that if a right-angled 
triangle AUG bo drawn, right angled at C and haying A£ — 2 inches, 
and AC = 1 inch, £0 represents ^, an inck being the unit. 
(The triangle may be constructed by drawing a aeinicircle on A£ 
as diameter and making .4 (7 in it = 1 inch.) If the unit is half-an- 
inch BC representa JAB'-AO', i.e. JW^^ or ^12. 

^5 = Jy - 2°, i.e. is the perpendicular of a right-angled 
triangle the hypotenuse of which is 3 and the baso of which is 2, 
or it may be determined as the hypotenuse of a right-angled 
triangle one side of which is 2 and the other I, since J5 — J2'+1'. 
If we halve the unit the same line would represent ^20. 

JG=J2' + J2^, i.e. if J2 be first determined, ^6 ia the 
hypotenuse of a right-angled triangle the sides of which are 2 and 
J2, or it may be determined from JQ = J^^-JS^. 

Ji = J 2^ + JS^, and can be determined if ^3 is known. 
^8 has already been given. 

^11 =V4^ — ^5^, and can be determined if ^5 is known. 

,yi2 has been given above; and the method is probably 
sufficiently exemplified by the above, but we will take two 
examples of larger numbers 

^i7 = -JQ^ + JlV, thus being made to depend on ^11. 

yi79 = */l3' + yio° thus being made to depend on ^10, it 
might also be written =vllV^47"or could be determined in 
other ways. No definite instructions can be given as to the best 
mode of working in any particular case, but as a rule triangles 
having sides of nearly equal magnitude should be selected, since 
the intersections of lines cutting at very acute angles cannot be 
accurately determined. 
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Defikitioit. Three magnitudes are said to be in harmonic 
progreasion when the first is to the third aa the difference between 
the first and second ji to the difference between the second and 
third : and the second magnitude is said to be an harmonic mean 
between the first and thud 

Thus if the mignitudc? m presented by the lengths o£ three 
lines (as AB, AG, AD, fig 9) aie m harmonic progression and the 
lines be superimposed with a common extremity as in that fig. i — 
then AB : AD :: BG : CD. 

The reciprocals o£ magnitudes in harmonic progression are in 
arithmetic progression and conversely : — for, if AB, AG, AD are 
in harmonic progression then by definition 

W CD 
^ AB"^ AB' 



AB : AD :: BG : CD, i 
1 J_ 
AB' AC' aJj ' 



and if -- , -j-^, -j— are in arithmetic progression then by 

defimtion, IS*Jl>'JC" 

but this may be written 

J. I__ J 1^ 

AB AG" AO AD' 

A O-AB _ AD~ AG 
"'" AB . AC ~ AG . AD ' 

BC ^CD 
°'' AB" Jj>' 

an identical expression with the above. 

PboblestII. (Fig. 9.) Tojmdtkehamymicm 
givm Knee AB, AD, i.e. to find a line oflength I such that 
AB : AD :: the difference hebioeen AB amd I 

: tJie difference between AD and I, 

Set off the given lengths from the same point (A) on any line 
and in the same direction along it, as AB, AD. Talto any point 
H outside AD and join AA', DE. Through B draw FBG parallel 



y Google 



HARMONIC PEOGKESSION. 



to BB meeting AE in ¥ and make BG = BF. Join EG entUng 
AD in G and AC will be the rcc[uiied harmonic mean. For by the 




similar triangles ABF, ABE, 

AB : AD :: BF : BE. 
Also by the similar triangles GBG, ODE, 

BC : CD :: B& ■ DE, 
and BC = BF, 

.'. AB : AD :: BC : CD, 

:: AC-AB : AB-AC. 
Phobleh 12. (Pig. 9.) To find the thh-d term of a Jt 
progression, the first two terms being given. 

The above construction may be adapted to find the third t«rm 
of a harmonic progression the first two terms being given. Sup- 
pose AB and AG given. Superpose thorn with a common ex- 
tremity as in tlie fig. 9. Take any point E outside AC. Join 
F£ and produce it to G making BG = BF. Join AF and GG 
producing them to meet in E and draw ED through E parallel to 
FB meeting AC (produced if necessary) in D. AD will be the 
required third term. 

Def. When four points in a straight line as ASCD in fig. 9 
fulfil the condition 

AB : AB :: EC : CB, 
they constitute a Harmonic Range., and if through any point E 
outside the line the four straight lines EA, EB, EG, ED be drawn 
these four lines constitute a Karmonio Pencil, which is denoted by 
E{ABCD). Any straight line drawn across the pencil ia called a 
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Transversal, and every transversal of a liarmonic pencil is divided 
harmonically in the points in which it intersects the lin^ of the 
pencil ; Le. the four points of intersection constitute a Harmonic 
Range. For in fig. 9 draw any transversal as HKLM, and through 
K draw/% parallel to ED arid therefore to FG, meeting EA, MC 
in/and g. Obviously since BF = BG, .: Kf-^ Kg. 

By similar triangles HKf, HMM 

HK : EM v.fK : EM, 
and by similar triangles KLg, MLE 

KL : LM :: gK : EM, 
but Kf= Kg, 

.: HK : BM :: KL : LM, 
or HKLM constitute a Harmonic Range. 

A particular case of a Harmonic Pencil is furnished by the 
pencil formed of two straight lines and the bisectors of the angles 
between them, as shewn in fig. 10, where AD bisects the angle 




SAC and AE is drawn perpendicular to AD, and therefore bisect- 
ing the exterior angle between AC and BA produced. For draw 
any transversal as BFGE, and through F draw PFN parallel to 
AE and meeting AB, AC in F and N. 
Then FF= FN and 
BF : BE :■ PF ■ AE, by similar triangles BPF, BAE, 
FG : GE :: FN : AE, by similar triangles FGJ^, EGA, 
.: BF : be':: FG : GE, 
or the pencil is harmonic. 
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} HARMONIC RANGES AND PENCILS, 

A line of given lengtli may obviously be divided harmonieally 
. aa infinite number of ways, since a line of length nK=BE 
,n be drawn, from any point H on AB to terminate on AE and 
HL : HK :: LM : ME. 

SamrwniG Properties of a com/plde Quadrilateral. 
If FBeA, FDe^G be harmonic ranges (fig. 11), the straight 
msACe"^ 5iJ meet in a point is also ^ZJ, .BC and ee^. 



For if BD, AC meet in. E, diaw Fp , then the peneil 
E (AeBF) is tarmonic aad FC is a traiis\eisxl, so thit e, must lie 
onEe. 

Similarly if Al) and BG meet in 0, the pencil {AeBF) is 
harmonic and FG a transversal, so th.at e, must lie on Oe. 

If ASCD is any quadrilateral, F the intersection of the sides 
AC and BB, F of the sides AB and CD, the intersection, of the 
diagonals AD and BC; it follows conversely that FA, FO, EB, BF 
form a harmonic pencil, as also FE, FC, FO and FA. If EO meet 
AB in e and GD in e,, AeBF and Ce^DF are therefore harmonic 
ranges, and if FO meet AC in/ and BD in/,, A/CE and ^/JZ^A' 
are botli harmonic ranges. 

Further if AD meet FF ia a and B(7 meet it in 6, B0C6 is a 
harmonic range since it ia a transversal of the pencil F (EC/A), 
therefore AF, Aa, AE and ^16 form a harmonic pencil, and there- 
fore /"ai^fi is a harmonic range, i.e. FE is divided harmonically in a 
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Dep. a system of pairs of points Aa, Bb, ifec on a straight 
line such that XA .Xa,^XB .Xb = ... = XP'^XQ' is called a 
system in Involution, the point X being called tlie ceittn'e, P 
and Q the foci of the syetem, and any two corresponding points 
A, a, oonjuffate points. 

Problem 13. Ihoo pmrs of conjugate points A, a am.d B, b, 
hmtg given, to find the centre and foci of the involution. 

The existence of a focus is only possible when both points ot 
a pair are on the same side of the centre, and hence two cases 
arise, Ist, in whick one pair of points lies within the other, and 
3nd in which each pair lies wholly outside the other. 

Case 1. (Fig. 12.) Let ab be less than AB. Through a the 
extreme point of the range draw any line ac, and through B the 



more distant from a of the second pair of points draw a parallel 
line Bd. Mate ao = ab, 3d = BA, then do will intersect AMa in 
X the required centre — for 

Xa : ae :: X£ : Bd, 
.: Xa : ab :: XB : BA, 
.-. Xa+ab : Xa :: XB + BA : XB, 
ie. Xb : Xa :: XA : XB, 
therefore by definition X is the centre of the system. 

Take a moan proportional between either XA and Xa or 
XB and Xh, which doterminea the dist-ance XP and XQ from X 
of the foci. 
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18 CENTRE AND POCI OF POINTS IK INVOLUTION. 

Case 2. (Pig. 13.) Through the extreme points of the system 
draTT any two parallel lines as he. Ad. Mate he = ha the distance 



from b of the nearer point of the opposite pair and make Ad = AB 
the distance from A of the similar pointy then cd will cut Ah in 
X the required centre — for 

XA : Ad :: Xh : 6c, 

i.e. XA : AB :: Xh : ah, 

.: XA : AB-XA :: Xb : ah-Xh, 

or XA : XB :: Xh : Xa. 

The foci must be determined as in Case 1, 

Since XA : XP :: XP : Xa, 

.: XA^XF : XA + XF :: XP-Xa : XP + Xa, 
i.e. AP : AQ :: Pa : aQ, 
or each pair of conjugate points forms, with the foci of the system, 
s, harmonic range. 

It follows of course that if APaQ be an harmonic range and 
X the centre point of PQ, 

XA . Xa^ XP" = XQ\ 
The following relations between two pairs of conjugate points 
Aa and Bb, and their centre X and foci P and Q are sometimes 
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Tff 


: Ah 
: XA 




Xa 


XB, 


XA 


: XA 
: ah 


AB, 

AB 



(2); 



•iXP 



: PB' 



therefore, multiplying (1) and (2), 

Xb : XB :; Ab. ba : AB.Ba. 
Again, since QhPB is harmonic, 

■ :: P6 : BB, 
:: QB : PB, 
:: QB^BB : PB, 
:: 2XB : PB, 
■ XF' ; XB' 
:: Xb : XB 
:: Ab.ba : AB.Ba. 
a the ratio in wliich Bb is divided by P. 
Problem 14, (Fig. 14.) Through a gwen point P to da-aw a 
line •meeting Viso given lines AB cmd CD in B and D so that 
PB^PD. 

Through P draw any line meeting one of the given lines as at 
A. On AP produced make Pa— PA and draw al) parallel to BA 



Thisd 




meeting the other given lino in D. The line DPB ■will be the 
line required, i.e. PB = PI) (by the similar and equal triangles 
APB, aPB). 

2—2 
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20 



TRIASGLE WITH VERTICES ON GIVEK LIHES, &C. 



Problem 15. To draw a triangle ioiik its aides passing throxigh 
tiM-ee given points A, B, G, amd mth its vertices on three given con- 
current Unes OD, OB, OF (Fig. 15). 

Tate any poiut (aa M) on any one of the given lines and from 
it draw lines to any two of tlie given points (as EA, EB) meeting 




the otJicr lines in a and b. Let the lines AB and ah meet in M. 
Througli M draw a line MG passing through the remaining point 
((7) and meeting the lines Oa and Oh in P and Q. PQ will be one 
side o£ the i-eq«ired triangle which can be completed by drawing 
the lines PA, QB which wO! intersect in H on the third given line. 
There are generally six sohitions as lines can be drawn through 
each point terminated by either pair of lines. 

Problem 16. To drmo a triangle v>ith its vertices on ^wee 
given Unes AP, BQ, GQP, and with its sides passvng through three 
given points A, B, G one on each line (fig. 16). 

Let two of the given lines (as AP, BQ) meet in ; the third line 
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meets the others ta P and Q. Draw the lines AQ and BP inter- 
HBctitig in D, and draw OD intersecting PQ in M. Take a mean 



proportional PM between OP and i'£ (Problem 5), and a mean 
proportional QN between GQ and QE. With centres i" and Q 
and radii respectively equal to FM and ^JV ■describe arcs inter- 
secting in K. Draw a line bisecting the angle FKQ, intersecting 
PQ m. Z. Z will be one of the vertices oi the required triangle 
which can be completed by drawing BZ intersecting AP in X and 
AZ intersecting BQ in F. X and Y are the other vertices and 
XY will pass through G. 

Problem 17. To dettynnme /Jte locus* of the vertex of a triatigk 
on. a, given base AB and with sides BP, AP in a given raiio a : b. 

(Kg. ir.) 

On the given base AB describe any one triangle with sides 

BP : AP :: a : b. 
Bisect the angle APB by PZ* meeting AB in D and draw PC 
perpendicular to PI) meeting AB in C. 

On J)G as diameter describe a circle, which will be the required 
locus of the vertex. 

* For ilclinitioc of locus, soe p, 29 post. 
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SUM OR DIFFERENCE OF TWO RECTANGLES. 



Proof. Take any point Q on the cii'cle, and draw QA, QB, 
QB, QE. Sinoe PD bisects the angle APB 

.: £D : AD ■■ a : b (Euc. vi. 3), 

Fie.1T. ,,-'\ 




id since DPC is a right angle and PJ) biscete the angle APB 

. P(ADBO) is a harmonic pencil {p. 15), 

. also Q{AD£G) ia a harmonic pencil, and consequently s 



DQC is a right angle, QD bisects the angle AQB, 

.-. BQ : AQ :: BD : AD :: a : b. (Euc 



VI. 3.) 



Problem 18. To eonslruct a rectoAigle equal in area to the sivm 
or difermee of bwo gvmn. rectangles ABOD, DEFG (fig. 18). 

Apply the smaller rectangle to the side of the larger as in the 
figure. Complete the rectangle ABHE. Draw DH cutting FO 



in K. Through K draw LM parallel to AB and the rectangle 
ABML will be equal in area to the s«m of the two given rect- 
angles. {Euc. I. 43.) 
The dotted lines and the small letters in the fig. shew the con- 
struction for the difference of two rectangles. 
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Peoblem 19. F a q j.o t P i a given straight line 
PM to drmB imes aah g equal .gles intk PM and ciUtmg a 
second given line CM ai equal dtstt/} ces CD, CE from, a given 
poiiUC {&g. 19). 

From P and C draw PIf, CP perpendicular to CM. Make 
the angle MPF eqnal to the angle MPN and let PF meet GF in 
Flg.l9. _. ,^ 



F. With centre F and radius FP describe a circle cutting CM in 
D and E -which will be the required points. 

Proof. CD = CE since CF ia perpendicular to DE. 

The angle DFP is double the angle DEP. (Eue. ni. 20.) 

Half the angle DFP together with the angle FPD = 3. right 
angle. 

The angle DEP together with the angle EPN^ a right angle. 
.-. the angle i^Pi) = the angle EPN, 
and .-. the angle MPD = 'ih» angle MPE. 

The point C must evidently lie on the opposite side of M to iV. 

This is also a solution of the problem to construct a triangle, 
given the vertex, the bisector of the vertical angle, and the differ- 
ence of the segments of the base made by that bisector; for 
DM-ME = WM. 
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EXAMPLES. 



ExAMPUiS ON Chapter I. 

1. Draw a circle of radius 3'87. In it place a chord AB of 
length 4-8, and draw BC making 60° with AB. IE is on the 
circle shew that the side AC of the triangle is approsiniately 4-96. 

Shew that the geometrical mean between 3-76 and 2-43 is 
3 '02 approximately. 

2. Insciibe a square in a given triangle ABC 

(Through A draw a parallel AD to BC ; make AD equal in 
length to the perpendicular from A to BC, and join D to the end 
of the base BO that will enable it to cut one of the sides AB 
QT AC in M. E is one of the angular points of the required 
square, the base of which will coincide in direction with BC.) 

3. Bisect a given triangle ABC by a straight line drawn 
through a given point D in AC. AD < DC. 

(Bisect BC in E and through A draw AF parallel to DE 
meeting BC in F. DF will be the required line.) 

4. Given the middle points P, Q, R of the sides of a triangle, 
construct the triangle. 

(The side through P is parallel to QR, and so for the others. 
Take-PS = 2, QJi = 1-8, £P= 1-5.) 

5. Construct a triangle having given the base AB, tlie verti- 
cal angle C, and the difference of tho sides AC, CB. 

(Construct a triangle ADB having tho angle jli3£= 90"+ - , 

i)J. = the given difference and AB the given base. Produce AD 
to C, and make the angle i>j5C = the angle BDC.) 

6. Construct a triangle, being given the base AB the difference 
of the base angles, and the difference of tho sides AC, and SC. 

(Make a triangle DBA, with angle DBA=l the given differ- 
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ence. BA = the given base and AB the given difference of aides : 
produce AD to C and make the angle BBC = angle BDU.) 

7, Construct a triangle, being given the base AB, the vertical 
angle G and the sum of the sides AG and BG. 

(Make an angle ^i>£ - - , make i>^ = -AC + 5C, and AB = the 

given base; make the angle DBG = -^ , and so that BG cuts AD in 
G betiveen A and D.) 

8. Let j15(7 be any triangle, GD a perpendicular from G on 
Jj5 and E a point on AB such that .DS - DB. AE is the differ- 
ence of the segments of base made by the perpendicular, then given 
AE and any one of the following pairs of data, construct the 
triangle. 

o.. Sum of aides {AC + BG) and difference of base angles. 

(We are given in the triangle ^ C.E, ^C+ Ci^, ^^ and vertical 
angle ACE, i. e. base, vertical angle and sum of sides. The triangle 
can therefore be constnicted {last example) and from it the required 
triangle ABG.) 

ji. Difference of sides and difference of base angles. 

(Make an angle ADE containing 90° + g where a is given 

difference. Make DA = the given difference of sides, and AE the 
given difference of segments ; produce AD to C and make DEC 
= EDG ; produce J^ to -B and make GB^CD^ CM. ABG wiU 
be the required triangla) 

y. Sum of sides and vertical angle. 

(Construct a triangle AEG on the given difference of segments 
AE as base, with. 4C+ C.S = given sum of sides and the given 
vertical angle as difference of base angles (a above), produce AE 
to .5 and make GB = CM). 

8. Difference of sides and vertical angle, 

(Make an angle AEF='hali the given angle, make AF =th& 
given difference of sides, produce AF to C and make the angle 
EEC ■= EEC, produce ^i^ to -Band make (7B-C-E I. 6'-f,) 
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9. Given t!ie lengths AD, BE, CF of the bisectors of the 
sides of a triangle ABC, to construct tho triangle. 

(Construct a triangle F0& making F&^^AD, GO = \BE, 
FO = \FC ; produce FO to C and make OC = 2. OF so that FG is 
the given length; produce 60 both ways to £ and ^ and make 5(r 
= OE = GO so that BE is the given length, Join BG and draw 
BF,GE, producing them to meet in A. ABG will he the 
required triangle.) 

10. Given tho lengths AD, BE, GF of the perpendiculars on 
the sides from the opposite angles of a triangle ABC, to construct 
the triangle. 

(Determine a length jl/6 such that C-f : BE :: AD : JUb.aad 
on it construct a triangle Mbc, making 6c — BE and Mc — AD. 
From M drop a perpendicular on be and on it jo^the Md~ AD. 
Through d draw BdG parallel to 6, meeting Mb, Mc in B and C. 
MBG will be the rec[uired triangle.) 

11. Given three points D, E, F,%o construct a triangle of 
which these points shall be tho feet of the perpendiculars on the 
ades from the opposite angles. 

(The sides are perpendicular to the bisectors of the ajigles of 
the triangle DEF.) 

13. Divide a given straight line AB into two parts AG, GB, 
such that the difference of the squares on the parts may be equal 
to tho square on a given line DF < AB. 

(Take a third proportional FG to AB and DE. FG will be 
the difference between the requii-ed parts, and AB is their sum, so 
that AC, and GB are known.) 

13. Divide a given line AB into two parts AG, GB, such that 
the square on AG may be double tho square on GB. 

(Take JC : C£ : : V3 : 1.) 

14. Divide a given straight line AB into two parts AC, GB, 
anch that the sum of their squares shall be equiil to the square 
on a given line DE. 
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(Construct a rectangle equal in area to 2DE\'-AE^ (Prob. 
18). Take a mean proportional between its sides which will he 
the difference between AG and CB; the sum and difference of the 
parts being kaown, the parts are known.) 

15. Divide a given straight line AB into two parts AG, CB, 
such that ^lfi=+6'B' = 2.^C°. 

(Take J(7: CB :: I + -J^ : 1.) 

16. Draw any triangle ABC, bisect AB in D, join CD, and 
through G draw CE parallel to AB ; shew by drawing a, trans- 
versal, that the rays CA, CD, CB, CE form a harmonic pencil 

17. Given the directions of one pair of opposite sides of a 
quadrilateral AB and CD, and the point {F) of intersection of 
the other pair, shew that the locus of the intei'section of the 
diagonals is a straiffht line. 

(If AB, CD intersect in F, and G is the intersection of the 
diagonals, the pencil JS(A&CF) is hai-monic.) 

18. Find the geometric mean (BD) between two given lines 
(AB and BC) and shew by construction that the harmonic mean 
between AB + BD, ajid BC + BD is 2BD. 

19. A line AB is divided harmonically in C and B, and a 
part CB of the lino which contains two t«rms CD and DB is 
bisected in F. Shev/ that EC is the geometric mean of FA 
and FD. 

20. Divide a given straight line AB medially in the point C, 
and produce the line so that the part produced is equal to ^C 
the smaller segment ; shew by construction that the rectangle 
contained by J C and the whole line thus produced, together witli 
the square on AB is equal to four times the square on CB, 
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CHAPTER II. 



THE CIRCLE. 



Euclid's weil known definition is " A circle is a plane figure 
contained by one line, whicli ia called the circumference, and is 
such, that all straight lines drawn from a certain, point within the 
figure to the circumference are equal to one another : and this 
point is called the centre of the circle". A radius of a circle is a 
straight line dra,wn from tlie centre to the circumference, and 
therefore by the above definition all radii of a circle are equal 

Honce a circle is completely determined if we know its centre 
and the length of its radius, and it might seem at first sight that 
iiBO geometrical conditions would be sufficient to determine it. 
The position of the centre however must be counted as two con- 
ditions, and a circle can generally be drawn to satisfy three 
geometrical conditions, and three are in general necessary and suffi- 
cient for its determination. Thus an infinite number of circles 
can be drawn to pass through two points, or to touch two lines, 
and some other condition, such as the position, of a third point 
through which it must pass or of a line which it must touch in the 
first case, or of a third line which it must touch or of a point 
through which it must paas in the second, or such as the length o£ 
the radius in either, must be given to make the exact solution of 
the problem possible. 

The above* limitation " m gener'J" is necessary because it ia 
possible to give certain special positions to the lines and points 
which would render the pioblem impossible : thus e.g. in the first 
case a 'circle cannot be diawn through three points in the same 
straight line, or at least no ciicle of inite radius, or if the given 
conditions are ." to pass thi jugh tw o given point* and touch a 
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given line" the line must obviously lie outside the points, i.e. it 
must not pass between them, and similarly if the conditions are 
" to touch three given lines" one at least of the lines must not be 
parallel to the other two, but notwithataaiding these special cases 
it is generally true that a circle can be dra'wn to satisfy any three 
geometrical conditions. 

Definition, When a point is restricted by conditions of any 
kind, to occupy any of a particular series of positions, that series 
of positions is called the locv^ qfthepoint. 

Problem 20. (Fig. 20.) To describe a drele through tJvree 
gvem points A, £, C, not in tfie smne straight line. 

If the line joining A, B is bisected in J) and DO is drawn per- 
pendicular to AB, DO will obviously be the lociis of tlie oentj-es of 




all circles passing through A and £, i. e. any circle through A and 1! 
must have its centre on DO, since in the equal right-angled ti'i- 
angles ADO, EDO, AO is equal to BO. Similarly, bisecting BC 
in E and drawing EO perpendicular to BG, EO is the locus of 
centres of circles passing through B and 0. Hence the centre of 
the circle passing through A, B and C must lie simultaneously on 
both these loci, i.e. must be at their intersection, and the distance 
from this point to either A, B ot G will be the radius of the 
required circle. 

Euclid in definition 2 of Book m. defines a tangent to a circle 
in these words. " A straight line is said to toucli a circle when it 
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meets the circle, ancl being produced does not cut it," and shews 
in Oorollaiy to Prop. 16, Bk. iii, that the line drawn petpendicu- 
lar to a radius at its extremity fulfils the condition of this 
definition. This is the moat convenient way in which to draw 
the tangent at any point on the circumference, and the tangent so 
drawn can easily be shewn to agree with the general definition of 
a tangent usually given as applicable to all curves, which is as 
follows :— 

Definition. If two points be taken on a curve and a chord 
drawn through them ; then, if the first point remains fixed while 
the second, moving along the curve, approaches indefinitely near 
to the first, the chord in its limiting position is called the tangent 
to the curve at the first point. 

To shew that such chord in. its limiting position will in the 
circle bo perpendicular to the radius at the point, take two points 
P, P„ (fig. 20) on the curve, and draw FF^, then since OP = OP^ 
the angles OPP, and OFiP are ec[ual and will remain equal how- 
ever close Pj may be taken to P. But when P^ coincides with P 
each of these angles becomes a right angle, i.e. the tangent at P 
wiU be perpendicular to OP. 

To draw a tangent to the given circle from an external point 
Q. Join OQ and on it as diameter describe a circle cutting the 
given circle in M and M^. {It will necessarily do so in two points 
on opposite sides of its diameter.) 

Then QM, QM, -tt-ill be tangents to the circle since QMO is a 
right angle being in a semicircle. (Euclid, Prop. 31, Bk. in.) 
It is always possible to draw two tangents to a circle from any 
external point. 

Pom and Polab. (Fig. 30.) 
The line i/Jf, is evidently perpendicular to OQ for tlie tri- 
angles QOM, QOM^ are equal in all respects, i.e. the angle MOQ 
= the angle MfiQ ; tben if MM^ meets OQ in N we have in the 
two triangles NOM, NOM^, 0M= 0M„ OJV common and the 
angle, iVOJ/' = the angle JVOM^, .-. the angle OSfM^Oie angle 
OA''M^, and .-. each is a right angle. 
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The triangle MON is .'. similar to the triangle ClOM and 
.-.ON : OM ;: OM ■ OQ, 
or OJ^. OQ = r", 

where r is the radius of tho circl& 

Now whether the point Q be taken inside or outside the circle, 
it is always possible to find on the line OQ a point JV fulfillingthe 
above condition, and a line MN'M^ drawn perpendicular to OQ 
through the point Of so determined is called the polar of Q with 
respect to the circle, while the point Q ia called the pole of MM^ 
with respect to the circle. 

To draw th.& polwr of any point Q with respect to a given circle. 

If the given point he without the circle the polar is, by the 
previous definition, the chord of contact of the tangents drawn from 
Q to the given circle. If the given point be within the circle, 
draw OQ and produce it, and through Q draw MQM^ perpendicu- 
lar to OQ, and meeting the circle in M and Mi and at either Mor 
M^ draw MJV or Milf a tangent to the circle, meeting OQ pro- 
duced in If, then a line through iV perpendicular to OQ will be the 
required poliw. 

Cor. 1. If the given point be on the circle its polar ia the 
tangent at the point, i. e. the pol<^ passes through the pole. 

Cor. 2. If a point A lie on the polar of Q then Q lies on the 
polar of J. Por draw OA and on it drop a perpendicular §5 from 
Q meeting It in q and the circle in w and m, ; then the triangles 
OQq, DAN are similar and 

.-. Oq : OQ :: ON ■ OA, i.e. Oq. 0A= OQ. 0N = ^, 
by definition, t being the radius of the circle, i. 0. mQm^ is the 
polar of A which consequently pasaea through Q. 

Cor. 3, The pairs of tangents drawn at the extremities of any 
cJtord through Q intersect in the straight line AB the polar of Q. 
Hence the polar may be defined as the locus of the pointe of inter- 
section of tangents at the extremities of chorda through a fixed 
point. 



y Google 



32 



SELF-CONJUGATE TRIANGLE. 



Given a circle and a triangle ABC, if we take the polars witli 
respect to the circle, of A, B, C, we form a new triangle A'SG' 
called the coTijugaie triangle, A' being the pole of BC, B' of CA, 
and C of AB. In the particular case where the polars of A, B, C 
respectively are BG, GA, AB, the second triangle coincides with 
the first, and the triangle is called a self-conjnffoie triangle. 

Problem 21, (Fig. 21.) Todesar3>e a circle to pass th-ough two 
given points and touch a given, straight line, lying outside tliepoimts. . 

Let A and B be the given pointe and DD^ the given straight 
line. It ■will be observed that the point of contact of the line is 




not given — tl i9 oil] )e t, fo tl f,e metn -il condition i d 
therefore if i ii V is lequ led to toi ih i give liate ti t, gvoen 
point, it can only m gene al fnlGl one othei con iit on as e g pass 
through one po nt outside the li e See noxt pmblem 

Join iB an 1 I lodiice it to c it DD m C and indeliaitely be 
yond as to It is a Lnown pioposition {Euclid iC Book iii ), 

that "if from ^ny point without a ciicle two stiaight lines be 
drawn, one ot which tut? the circle and the other touches it 
the rectangle ontiinel by the whole line which cuts the ciiole 
and the part of it without the ciicle shall be e jual to the squ^le 
oa the line which touches it." 

If therefore a mean proportional cd be taken between CA and 
GB, and its length be set off from G along DD^ as CD, then 
obviously a perpendicular to DD^ through D will be the locus of 
the centres of circles touching the given line in D. If AB be 
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bisected in E, and EO bo drawn pei-pendicnlar to AB, EO will 
1)0 the locus of centres of circles througii A and B. Tlie required 
centre will therefore be at 0, the intersectioQ of these loci and 
the distance to A, S, or D will he the required radius. Since 
the length GD may be set off on either side of C there are 
obviously two soiutiotiB as shewn. 

If the line joining A and B be parallel to the given line, this 
solution fails, but the point of contact can be at once determined, 
since by Bymiaetry it is obviously where EO cuts tlie given line, 
and a third point through which the cii-cle must pass being thus 
obtained the solution can be completed by Problem 30. 

Problem 22. (Fig. 21.) To desctHe a olrele to pass (krouffft a 
given point A and to toucJi, a given straigJit line DD^ in a given 
point D. 

The straight line DO thi-ough D perpendicular to DD^ is 
obviously the locus of centres of all circles touching the straight 
line in D, and the straight line FO through F the centre point 
of AD, perpendicular to AD is the locus of centres of all circles 
tlirough A and D. The centre of required circle is therefore at 
0, the intersection of these loci, and the distance from to A 
or D will be the required radius. 

Pkoblem 23. (Fig. 22.) To describe a circle to touch two straight 
lines AB, CD, one o/fJiem in a given point A. 
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tii CIECLE TO TOUCH TWO LINES AND PASS THROUGH A POIST. 

A locus of the centre is of course the line AO perpendicular 
to AB. A KeconJ locus will obviously be the line £0 bisecting' 
the angle ABC, and the required centre will therefore be iit 0. 
If at a perpendicular OG be drawn to BC\ the triangles OBA 
and OBC are equal in all respects and therefore OA — OC = the 
required radius. The given lines make with each other the angle 
ABD as well as the angle ABC, and therefore bisecting the 
angle ABD, the centre 0^ of a second circle is obtained touching 
the other side of All. 

PaOBLEM 24. {Fig. 23.) To describe a cvrde to pass through « 
given point G and to touch two given lines AC, DF. 

The centre mast obviously lie on the line KM bisecting the 
angle between the given lines in which the given point lies. 



(See Problem 1.) Draw also the line &L passing through G and 
the intersection of the given lines (Problem 6). Take any point 
K on HK as centre, and describe a circle touching AC and DF, and 
catting GL in M and L, This is always possible, since EH is the 
bisector of the angle between these linos. ■ Draw GO parallel to 
MK and GH parallel to KL, and H will be centres of circles 
fulfilling the required conditions: for if A is the point of contfiet 
of the trial circle, KA will be perpendicular to AC, and if OB, 
HO be drawn perpendicular \a AC, KA, OB and HC will all be 
parallel, and therefoi-e the triangle GOB will be similar to MKA 
and GEC to LKA, but the triajigles MKA, LKA are isosceles, 
therefore also OG rmiRt be eoual to OB and EG to EG. 
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Problem 25. (Fig. 24.) To describe a cirole to touch three 
given, lines AB, BC, CA, not more iham, two ofwliioh we parallel. 

The line AO bisecting the angle BAG wHl be the looua of 
centres of circles touching BA and CA, the line CO bisecting the 




angle BOA will be the corresponding locus for BC and CA. 
iience will be a centre for a circle touching all three lines. 
Since BA makes with BC and GA not only the angles ABC, BAG 
respectively, but alao the angles ABE, BAD, a second solution is 
obviously obtained by bisecting the exterior angle BAD as shewn 
by A0„ and similarly for the remaining aides. Hence four circles 
can be drawn touching three straight lines. The exterior circles 
are said to be escribed to the triangle ABO. 



Peobleii 26. (i'ig. 25.) To describe a circle to touch a given 
circle {centre C, radius GD) and a given siraigJtt line AB in a given 
point A. 

The line AO drawn through A perpendicular to AB is a locus 
of the required ceptre. Draw a diameter DD^ of the circle 
parallel to AO. Join AD cutting the given circle in JS, .and join 

3—2 
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S CIRCLE TO PASS THROUGH TWO POINTS AND TOUCH A CIRCLE. 



CE producing it to cut AO in 0, wilt he the centre of a c 
fulfilling tlio given condition, A second aolution is possible, ; 




A may be joined to either extremity of DD^. (9, is the centre 
a second circle. 
Proof. The !l 



Liigle O^A'- angle CDE, (Euc. i. 29.) 

CED^ „ CDE, (Euc. I. 0,) 

CED = „ OEA. (Euc. I. 15.) 

.■. „ OAE-^ „ OEA, 

and .■. OE=^OA. (Euc. I. G,) 

Hence a circle through A from centime will pass through E and 

will there touch the given circle, since they ■will have a common 

tangent perpendicular to CO. 

Peoblem 27. (Kg. 26.) To describe a circle to touch a given 
circh {centre A, radiiis AD) amd pass fhrout/h Pmo given 'points B, 
G, wMch muat be either both inside, or both outside the circle. 

Draw a line through 5(7; bisect BG in E and draw EG per- 
pendicular to BG. MO ia the loons of centres of circles through 
B and C. Tsike any point such that a circle described ■with 
centre and radius OB, or GC will cnt the given circle as in 
MN. Draw a line through MN cutting BG in T, and from T 
draw tangents TD, TD^ to the given circle (Prob. 20). Lines 
joining AD, AD^ will cut EG in points G^, G^ which will he tlic 
centres of circles fulfilling the required conditions. 
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'wo circles can generally be draw. 
L points lie ivholly without the 5 



touch the given circle externally and one internally (as in the fig.) ; 
if the line joining the points cut the given circle, and both points 
lie on the same aide of the circle, both circles will touch the 
given circle externally, and if the points lie on opposite sides of 
the circle both will touch it internally. If the line joining the 
given points touch tho given circle one circle only can be drawn. 
Proof. The rectangle TM . TN - rcot. TB . TO (Euc. in. 36, 

Cor.), 
„ -sq. onTZ*. (Euc. iii. 36). 
.-. sq. on rfl = rect TB.TG 
.-. TD is a tangent to the circle going through B, Z>, G. 

Peoblem 28, (Fig. 27.) To describe a drele to touch a given 
circle (centre A, radius AJi) and two given straight lines BO, DE. 

There are several solutions depending on the relative positions 
of the lines and circle. If the lines are parallel the problem is 
impossible unless some part of the circle lies between the lines. 
In this case the line drawn midway between the lines parallel to 
either of them is evidently a locus of the required centre ; a 
second locus ■will he the circle described with centre A and 3?adins 
equal to the sum of AR and. half the distance between the lines, 
and since these loci intersect in two points, either may be taken as 
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the centre of the I'equired circle. If the given lines are not parallel 
and tlie given circle cuts one of tliem, as in the fig., then by 



drawing lines pai'allei to the given lines at a distance fTOm them 
equal to the radius of the ^ven circle, the problem may be reduced 
to describing a circle to touch these lines (in pairs) and to pass 
through the centre of the given circle, i. e. may be reduced to 
Problpin 24. Let tbe given lines intersect in F and consider first 
the circles -which can be drawn in the angle EFG. Draw Gil, LK 
parallel to FE at a distance from it equal to AB and similarly HK 
and GL parallel to FG. FK will bisect the angle GFB and -will 
be the locus of the required centres. Take any point on it as 
centre and describe a circle to touch GB. and GL cutting GA in M, 
M\. Then A0^ drawn parallel to Mfi to cut FK in 0^ detenuines 
0, a required centre and AO^ parallel to MO determines 0^ a 
second required centre. Similarly for the circles lying in the 
angle BFC. Any point 0^ on FL being taken as centre and a 
circle described to touch GK and UK cutting HA in IS and S^ ; 
AO^ parallel to JSfi, determines 0^, the centre of a third circle 
fulfilling the required conditions and a line through A parallel to 
JOi would determine a fourth centre. It is of course accidental 
that in the figure 0^ falls nearly on GA. 

If the given circle did not cut either of the given lines, it 
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would still be possible to draw four circles touching the lines and 
the cjfcle, but two of them would have internal eontact with the 
given circle, instead of all touching it externally as in the fignre. 

If the given circle cut holh lines there would be six possible 
solutions. 

Peoblem 29. (Fig. 28.) To describe a ctrck to toueh a gimn, 
circle {centre A, radius AF) to touch a given line BO and to pass 
throuyh a given, point D. 

If the given point be ■within the circle, the given line must 
not be wholly outside the circle. 

From A draw AO pei'pendicular to the given line and meeting 
the circle in E and F. First join ED a-nd on it determine ft point 




G such that the rect, MD . E& = rect. EC . EF, i. e. tuko EG a fourth 
proportional to ED, EG, EF. [Making Ef (on ED) = EF, draw 
fg parallel to DC meeting EG in <, and make EG = Ey.\ Then a 
circle throngh iJand G and touching the given line will also touch 
the given circle and the problem is redxieed to Problem 21. If 
ED, BO intersect in T, a mean proportional {TB) must be taken 
between TG and TD so determining the point of contact. TB 
may be set otf along BG on either side of T and hence there are 
two solutions giving external contact Second. ^Toiu FD and on 
it determine a point G^ such tbat rect FD . FG^ = rect. on FG, FE. 
i.e. take a fourth proportional to FD, FG, FE. G, must be taken 
on the opposite aide of F to D because C and E are on opposite 
Hides of F. Then circles through D and G^ touching the given line 
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will also touch the giren circle, tincl this case also reduces to 
Problem 21. There are again two possible circles because if 
DFa.nd BC intersect in T, the mean proportional (T,E) between 
7,7) aud Tfi^ may be set off on either side o£ y,. 

Proof, Join B the poiut of contact of circle through £> and G 
to JE meeting the given circle in K and join FK. Then the tri- 
angles EKF and EGB are simila-v 

.-. EC : BB :: EK : EF, 
or reot ISO . EF=if.ct EB . EK, 

but „ =rect. ED . EG (const). 

.-. reet. ED.EG = v6Q,t. EB.EK. 



.: K must be on ci 


rcumference of circle through EDO. (Euc 


III. 3G Cor.) 




Join OK, theu i 


ingle OBK - angle 0KB (Euc. I. 5), 




„ AKE^ „ AEK{ „ ), 




„ AEK-^ „ 0-S:£(Eiia i. 29), 




„ AKE= „ OBK, 


and therefore OKA 


is a straight line, i.e. the two circles will 


touch at K. 





Problem 30. On a given straight line AB to describe a segmmt 
of a circle tvhidt shall cwitain a given angle (Fig. 29). 

Bisect AB in G and through G draw GO perpendicular to AB. 
(GO is of courae a locus of the centre.) Make the angle OCD 




eqnal to the gii'en angle (p. 4) and throngli A draw AO parallel 
to CI} meeting 00 in 0. will be the centre of t)io required 
circle. (Euc. in. 20.) 
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Problem 31. (Fig. 30.) To draia a line touching two given 
circles, neilltcr of which lies wholly inside the other. 

A and All are the centre and i-adhis of the larger circle and 
and OB those of the smaller circle. 

Join AC, cutting larger circle in £. 

From B oa AO make BM^BN^GD, and with A as centre 
descrilje circle MM^M^. From C draw tangents CM^, CM^ to 




touch this circle (Proh. 20). Pioduce AM^, AM^ to meet the circle 
in E and (?,'>and Unes MD, GF through E anA G parallel to CJ/,,, 
CJ/j will be tangents to both circles. These tangents meet in (0,) 
a point lying on AC produced, and ajre tlie only pair that can be 
drawn if the given circles intersect. If the smaller circle lies 
wliollj outside tlie larger, as in fig. 30, a second pair can be drawn 
by describing a circle through iVwith A as centre, drawing tangents 
6'j.Yj, CiVj to it, and drawing HJ, KL parallel to these lines re- 
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spectively, which will intersect in (0) a point on AG hetwoen the 
given circles. The coiistr notion is obvious, since EM^ = BM— CD, 
Common tangents to two circles may be drawn practically with 
all attainable accuracy by adjusting a set square to touch the 
circles, and drawing a line by its edge ; but the points of contact 
should always be determined by drawing the radii poi-jiendicular 
to the tangent. 

Properties of a syitem of Two m moreci)iJei> 

The jioiota 0, 0, in which common tangents to two circles 
intersect are called the ccnties ot similitMle ot the tno ciicles 
As is easily seen, they are the points where the hue joining the 
centres is cut externally and internally m the ratio of the radii 
and in this sense botli exi&t when the ciicles cut each othei, m 
which case of course only one pair of common tan^^ents can be 
drawn, and even when one ciicle lies ■wholly inside the other, so 
that it is impossible to diaw ^ny common tangent. 

If through a centre of similitude we draw any two lines meeting 
the first circle in the points Jl, It^, S, S,, and the second in the 
points p, p,, <r, o-j, then the chords BS, pa- will be parallel, as also 
the chorda -^iS^ and p,(T, ; and the chords SS and p^<r^, li,&\ and 
pa- will intersect respectively in points P and Q on a line perpen- 
lUculur to the line joining the centres of the circles. 

This line is called the radioed axis of the two circles. 

The rectangle OS . O-ff^ is constant, since it equals the scpiare 
on on the tangent from (Euc. ni. 36), i. e. 

OB.OIi, = OS.OS, 
and Op. Op, = 0<r. Ot,. 

Proof. In the triangles OAE, OCp, the angle AOR--^if. 
angle COp and OA : OG :: AH : Cp, 
.-. also OB : Op :: AB : Gp (Euc. vi. 7), 

i.e. the ratio -^^ is constant and equal to the ratio oi' the radii 

Op 
of the circles wherever the line OBp be drawn, 
,-. OA' : 0^ :: Op : Oa- 



yGoosle 



THE CIRCLE. 43 

and the angle ROS = tlie angle pO<r; 

.-. the triangles BOS, pOir are similar in all respects, so that the 

angle ORS = the angle Opo- and pir is parallel to ES. 

Similarly R^S^ is parallel to p,o-,, which proves the first part of 
the proposition. 

Again, since SRS^S^ is inscribed in a circle, the angle PHO-the 
angle SS,R, = the angle So-^R The triangles FRp, and Rd^S are 
tlierefore siniiliii-, since the angle RRp, is common to both. 

.-. RR : Rp, :: Po-, : RS, 
i.e. RR.FS = Pp,.Ra;, 

but PR . PS = square of tangeiit from P to circle A, 

aud Pp, . P<7, = „ „ „ G ; 

.■. the tangents from P to the two circles are equal, and 

.-. PA\^-lB\' = RG\'-aD\'; 
similarly tangents from Q to the two circles are eqnaf. 

But the locus of the intersection of ei^ual tangents to two 
circles is a straight line perpendicular to the line joining their 
centres, and dividing the distance between them so that the differ- 
ence of the squares of the parts is equal to the difference of the 
squares of the radii: for if Xbe such apoint and/'Xperpendicw!;ir 
to AC, at every point on it we shall have 

RA' ~ AX' = RX' ^PO,'- CX', 
.-. RA\'-PO\'^AX''-CX''; 
and as above PA' - PG'=AS' - CD' = AX' - CX\ 

Hence the line PQ in the figure must be sacli locus which provf^s 
the second pai-t of the proposition. 

Definition. A line drawn perpendicular to AC, the line 
joining the centres of two given circles, through a point X on it, 
siich that the difference of the squares of AX and CX is equal to 
the difference of the squares of the radii of the two circles is called 
the Todieal axis of the two circles. 

As already shewn. It is the locus of the intersection of equal 
tangents to the two circles. 
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It may be constructed aa in the last proposition or immediately 
from tlie definition by bisecting AG in a (fig. 30), and making aX 
towards C, the centre of the smaller circle, a fourth proportional 
to 2A0, AB + CD, and AB - CD, 

i.e. by making aX : E-t :: S + r : MC, 
where S and r are the radii of the circle, and drawing a line 
through X perpendicular to AG ; for in this case 

AC X 2aX= S'-r' hnt AG =: AX + XC and 2aX = AX- CX 
.: (AX + GX){AX-GX)^R'-r' = AX''-GX'. 

The radical axis bisects the distance between the polars with 
i-espect to the two circles, of either centre of similitude, which fur- 
nishes another metho 1 of constr i ting it 

Given three circles (ceaties G C C^ radu r r , r,); the line 
joining a centre of Bimil t ide of t and C to i centre of simili- 
tude of C and G^ will pais thiough a centre f similitude of C, 
and (7,. Let /?, anl S^ (fig 31) be the enties of similitude of 




C and Cj, and &\ a centie of fcimihtude of C and C„, and Jet S^S^, 
C,G meet in S, S will be a centre of similitude of G, and G^. 

For since GS^ : G,S^ :: r : r, :: CS, : C,S^, 
.: CS; : (75, :: C,S,' : C,S^, 
or CS,'C,S^ is a harmonic range ; therefore S (GSJG^S^) is a har- 
monic pencil, and therefore if CC, cuts SSJ in S^', 

GS,'G^S, is a harmonic range, and since S, ia a centre of 
similitude of C and C^, S^' must he the other. 
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Through 0^ draw CJ^ parallel to GS^ aiid meeting SH.. i 
Then by similar triangles 

u! C^L : C^S^ :: CS^ : CS„ or C,L^^^^^% 

.-. C^ : G,S :: ^^' : 0,3,^ 



or S is a centre of siniilitude of C\ and 6^^ . 

Since for each pair of circles there are two centimes of similitude, 
there will be in all six for the three circles, and these will be dis- 
tributed along/ojw axes of siniilitiide, as represented id the figure. 
Corollary. If a circle (centre A) touch two others {centres G 
aud 0,) the line Joining tlie points of contact will pass through 
a centre of similitude of C and C^. For when two circles touch, 
one of their centres of similitude ■will coincide with the point of 
contact. If A t^iuch C and C^ either both externally or botli 
internally, the lice joining the points of contact will pass throiigh 
the external centre of similitude of G and G,. If A touch one 
externally and the other iiiteraally, the line joining tlie points of 
contact will pass through the internal centre of similitude*. 

Given any three circles, if we tate the radical axis of each pair 
of circles, these three lines will meet in a point, which is called 
the radical centre of the three circles. 

For let the radical axes of A and C and of S and G intersect 
in B (fig. 34), then the tangents from ^ to j1 and C arc equal, as 
also the tangents from B to S and C; therefore tlie tangent from 
B to A must be equal to the tangent from Ji to Ji, i.e. A' must be 
a point on the radical of A and £, which proves the proposition. 

If two circles have a common radical axis, and points L and L^ 
be taten on tJie line joining their centres at a distance from its 
* Salmon's Conic Sccli'ons, 
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intersection (.Y) ■witli the radical axis equal to the tangent whicli 
can be drawn from A" to either circle, these points are called the 
limiting points of the entii* system of circles which hare the 
same (common) radical axis. They " have many remarkable 
properties in the theory of these circles, and are such tliat the 
polar of either of them, with regard to any of the circles, is a line 
drawn through the oilier perpend iculiir to the line of centres. 
These points are real when the circles of the system have coinmon 
two imaginary points, and are imaginary when they have real 
points common*." 

When they are real it is evidently impossible for the centre of 
any circle of the system to lie between them, and the more nearly 
the centre approaches to either of them the smaller must the cor- 
responding radius he. The limiiinff points themselves may there- 
fore be considered aa circles of the system of infinitely small radius. 

Tf a system of circles have a common radical axis, and from any 
point on it tangents be drawn to all the circles, tlie locus of the 
points o£ contact must be a circle, since all these tangents are 
equal ; and it is evident that this circle cuts any of the given 
system at right angles, pinoe its radii are tangents to the given 
system. It is the circle passing through the limiting points of the 
system. 

Conversely all circles which cut the given system at i-ight 
angles pass through the limiting points of the system. 

Problem 32. (Fig. 32.) To describe a circle to touch two given 
circles (centrea A and B, radii AD, BE respecttaeli/) and to pasf' 
through a given point C. 

Take S a centre of siniUitude (p. i2) of A and B ; draw CS 
and find the poles P and P-^ of this line with respect to each circle, 
(i.e. draw AP, BP^ perpendicular to CS and intersecting the 
chords of contact of tangents from S in P and /',). Draw XH 
the radical axis of the given circles (p. 44) : draw AG, bisect it 
in m, and make mM on it towards G of length such that 
AC -.AD -.-.AD: 2mM ; 
" Salmon's Conic Sections, 
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draw MR pei-pendiculai- to AC meeting the radical axis in M. 
The lines Hi', Bl'^ will cut the circles in the points o£ contact 
a, b; d, fi, of the lequived circles and their centres cau be at once 
found by pi-od«cing Aa, Ba^ &c. to meet in ami 0,. 




In the figiiro the circlea touch one of the given circles in- 
ternally and one externally because S is the internal centre of 
similitude. If the external oue be taken two more circles cau bo 
drawn, one toucliing both externally, the other both internally. 

Pkoblem 33. To describe a circle to touch two given circles 
(centres A aiul B, radii AC, BD respectivdy) mid « given straight 
Ihie Ef (fig. 33). 

Draw the radical axis of the given circles, meeting i^'' in R, p. 44. 
From A and B drop perpendicitlars on the given line meeting it 
in M and F and the circles in 0, C„ D and D^ respectively. 
Join f|2}| cutting AS hiS a. centre of similitude of A and B. 
Find F and P^ the poles of this line with respect to the circles 
(p. 31). Draw JiP, RP^ ciittiug the circles in db, afi^. Then 
ua,, 65, are tlie points of contact of circles fulfllling the required 
conditions, and the intersections of Aa, Ba, and of Ah, .56, givr 
the corresponding centres. The above circles each touch both 
of the given circles externally or both intenially since S is tlie 
external centre of similitude of .^ and B (p. 45). If C^ he joined 
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id D ov C to Z>j cutting AB in the iiitermil centre of siinnitudo, 
the poles of these lines give the points of contact of circles touch- 
ing one of the given circles internally and the other externally — 




and if C be joined to B the poles of this line give another pair of 
circle touching both externally or both internally. One of these 
latter is shewn in the fig. There are altogether 8 solutions. 

Second Solution. This problem may also be solved by 
dropping perpendiculars from A and B on the given line as AE, 
BF, bisecting tbe parts lying between the circles and the 
lines as CE, DF, in G and H and describiog parabolas having 
A and B as foci ajid and H as vertices respectiyely (Prob. 36). 
The first will necessarily be the locus of the centres of cli-cles 
touching the line and the circle A externally, and the second will 
be the locus of the centres of circles touching the given line and 
the circle B externally, and hence their intersection (0) will de- 
termine the centre of a circle touching both circles esteraa,JIy 
and the given line. Similarly if G^B be bisected in G^ and D^F 
in H^ and parabolas bo described having A and B as foci and 
(?,, Hj as vertices respectively, each of tliese curves will be th'' 
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locus of centres of cii'cles touching tlie line and the corresponding 
giren circle internally. Hence the points of intersection of 
these four parabolas determine the centres of circles fulfilling 
the conditions of the problem. 

t)j gives internal contact with both circles, 
Oj gives internal with A external ■with B, 
0, gives external or internal „ „ 

and so on. 

The proof of the constcuction is obvious from the definition of 
a parabola subsequently given. 

Pkobiem 34, To describe a ei/rcle to touoh tlvr&e cfiven circles 
{emtres ABG, raiUi AD, BE, GG respSctwely) {Fig. 34). 

If the circle be required to touch the three either all externally 
or al! internally draw the external axis of similitude SS^ p. 45, 
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and tako the poles FP^F^ of this line with respect to ea«h circlft, 
p. 31. 

Find the radical centre Ji of the three circles (p. 45). Then 
the lines £P, BP^, BP^ cut the circles in the points ab, afi^, %b^, 
in which the required circles must touch them : and the centre of 
the circle touching all three externally is given by the intersection 
of Aa, Ba^, Ca^, which three lines will meet in a point, and the 
centre of the circle touching all three internally is given by the 
intersection of Ab, Bh^, C\. 

A similar construcfciou with the remaining three axes of 
similitude, will determine the circles touching one internally and 
the remaining two externally and vice versl 

There are altogether eight solutions. 

Second solution. Join A£ cutting the circles in D, D^, B and 
E,. Bisect DM in K and D^E^ in K^. BE will necessarily be 
equal to AE^. With B and A as foci, and K, E, as vertices de- 
scribe an hyperbola (Prob. 89), the branch of which through X 
will be the locus of the centres of circles toiiching circles A and B 
externally, and the branch of which through E^ will be the locus 
of centres of circles touching these circles intei-nally. SimUariy, 
join BO cutting the corresponding circles in F^, F, 6, G^. Bisect 
F& in Z, and F,G, in i, and with C and £ as foci, and I, L, as 
vertices, describe an hyperbola, the two branches of which will be 
the loci of centres of circles touching circles B and C externally 
and internally. The intersection of corresponding branches of the 
two hyperbolas will therefore determine 0„ 0^, the centres of 
circles touching the three given circles all externally or all in- 
ternally. 

Again bisecting BE, in M and D^E in M^ and taking B, A 
as foci and M, M, as vertices, an hyperbola can be described thi; 
branches of which will be the loci of centres of circles touching 
circles A and B, the one internally and the other externally, and 
the intersections of this hyperbola with that through L and L in 
Og, 0, will give centres of two more circles fulfilling the given con- 
ditions. The hyperbola through .ffandiV, , points corresponding to 
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jI/, J/j, will cleterraine 0^ aad Og, two additional centres corre- 
spondjiig to 0^, 0^ and lastly, by its intersection with the two 
branches through M and M^ will determine 0, and 0^. 

The constniction is obvious from the definition of the hyper- 
bola subsequently given. 

PkobiiEM 35. (Pig. 35.) To draw a eiroulo/r arc ilvrough tli/ree 
given fmnta A, B, C toithout using t/te eentre. 

Let A£ be greater than either ^C or BO. With centre A 
and radius AB describe an are BD meeting AO in D, and with 




centre B and the same radius describe an arc AJE meeting BC in 
B. From B on each side of it set off on the arc any equal 
distances Z)l, and set off the same distances from B! on the arc 
SA, similarly make 1)2 = B2, and so on. The line joining A to 
any point above D will intersect the line joining B to the corre- 
sponding point hdow E and vice versS, in points (as F, G) on the 
required arc. 

Proof. It is easily seen that the &agle AFB = »,ng\e AOB — the 
angle AGB, &c., and therefore AFCGB all lie on a circular arc. 
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Examples on Chapter II. 

1. Describe a circle to pass through two given, points, P and 
Pi, and to bisect the circumference of a given circle (centre C, 
radius GA). 

(Draw PG and produce it to D so that FG.CD = AG\ The 
circle through F, D, P, fulfils required condition.) 

2. Draw two circles cutting orthogonally, and eltew by con- 
struction that any line through the centre of either cutting both 
circles is divided harmonically at the points of intersection. 

3. Given the base AB of a triangle and the sum of the squares 
of the sides AC + PC, draw the locus of the vertex. 

(A circle, centre at E the middle point of AB, and radius 



=/ 



^c-+^e_-i«|..) 



4. Draw two circles (centres A and B) cutting orthogonally, 
and draw their common cliord meeting AB in C. Draw DE a 
chord of the iirat circle passing through M, and shew that a circle 
can be described through ADBC. 

5. The centre .4 of a circle lies on another circle whicli cuts 
the former in B, G; AD is a chord of the latter ciixile meeting £C 
in E, shew that the polar of D with respect to the first circle passes 
through E. 

o. At two fixed points .A, .Bare drawn ^C, £i? at right angles 
to ^.S and on the same aide of it, and of such magnitude that the 
rectangle AC, BD is equal to the square on AB : prove that the 
circles whose diameters are AC, BD will touch each other, and that 
their point of contact will lie on a fixed circle. 

(The circle on AB as diameter.) 

7. With three given points A, B, G not lying in one straight 
line as centres describe three circles which shall have three ci 
tangents. 

(Bisect the angle PAG by AD meeting BC in D, 
„ GBA hy BE „ GA in A', 
„ AOB by GF „ AB in F, 
then ED, DF, FE will be the required conmiou tangents.) 
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The question is obviously, given the centres of the escrihed 
circles of a triangle, to draw the triangle. 

8. A and M are two given points on the same side of a given 
straight line OB, which AJi meets in C Detei-niine the points on 
OD on each side of C at which AB subtends a greater angle than 
at any other point on the same side. 

(The points of contact of circles through A and B, and touching 
CD. Prob. 21.) 

9. A and B are two given points within a circle; anci AB is 
drawn and produced both ways so as to divide the whole circum- 
ference into two arcs. Determine the point in each of these ai-cs 
at which AB subtends the greatest angle. 

(The points of contact of circles through A and B touching the 
given circle. Prob. 37.) 

10. Shew by construction that the circle which passes through 
the middle points of the sides of any triangle ABC will pass through 
the feet of the perpendiculars from A, £, C on tlie opposite sides, 
and if be the intersection of these perpendiculars, will also pass 
through the middle points of OA, OB, 00, Shew also that it will 
touch the inscribed and escribed circles of the triangle, and that its 
radius is half that of the circumscribing circle. 

(The circle is called the nine point circle.) 

1 1 . Given four points ABCI) in a straight line taken in order. 
Shew that the locus of the point P moving so that the angle 
APB= thu angle OPl), is a circle which may be constructed in 
the following manner. Let AB be less than OD, and take b be- 
tween G and D so that hD = AB. The centre is on the given 
straight line at a distance from A, such that 

AO : AC :: AB : Cb, 
and the radius (»■) is such that 

1^=05, 00=0 A, OD. 
13. Find the locus of a point such that the area of the triangle 
whose angular points are the feet of the pei'pendiculars from it on 
the three sides of a given triangle, lias a constant area. 



y Google 



EXAMPLES. 



[Tt is a circle of radius p, coucentric with tiw cirt:le circun:- 
ct'ibiiig the giveu triangle; and p is determiiied from tlie equation 



.■-•(?-). 



where R is the radius of civcumacribiiig circle, A is the givea 
constant area and A is the area of the given triangle. If ih<A, 
p is given by the equation 

,...(:-f). 

(Salmon's Conic Sections, Chap, ix.)] 

As a numerical example, draw any triangle ABC, and take 
p : B :: V7 : I, 
shew that in this case A = „ . 

13. Given on a straight line fovir points in the order P,A,B,Q; 
describe a circle passing through A and B such that tangents 
drawn to it from P and Q may be parallel. 

[With centres F and Q and radii J'PA, PB, JQA, QB 
respectively describe two circles. A circle passing through A and 
jS, and through the points of contact of a common, tangent to these 
circles wiU be the one required.] 

14. Given a fixed circle and an external point 0. Draw the 
tangeufc at any point P of the circle and complete tlie rectangle 
which has OP for side and the tangent for diagonal. Shew that 
the angulii point opposite will lie on the polar of 0. 

16. Fiom thf obtuse angle J of a triangle ABG draw a line 
meeting tho base m Z* st that AD shall be a mean proportional 
between the segments of the base 

[Find the centie ot the circle circumscribing ABC. On AO 
as diametei descnbe a ciicle cutting the base in D, tho required 
point.] 

16. Find on a given line AB a point A such that its polar 
with respoct to a given circle shall pass ttrough a given point G. 

[Find P the pole of AB, then tlie pole of CF will lie on AB 
i.e. will be the required point AJ] 
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17. Given, a point A, a line through it. AB, and a circle centre 
C ; draw a triangle APB which siiall be self-oonjugaie with 
respect to the circle (p. 33). 

Take F the pole of the given line and from G draw OB perpen- 
dicular to AF meeting AB in B, APB will be the required 
triangle ; for since B ia on the polar of P the polar of B will pass 
through P, and ia perpendicular to OB, i.e. is the line AP. 

18. Given a triangle APB obtuse-angled at P, to draw the 
circle with respect to which the triangle shall be self-conjugate. 

The centre (C) of the circle must evidently be the interseotioo 
of the perpendiculars from the angular points on the opposite 
aides. Let the perpendicular from P on AB meet it in D. The 
radius of the circle will be a mean proportional between OP 
and CD. 

19. Given a circle, describe a triangle which shall be solf- 
oonJTigate with respect thereto, and with its sides parallel to those 
of a given triaaigle abp, obtuse-angled at p. 

Through G the centre of the given circle draw GA perpendicu- 
lar to bp, OB perpendicular to a,p and GM perpendicular to ab. 
The vertices of the required triangle will lie, one on each of these 
lines. Through any point m on GM draw dme perpendicular to 
GM meeting CA \a d and GB in e, and through d draw df perpen- 
dicular to CB and jB/ perpendicular to GA ; /will necessarily lie 
on (7 J/. 

If Z) is the point on Gm through which the side of the required 
triangle perpendicular to Gm passes : — 

where r is the radius of the- given circle, i. e. OD is a mean pro- 
portional between r and a length I determined by taking a fourth 
proportional to Of, Cm,, and t; for if 

Of : Cm :: T -.1, 

l = rp^, and .■. Ci>l^ = lr. 
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THE PARABOLA. 



If a line be drawn tlivoiigh the centre of a given circle perpen- 
dicular to the plane of the circle, the aurface generated by a 
straight line which pasises through a fixed point on the first line 
and moves round the circumference of the circle is called a right 
circular cone. It will be shewn in Chap. ix. that the intersection 
of this surface with any plane must be one or othei- of the follow- 
ing: — a point, a pair of straight lines, a circle, a parabola, an 
ellipse or an hyperbola. The construction of these last three 
curves from their definition as the sections of a cone seems d 
priori to be the natural way of treating the subject; but the fact 
is they are more easily constructed from some of their known 
plane pi'Operties, and therefore, deferring the consideration of 
them as lying on the surface of a solid, each will at first be defined 
as the Incus of a point moving in a plane so that its distance from 
a fixed point is always in a constant ratio to its distance from a 
fixed line, both point and line being in the plane of motion. 

The fixed point is called the focus, and the fixed line the 
directrix. 

In the parabola the ratio is one of ec[iiality, i. e. the distance 
from the fixed point is always equal to the distance from the 

In the ellipse the ratio is one of less inequality, i.e. the dis- 
tance from the fixed point is always less than the distance from 
the fixed line. 

In the hyperbola the ratio is one of greater inequality, i.e. the 
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distance from tlie fixeil p int i'> »livi\5 ^iPatei tlnii the ijistance 
from the fixed line. 

The eccentricity of a conic i% the nnmeiieal lalue of this ratio. 

A parabola can genorally be diawn to satisfy font geometrical 
conditions, and four i.jndition'f aie m gfneial neceasiiy and suffi- 
cient to determine the curve Thus an infinite number of para- 
bolas can l>e drawn to pass through three gi\ en points or to touch 
three given lines, or tu ptss thiough two points and touch a given 
line oi to f iLhl "Miy thiee sinjilai londitions and in each case a 
fouith con Iition mu t be ad led to make the exact silution possi- 
ble. At the same tune f ur conditions maj tometiroes lead to 
more than one solution j ist as moie cncies than one can fre- 
qiiently he hawn satiafyin, thiee g;nea conditions and occasion- 
ally Botne limitation is to the position of the points or lines given 
as data of the problem is nece^saiy to enible i n,al curve to be 
drawn. 

If the focus is gi\en m any patticulai pioblem, tins is cquiva^ 
lent to two geometrical conditions and theiefore m ^-eneral only 
two others can be fulfilled, i e t'^en the focus and two points 
through which the (,ur\e is to pass the pioblem is completely 
determinate and a parabola cannot be drawn to h<n e a given point 
as focus and to pass thiough any (/(fee i mdom points The direc- 
trix being given is also equivalent to two geometrical conditions, 
and therefore along ■with it only two otheis can be tulfllled, such 
as, e.g. to pass through a given point and touch a given line, or to 
touch two given lines, or to touch a given line at a given point, 
Ac. 

Problem 36. (Fig. 30.) To draw a parabola the foeus F and 
the directrix MX being given. 

Draw FX from F perpendicular to MX. Bisect FX in A 
and A will be a point in the curve. With F as centre and any 
radius greater than FA. (as F 3) draw a circular arc DSD, set ofit 
from A towards F& distance ^3' equal to AS, and at 3' erect a 
perpendicular to FX meeting the circular arc in DD,. These will 
be points in the curve, and similarly drawing any number of arcs 
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witii F as ceatre and getting off from A towards F, distances 
equal to tb.o distances of tlie arcs beyond A, and erecting pei-- 




pendieulara to FX at these poiats meeting tlie corresponding 
arcs, any number of points on the curve niay be determined and 
the curve drawn through the points thus obtained. 

The constrnction is obvious: at any point as F draw PN per- 
pendicular to AX meeting it in iV^; then the distance FF from the 
focus is to he equal to PM the perpendicular distance from the 
directrix. But FP= FA + the distance of the arc beyond A ; and 
PM = XS = XA + the same distance. 

.-. FP =. PM since FA = AX. 

(See also the next problem.) 

Dep. From the construction the curve is evidently symmetri- 
cal about FX which is called Hie axis. The point A where the 
carve cuts the axis is called the vertesc, and any line parallel to the 
Eixis is called « diavieter of the curve. 
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Tie parabola consists of one infinite branuh. Liki; tlic t'oeuH 
and the directrix, the vertex and axis are each equivalent to two 
conditions in the construction, but it should be noticed that certain 
pairs of these lines and points given together are equivalent not to 
four but only to three conditions. This apparent anomaly may 
be thus explained. Suppose directrix and axis are given, these 
are two lines at right angles to each other and hence the direction 
of either is implicitly involved in that of the other, and thus in- 
stead of the two conditions of position and direetion being given 
independently along with the second line, one only, namely posi- 
tion, is really given, and the two lines together are therefore 
equivalent to three conditions only. Similarly focus and axis, or 
vertex and axis make only tiiree conditions since the position of 
the axis is partly involved in that of the focus or of the vertex. 

To draw a tangent at any point. 

P and D (fig. 36) being any two points on the curve, if the 
line through PD meet the directrix in B aiid BK is parallel to 
PM, tiien 

FP : FD :: PM : DK 
:: P-S : DR 
by similar triangles, and .■. FR bisects the exterior angle between 
FP and FD (Euc. vi. Prop. A). Hence if the point D move up 
to and coincide with P so that the chord PD becomes the tangent 
at P (Def. p. 30), in which case FD of course coincides with 
FP, the line FS drawn from the focus to the point in which the 
tangent at P meets the directrix, must be perpendicular to FP. 
The triangle SFP is therefore equal and similar to the triangle 
SMP. Hence the tangent at any point P of a parabola, bisects the 
angle between the foeal distance FP and t/ie perpendicular PMfroTn 
P on the directrUe. It can therefore be drawn either by bisecting 
the angle FPM or by making FT on the axis equal to FP, and 
joining PT; for in this case the angle J'P2'=angle FTP, which 
is equal to the alternate angle TPM, PM, FT being parallel. 

Def. The perpendicular P]f from P on the axis is called the 
ordinate of P. The double ordinate through the focus is called 
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tlie lalus-rectum of the curve, and ita length is always equal to 
iAF. It 13 sometimea called the principal pwrmnetRr of the 
curve. Since 

FP = PM'^ XN --- FT and FA =. AX, 
XJV-AX=FT-FA, 
i.e. AT^AJf or NT^2, AJV. 
Dp.f. The line ^T is called the st/h-fan^enf at the point F. 
The line PG perpendicular fco the tangent at F is called the 
wninal at F. 

It has been shewn that the tangent bisects the angle FPM, 
.-. PG bisects the angle FPL where i is a point on JfP produced, 
i. e. the angle FPG - angle LFG = angle PGF, 
and.-. FG^FF = FM=XN, 
.: FG-FN^Xir-FN, 
i.e. NG^FX = 2AF. 
Def. The lino NG is called the mib-normal of tiie point P. 
The Cangent at the vertex ia perpendicular to the axis, as is 
obvious from the symmetry of the curve, and a perpendicular 
from the focus on any tangent intersects it and the tangent at the 
vertex in the same point. 

The focus and directrix being given, tangents to the curve can 
be drawn from an external point Q thios (fig. 36). With centre P 
and radius equal to the distance of Q from the directrix describe 
a cii-cle; draw tangents to it from Q, and join F to the points of 
contact a, »,, producing the lines to meet the curve in FT,, QV, 
QY^ will be tangents, for, if 7M^ be the perpendicular on the 
directrix, and the diameter at Q meet the directrix in X^ and VQ 
meet it in S., 

VM^ : QX, :: VS^ : Q,S^, 

or FV : Fa. :: VS, : Q,S„ 

.-. FS, is parallel to aQ, but aQ is perpendicular to FV, .-. FS^ is 

perpendicular to FV, and .■, F5, or VQ h s. tangent through the 

point Q; similarly for V^Q. 
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A tang&nt to a parabola fwralhl to a given line may te drawn 
by conafcructing the angle GFP ~ twice the angle which the lino 
makes with the axis, so determining the point of contact P. 

Problem 37. (Fig. 37.) To draw apa/rahola, thevertexA, the 
axis AN" and a point P on tJie cwve being given. 

This might be solved by first finding the focus and proceeding 
as in the last problem. It can however be solved independently 




without using circular arcs, and the n 
to the last problem after any one point o 

Draw the tangent at the vertex and a diameter through P 
meeting it in M. Divide MP into any number of equal parts 
(say four), and AM into the same number. Then diameters 
through the several points on AM will meet lines joining A to the 
corresponding points on MP (counting from A in the first case 
and froni M in the second) in points of the curve as £, C, H. As 
the curve recedes from the axis the points found get more and 
more distant from ea«h other {compare C to D and D to P), but, 
if desirable, points can be interpolated between any two points 
already found by subdividing the corresponding spaces on. MP and 
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AM. Ill tJie figure points arc thus interpolated between C and D 
and between J) and P. The curve can be carried beyond .P by 
carrying on the divisions on the two iiues as in the figure. 

The other half of the curve can be put in by symmetry. 

The tangent at any point J) can be drawn by drawing the 
ordinate Blf, and mating AT on the axis eqiitvl to AJf, on the 
other side o£ the vertex ; DT will be the tangent at £, as has 
already been shewn. 

The focus F is found by drawing the normal at any point D, 
bisecting the sub-normal N'G and setting off AF= ^NG. 

The construction for the curve depends on the fact that if a 
diaJneter be drawn through the centre point of any chord, the 
tangents at the extremities of the chord intersect on the diameter, 
and the curve cuts the diameter at the centre point between the 
chord and the intersection of the tangents. Thus AP is a chord, 
the diameter through 2 (on AM) will intersect it in its centre 
point F, ji2 is the tangent at A and therefore the tangent at P 
will also pass through 2, and C, which bisects F2 since 

P2 : CY :: M2 : P2 
will be a point on the curve. 

Similarly £ may be shewn to be on the curve, since it bisects 
the diameter between 1 and the centre point of the chord AO, and 
B may be shewn to be on the airve as bisecting the diameter 
between (73 the tangent at (7, and the centre point of the chord 
GP. 

PitOBLEM 38. (Fig. 37.) To draw a parabola the focus F, 
the axis I'W, and a point P on tlie oiirve being given. 

The directrix and consequently the vertex can at once be de- 
termined by drawing PM parallel to the given axis, measuring 
along it ft length PL equal to FP and from L dropping a 
perpendicular on the axis intersecting it in X This per- 
pendicular is, of course, the directrix, and the vertex bisects 
FX. The curve can then bo drawn by either of the preceding 
meth-ods. 
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Problesi 39. (Fig. 38.) To drtm a oivrve formed of c. 
culwt wrcs wpproalimatiny to a parabola tJiefoeus F, and v&rtex 



The following method depends on the fact that in the 
paarabola the sub-normal is constant and ei^ual to twice AF. 




Draw the axis AFN and on it take .^1 equal to FA, and draw 
any ordinates as BB^, CC\, DD,, Ac. With 1 as centre de- 
scribe an arc through A, extending as far as the centre or- 
dinate between A and BB^, from L the foot of ordinate BB^ 
make i2 equal to twice AF, and with centre 2 and radius to 
the point where arc through A meet* the centre ordinate be- 
tween A and B describe an arc extending to half-way between 
B and C ; fiwm M the foot of ordinate (7C, make M3 equal to 
twice AF and with centre 3 and radius to the point where 
arc through B has been stopped describe an ai'C extending to 
half way between C and S. Similarly from the foot of the 
ordinate DD^ measure a distance on the axis equal to twice AF 
so determining the centre (4) for an arc through D, and con- 
tinue the process for any number of successive ordinates. It 
will be seen that the centres are determined by measuring a 
constant distance from the foot of the successive ordinates 
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eqiil t the knnwj onstant Ipntjtli f tlio "iul i crmat m the 
piiibola (p 60) b t that tlie radius of each aic depends 
entiiely on the arc pieiioufilj dia,wn 50 thdt the cui\e must 
te eomaeuced tiom the lettex EatJi successive arc extends 
some 1 stance on each eile of the oidmate irom whii-h its 
i^entre is detennined It is (.onvenient th ugh not e& ential 
to eomm nee with ordinate? dividing AF into equal parts and 
tile ablj clo e togethei md as the eui-ve recedes trom the 
vertex and cuts the ordinates mDie ueailv at n^ht angles the 
distance between them may be increased CaretuUy drawn the 
methji g ves a lemarkahly clo&e appioitimation to the real 
form of the curie ts ma^ Ve seen by com].>arin^ the dis 
tancc of the point P m the figure trom F with the distance 
A r itfc perpeudi ulai iistance fiom the directiix. The half di8 
tance between the oidmates tt which eaUi successive arc has to 
extend and which furaishea the startinj, point foi thn nest an, 
can generally be estimated with quite sufBcient accuracy by the eye. 
Peoblem 40. (Fig. 39.) To draw aparahola, thefocva F, and 
two points A cmd £ on. the cune heing given. 
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With centre A and radius AF describe a cirele CFD, and 
with, centre Ji and radius BF describe a cirele O^FD^. Draw 
common tangents CC^ and DD^ to the two circles. (Prob. 31.) 
These wUl be the directrices of two parabolas fulfilling the 
given conditions, and the ciiryes may be drawn by auy of the 
preceding methods. 

The construction is obrious. 



Peoblem 41. (Fig. 40.) 2'o draw a parabola, the focus F, . 
point A on the eurve, and a tangent YT being given. 

The point of contact of the tangent is not given, as thi 
would be a fifth condition. With centre A and radius Ai 




describe a circle FM, and on FA as diameter describe a circle 
BFE^, the centre being C. Prom F drop a perpendicular FY 
on the given tangent, and from Y draw tangents JE, YE^ to 
the given circla Join FE, FE^ and prodiice them to meet the 
larger circle in M, M^, then MX, M^X, drawn parallel to YE, 
YE^ respectively will be the directrices of two parabolas fulfilling 
the given conditions. 

Proof. It is known that the perpendicular from the focus 
on a tangent passes through the point of intersection of that 
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ttaigent and the tangent at the vertex, hence F is a point on the 
tangent at the vertex. 

The directrix must evidently touch the circle MFM^ and 
must meet the perpendicular on it from the focus at a point 
double the distance from F that it is from the tangent at the 
vertex. 

In the triangles AEF, AJ>JM, AF = AM, AE is common 
and the angles AEF, AEM are equal, each being a right 
angle; 

.-. FE=EM and .-. AM is parallel to EC, since FC=CA ; 
but EC ia perpendicular to YE, and therefore MX which is 
parallel to YE is perpendicular to MA, and therefore touches 
the circle MFM^. 

Draw FX perpendicular to MX and let YE meet it in Y, 
then FY : FX :: FE : FM; 

.-. FX=2FY, mioe FM-^^2FE. 
Hence two paraUel lines have hoou found, one <if which touches 
the circle MFM^, while the other passes through Y and bisects 
the distance between F and the fii^t. 

PeObibm 43. (Fig. 41.) To draw a parabola, ike/ocus F and 
two tangents RT, RT^ being given. 

(The problem is impossible if the given lines are parallel, i.a 
they must alwaya intersect in some point M; and F must not lie 
on either of them.) 

Join RF, and at F on each side of RF construct an angle 
RFT, EFT, equal to 2\SS, the angle between the given lines 
alternate with that in which F is situated. T and T^ will he the 
points of contact of the given tangents and the problem ia reduced 
to Problem 40. As in that problem two lines can be drawn touch- 
ing circles with centres T, 1\ and radii TF, 2 ^i^ respectively, which 
will be the directrices of parabolas having F as focus and passing 
through T and T^, but only one of these will in addition touch the 
given lines at those points. 
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Proof. Tlie construction depeticla on the well-known property 
of the parabola, that the exterior angl^ bettveen miy two tangents is 




equal to the a/ngle s^ihtended at tlie focus, hy the segment of either 
between the point qf intersection and tite point of contact. For if 
be any point in AF produced, the angle TFO = twice angle FTB, 
since (Prob. 36) the angle FTR = angle which TE makes with the 
axis. Simiiarly angle 2',Ji'0 = twice angle FT^S^; 
. : angle T,FO - angle TFO = twice (angle FT^S, - angle FTIi), 
Le. ri^T, = twice angle ^^52'= twice angle T,IiS. 
Through F draw FD parallel to the directrix meeting TS in D, 
then FD = FS, since 2"^ bisects the angle between FS and the 
directrix. Let FS meet the directrix in K. 
By similar triangles 

J{S : FD :: Kli : Fli, 
KS : KE :: FS : FE; 
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and similarly, if iJ, denote the intersection of ET^ witli directrix, 

KS^ -.KM:: FS, : FB, 

.-. KS : £S, :: FS : FS,. 

Hence tlie angles KFS, KFS, are either equal or snppiemen- 

tary. In the figure tliey are supplementary, i.e. angle KFS= angle 

BFS^. 

But angle EFT is the complement of angle KFS 
and „ KFT^ „ „ „ XFS„ 

.-. angle MFT -wangle EFT,, 
and .-. each of them = J angle y#2', = angle '1\ES, 
wliich proves tlie property above referred to, 



The problem may also be solved by dropping perpendiculars 
from the focus on the given tangents, their points of intersection 
determiniog the tangent at the vertex. 

Problem 43. (Fig. 39.) To draw a pa/rahola^ the directrix 
CC^ o/nd tmo points A amd B on the curve ieing given. 

TMa is merely the converse of Prob. 40. "With the given 
points as centres and with radii equal to the distance of each, 
from the given direetris describe arcs intersecting in F and F^, 
either of ■which may be taken as the focus. 

Problem 44. (Fig. 40.) To draio a parabola, the directrix 
MX, a point A on the eu/ree and a tangent YT being given. 

With centre A describe a circle MFM, touching MX. This 
will of course be a locus of the focus. At S, the point of inter- 
section of the given tangent and directrix, construct an angle TSF 
equal to the angle between MS and TS produced, ie. = the angle 
MSK. SF will be another looua, i.e. tlie focus will be at !•', the 
intersection of the line and circle. The line SF wUl evidently 
meet the circle again beyond A and this point of intersection will 
be the focus of a second paa-abola fulfilling the given conditions, 
the point o£ contact of tangent and the point A being on the same 
side of the asis. 
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Proof. That the circle is a locus of the focus needs no demon- 
atration : tliat the line is a locus of the focus is proved, since it has 
beea stewn {Proh. 36) that FS is always perpendicular to the line 
joining F to the point of contact of tlie tangent throngU S, and 
that therefore the two triangles FST, LST, where TL is perpendi- 
cular to MS, are equal and similar in all respects; and that therefore 
angle FST^&ngle LSF=9.ngle MSK. 

Pkoblem 45. {Fig. 41.) To dravi a pa/rohola, the dwectrise 
EX and tioo Umgenta Rl\ BT^ being given. 

At S, the point of intersection of HT with KX, construct an 
angle TSF equal to the angle TSK. As in the last pi-oblem SF 



will be a locus of the focus. Similarly, if RT, meet the directrix 
in Sj, construct an angle T,S,F equal to the angle T^S,X, and S,F 
will be a second locus, therefore the intersection of these lines deter- 
mines F, the focus. In the figure the directrix and tlie tangent 
BT^ do not intersect within any reasonable distance, but the line 
through their intersection making the same angle with the tangent 
as the tangent does with the directrix can easily be drawn, as shewn 
in fig. iJa. Let ah, cd be any two converging lines; from any two 
points (a, b) on the one, drop perpendiculars ac, hd on the other 
and produce them : make ce -ca,df- dh, then obviously nh and ^ 
will pass through the same point on cd and will be equally inclined 
thereto. 

Problem 46. {Fig. 42.) To dram a pa/rabola, t/te aads AJV and 
two points F, Q on the curve being given, 

[The two points must not be at equal distances from the axis 



y Google 



70 



GIVES AXIS AND TWO POINTS. 



■wliether on tlie same or on opposite sides of it, rior must they be 
OJi the same pei-pendicular to the axis.] 

Draw the ordiaates PN, QN^, of which let FN be the greataj.-; 
the vertex will then obviously lie on the same side of N as N^ 



yK. 



and beyoniJ it. On .ffP produced make P« equal to Q-ff,, and on PN 
makePm also equal to (^N^. Then Nm, is evidently equal to FN— QiV,. 
On the asjs make No=Nm, and on the same side of ^make Np—NP. 
ThroTigh o draw ox parallel to pra meeting PN in. x, and tlirongh 
P draw PA parallel to N^x meeting the axis in A. A will be the 
vertex of the required parabola and the problem is reduced to 
Prob. 37. 

Proof. It is a well-known property in the parabola that 
PN\' = i:AF. JiV" where ^is the focus, PiVan ordinate and A the 
vertex. 

.-. PNY : QN'' ■■■■ ^JV" : AN,, 



PN\'- 



: PNi' 



{PN+QN,)(PN-gN;) 

AN PN_ 

NN'^ " (PWTqWJW^' 



AN -AN, : 

PN\' :; NN, 



AN, 
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If a fourtt proportional be taken to 

FN, PN+QN,, and PN-QN^, 
i. e. if 8, leiigtii I be determined such that 

PN : FN -hQN^ :: PN-QN^ : I, 
the above equation may be written 

^V ^ P^' 
'Iflf'^ i ' 
i.e. jliV is a fourth proportional to aueh length I, JVjV, and PN'. 
But this is really what has been done, for 

iV> : iVrt :: 2fo : Mx, 
i.e, PN : PN-i-QA\ :; PN-QS^ : Nx, 

i. o. N'm is the required lengtli I, 

and Nx ■ NA\ :; PX : AK. 

Ttat 'PNy — iAF . AN may be shewn thus : Join PA and let 
it meet the directrix in E. Join MF (F being the focus) and pro- 
duce it to meet the diameter through P iu L, while the diameter 
meets the directrix in M. Then since FA-= AX, PL^PM^PF, 
for ML is parallel to FX, therefore the circle on ML as di>i.met«r 
goes through F, and therefore the angles MFL, MFE are both 
right angles and 

FX.XM=FX\'^iAF\', 
also AN : AX :: PN : EX by similar triangles, 

:: FN'' : FX.MX 
:: 'pM° ■■ iAF\\ 
.: PN:' = iAF.A N, since AF=AX. 

PkobiiEm 47. (Fig. 43.) To draw a parabola, the axis AN, a 
point P on the curve and a twngent OT bdng given. 

[The tangent must not be parallel to the axis, and the point 
must lie within the angle formed by the tangent and a syui- 
metrical line on the other side of the axis.] 

Draw the ordinate PN and let it meet the given tangent in 0. 
Make NF^ on tjie other side of the axis equal to PN, and P, will 
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by synimetry be a point on the curve. Find a mean proportional 
between OP and OP^ (Prob. 5) and set off its length OE on OP 




from towards tlie axis. Draw through E a parallel to the axis 
meeting the tangent in ^. Q in the point of contact of such 
tangent. Draw QN^, the ordinate of Q, and the vertex, A, will 
bisect If.T, the subtangent of Q (Prob. 36). Tlie problem is there- 
fore ag£Hn reduced to Prob. Sr. 

Proof. That the diameter through Q, the point of contact of 
the given, taogeut, meets OP in E such that OE' = OP . OP^, may 
be shewn thus. Let PAP^ be a parabola and OQ a tangent at Q. 
Take any point a on the given tangent, and draw any two choi-ds 
a3 ahc, ah'P, and let q and q^ he the vertices of the corresponding 
diameters, and let the diameter thi-oiigh q meet 6c in « : through 
a draw ad parallel to qv meeting the parabola in d, and draw ihi 
parallel to be meeting its diameter in w. 
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Then ab.ac^^l'-hV,' (Euc. ii. 6) 

= 4^5 . (gw — yu) (p. 71) if ^ia tko focus, 

and similarly ah' . aP = ^Fq^ . ad, 

.: ab.ac : ah' .aP :: Fq : i^g,, 
i.e. the ratio of the rectangles depends only on the positions of q 
and 5, , and is independent of the position of tiie point a. 

If tlie lines aSc, aVP move parallel to themselves untQ they 
become the tangents at q and q^, we shall then obtain, if these 
tangents intersect in i,, 

f^' : (,5,!° : Fq : Fq^, 
and .'. f/b . ao : ah' .aP :; t^q' : t^q^^, 

but the tangent aQ may be regarded as a chord cutting the para- 
bola in two coincident points, and therefore if the tangent at q 
meet aQ in ( and vq meet it in 7n 

ab.aa : ^\' :: ^|^ : tQ\' 
:: qt\^ : tm\^. 
Also if Qk is the diameter at Q meeting nc in k, by similnr 
triangles 

qt : till :: ak : aQ, 

.-. ah . ac : ^\' -.-.'a^' : ^\\ 
or ah . a'i = aikY, 

which justifies the construction. 

Problem 48. {Fig. 44.) To draw it parabola, the uxta UX and 
two tangents PT, QT being given, 

[The point T must not be on the axis.] 

If from the point fl in which eithei of the tangents (as QT) 
cuts the axis, a lino UB be drawn making th>' ^ame angle with 
the axis as QT but on the opposite side of it, this wiU, by byni- 
metry, be a third tangent to. the curve Let it meet the other 
tangent (PT) in V. Describe a circle through the three points 
T, U, V (Prob. 20), cutting the axis in F F w ill l>i- the foLUS of 
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tho required parabola, and FU will be the distance from F o£ 
the point of contact of either of the tangents QU, RU, With 




centre F and radius FU deacribe an arc cutting Till in 11, with 
centre R and the same radius deacribe a circle, and the directrix 
will touch this circle and is of coiirae perpendicular to the axis. 
The problem is therefore reduced to Prob. 36. 

Proof. The fact that the circle through the points of inter- 
section of three tangents is a locus of the focus is generally true, 
and ia not confined to the case of two tangents meeting on the 
axis. For draw any tangent j>ab meeting the parabola in f, the 
two given tangents in a and b and the axis in c, and let Tb meet 
the axis in (. It has been shewn (Prob. 42) that the angle abt 
ia equal to either of the angles pFb, PFh, also the angle Fpc = the 
angle Fc'p — the angle bet, 

.-. the remaining angle Fbct of the triangle Fpb, 
= „ „ 6fc „ hot, 

if two tangents intersect in b the angle inhick either makes laith 
is equal to the angle which the other makes with the axitt. 



I'T? 
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Similarly, since QT, PT intersect in T, the angle FTa iy equal 
to the angle Ftb, ie. btc, 

. : angle Fha = angle FTa, 
or a eirele goes round aFTh. (Euc. iii. 27.) 

Problem 49, {Fig. 45.) To draw a i>arabola, tvjo tangents AT, 
BT, o/nd their points of contact A and B being given. 

First method. Divitie AT, BT into any (the same) number 
of equal parts; the lines joining opposite points on the two tan- 




gents, (i. e. supposing each divided into 8 parts, the lines joining 
1 on AT to T on BT, 3 on AT to 6' on BT, and so on,) will he 
tangents to the curve, which can easily be drawn to touch them 
all. Or points on the curve may be found successively thus. 
Bisect A T, BT in the points 4, 4'. The line joining; these points 
is a tangent to the curve at its centre point, i. e. bisect 4, 4' in Z* 
and P is 8, point on the curve. Similarly the line joining the 
point of bisection (fi) of iA and the point of bisection of (m) 4.F 
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will lie a tangent to the curve at its centre point, and the line 
joining the point of bisection (6) of i'£ and the point of hisection 
(m.) of i'P will be a tangent to the curve at its centre point, and 
the method of bisecting the tangents successively may be con- 
tinued. It is obvious that the point m, found by bisecting iP 
is identical with the point of intersection of the line 44' and 
the line joining 6 on j1 to 2' on B. The focus may be found 
as the intersection of the circle circumscribing the triangle formed 
by any three tangents with that circumscribing the triangle 
formed by any other three, as ag. the triangles iTi' and 5TS', 
and the directrix may then be determined by Prob. 40. 

Second method. The focus may be determined independently, 
without drawing additional tangents, thus. Join AB, bisect it 
in V and join VT. VT will be a diameter of the curve, and 
the curve will pass through P the centre point of VT. Bisect 
VF in F. Find a third proportional to VT, A V (Prob. 5), the 
length of which will be equal to 2FP if F is the focus. [This 
may conveniently be done by making Tv on TV equal to AV 
and drawing a line through v parallel to ^F to meet AT. The 
length (I) of thia line will be the required third proportional, 
since TF; VA :: Tv ov VA : l] 

Describe a circle with centre P and radiiis equal to |-? which 
will be a locus of the focus, and the directrix will be a tangent 
MX to this circle perpendicular to the diameter TV. Then F 
may be determined as the intersection of a circle, with centre A 
and radius AM, the distance of A from the directrix, and the 
previously drawn circle. 

Third method. It has been shewn (Prob. 41) that tlie exterior 
imgle between amy two tangents is equal to the angle which either 
subtmds at the focus. Therefore if on AT as chord a segment of 
a circle be described on the side towards B, containing an angle 
AFT eqtial to the angle ATK (Prob. 30), where K is on BT 
produced, this segment will be a iocus of the focus. Similarly if 
a segment containing the same angle be described on BT towards 
A, it wiU be a second locus and the fooiis will be at the inter- 
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section of the two, and the directrix may lie determined by 
Prnb. 40. 

Proof. That the line joining the intersection of tangents to 
a parabola to the point of bisection of Uie chord joining their 
points of contact, ia a diameter may be shewn thus. Let AB be 
two points on a parabola, AT, BT tangents at the points, F tlie 
focus and AS', BN^ perpendiculars on the directrix meeting STN^ 
parallel to the directi-ix in N and N^. Join FA, FB and draw 
Ta perpendicular to FA and Tb perpendicular to FB. Then the 
angle 3'Jffl= angle r^iV, 

.-. TN=Ta,ax\Asua.i\ax\YTS'^ = Th. 
But Ta^Th, since it has been ahewji that angle T'/'il -angle 
TFB. (Prob. 42.) 

If TV be drawn parallel to AN or 5jf,, i.e. to the axis, meeting 
AB in r, it will make AV : YB :: TN : 2W,, i.e. AV^VB,, 
or the diameter through T bisects AB. Since TN- TN^ it follows 
that any straight line through T terminated by the diameters 
A and B is bisected in T and more generally that every line 
t/wough tJte poi/ni of intersection of two tangents lermmated by 
diameters through the exfrernitiee of the eorresponding e/wrd of 
aontact, is bisected by such point of intersection. 

That P, the point in whicli the curve meets TV, bieects TV 
and that the tangent at P ia parallel to AB maybe etewn thus; — 
Since AN, TV and BN, are parallel Un^i, it follows that every 
Hue meeting the three is bisected by 1 V; and therefore if the 
tangent at the point P be drawn meeting AN in Cr and BN, in 
(?,, P&^PG, ; but if it meets AT, .Sifin 4 and 4', it follows as 
above that Pi = W, Pi' = 4'(?„ and therefore 6i, iP, Pi' and 
4'ff, are all equal, which is only possible if GPG^ bisects TV and 
ia parallel to AB. 

Hence Ti = iA, Ti' = i'B and 44' = I AB. 

To shew that J F is a mean pi-oportional between VT (or 2PV} 
and 2FP, draw FU parallel to AB or to 44', meeting PV in U, 
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then the angle F(73' = angle 4PF, 

= angle FiT, (Prob. 48), 
and therefore the eircle ■which it is known can bo dvawn (Prob. 
48) through ^42*4', will pass through U. 
Hence, AV being twice Pi, 

A'Vf = iFi\' = iPU.PT. (Euc. III. 35.) 
But the angle ^^^7^= angle FPU, since FU is pai-allel to Pi', 

= angle 4^3" = angle FUP, 
and therefore FP = PU; also FT = PV, 
therefore AVl'^iFP .PV. 

Definition, A chord through the focus parallel to the tan- 
gent at P is called t/te parameter of the diameter through P, and 
it follows from the above that its length is always equal to iFP. 
(See definition of latus-rectum, p. 60.) 

Peoelem 50. (Fig. 46.) To dra/u) a parabola, three ta/ngenis, 
TU, TV, Ur mid the point of contact P of ow of them TV being 
given. 

"Describe a circle through TUY {Vvoh. 20), then F the focus 




y Google 



THE PABABOLA. 79 

lies on this circle (Prob. 48). On FT describe a segment of a 
circle containing an angle equal to the exterior angle between the 
tangents meeting in T, i.e. the angle VTY. (Proh. 30.) This 
segment will be a second locua of the focus (Prob. 43), which will 
therefore be at the intersection of the segment with the previously 
dra\vn circle. 

If P (as in the figure) lies beyond U the segment must be 
described on the side of TP towai-da F : but if P lies between T 
and P, the segment must be described on the other side of TP, 
since the focus can never lie inside the triangle TUY and the 
a,ngle it contains must be the angle UTV, since that would then 
be the exterior angle between the tangents. 

[The centre for the segment may conveniently be found by 
drawing TG perpendicular to VT to meet the perpendicular 
bisector of P2' in C] 

Construct the angle UFQ equal to the angle PFU. Q wiU 
be the point of contact of UV, and the direction of the axis is 
determined since it is parallel to the diameter joining U to the 
centre point of PQ. (Prob. 49.) It can then of course be drawn 
through. 1''. 

Lastly, the vertex may be found since it is the centre point 
between ^ the foot of the ordinate from P and the point in which 
Preuta the axis (p. 60.) 

The point of contact S, of TV, may of course be determined 
without drawing the curve by maJcing the angle TFE^axigle TFP, 

The construction is evident from preceding problems. 

Problem 51. (Kg. 47.) To lira/w a pa/rabola, three points 
A, B, G, on the euroe, and the direction of the axis, as Jil), being 
ffiven. 

Draw lines through A£, £C, CA, and let BD parallel to the 
given direction of axis meet AG in D. Bisect AG in E and draw 
FL parallel to BD to meet BG in L. Draw LG pai-allel to AG 
to meet BD in (?. Join AG and it will cut EL in H, the vei-tex 
of the diameter through E. 
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If UK- HE, AK will 1)R the tangent at A and the focus may 
be found by taking HU such that AE\'^'kIIE . IIU, i.e. taking 




^HVs. tliii-d proportional to 'IHE, AE; drawing UF parallel to AG 
and making HF=HU. [If we take a third proportional to EK, 
AE it will be 2ff Z7. This may conveniently be done by making 
Ea = EA and drawing wu, parallel to AE. Eu will be the 
required third proportional. The problem reduces to Prob. 40.] 

Proof. To shew that H is the vertex of the diameter through 
E. Draw BN parallel to ^ C meeting EH in iV. BI>r -^ ED, 
and J}A.nG^AM'-J^^^ = AE''-BN' (Euc. ii. 5); 

but in any parabola 

AE' = 4:.FH.HE, 
and JiN'' = i.FH.HN, 

.: AE'- - BN' = iFM. EN = 4:FH . BI), 
,-. DA.DC -.AF" ■.■.BB .HE; 
hufc in the figure 

P.D : EL ;: DC ■ GE or FL^^^^~^ 
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nd AE : EH :: AD : DQ, 

\:AD: EL, 

■■ '^^ ■ DC ' 
Le. DA.DG : AE^ .: BD : HE, 
r HE lias been determined of the proper length. 



Problem 62. {Fig. 48.) To draw a pa/rahola, three tangents 
UT, TV, VU and the direction, of the eras, as AN, being given. 

Through T draw MTM^ perpendicular to the given direction 
of the axis. It is a, known property of the parabola that if the 




portion of any tangent UV intercepted between two others UT, 
TV be projected on any line parallel to the directrix as on MM^ 
by lilies Pm, Vm,^ perpendicular to MM^, then any other tangent 
to the curve between the points of contact of TU, TTwill have 
the same projected length ram, on the axis. If therefore TM, 
TM^ be each made equal to mm,, lines through M and M^ poi-pen- 
dicular to MM^ will intersect TV, TV respectively in Q and Q^ , 
E. 6 
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the points of contact of TU and TV. The problem is therefore 
reduced to Prob. 49, or it may be completed by utilising other 
known properties of the curve already demonstrated, e.g. — mating 
the angle TQF equal to angle TQM, QF is a locus of the focua; 
similarly Q^P (the angle TQ^F being made equal to angle TQ^M^ 
is a second locus, and F, the focus, is therefore the intersection of 

Again, the circle round UT, TV, VU is known to be a locus 
of the focua (Prob. 48), and the angle TJFQ is known to be equal 
to the angle TUV. Prob. 42. Therefore, if on ?7§ a segment of 
a circle be described containing an angle equal to the angle TUV 
(Prob. 30), the intersection of this segment with the above circle 
will detenaine F. Any number of tangents to the curve between 
Q and Q^ can be at once drawn without previously determining 
the focus by measuring the length mm^ anywhere on MM^ between 
M and M^ and from the extremities drawing perpendiculars to 
JO/j to meet TQ, TQ^. A.ny pair of such points being joined 
will of course give a tangent to the curve. 

Froof. That the projecteiJ length on MM^ of the portion of 
any tangent intercepted between TQ, TQ^ is constant may be 
shewn thus. Let B be the point of contact of TJV and let the 
diameter through R meet MM^ in (. Draw Qn, Q^n^ parallel to 
UV meeting tR va. n and w,. Then UM = iiQn (Prob. 49) and 
therefore tm = \tM. Similarly tm^ = \tM^. 

Therefore ram, = ^MM^ - constant, since MM^ is the projection 
of the chord of contact of two fixed tangents. 

Pbodlem 53. (Fig. 49.) To draw a parabola, two points A, £ 
on the curve and two tangents TL, TM being given. 

[The tangents must nob be parallel and the points must not be 
on opposite sides of either tangent.] 

Draw a line through A and B meeting the given tangents in L 
and M. Take LG on LM a mean proportional between LA and 
LB (Prob. 5), and MD on ML a mean proportional between MB 
and MA. Bisect CD in E. TE will be the direction of the axis 
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of a parabola fulfilling the required conditions and C'Q, DQ^ dra^ 
parallel to TE to meet the given tangents will determine Q and ^ 




their points of contact. Tlie |)i'oblem. therefore reduces to Prob. 49, 
or may be completed similarly to the preceding. Since LC and 
MD may be set off on either side of L and M, as LC^, MD, in the 
figure, the point of bisection E^ of ^D^ determines TE ^ the 
direction of the axis of a second parabola fulfilling the required 
conditions. Further, either Cfi or OD^ may also be taken aB tlie 
segment to be bisected, and there are consequently ybwf solutions. 

The proof depends entirely on the property of the parabola 
already referred to in Prob. 47, 

6—2 
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Problem 54. (Kg. 50.) To draw a pwrahola, three points A, B, 

G, and a toMgent LM liemg given. 

[The points must all be on the same side of the tangent] 
Join two pairs of the given points as AB, BC and let the joining 

lines cut the given tangent in L and M, On LB take LD a mean 



proportional between LA and LB {Prob. 5), and oa MB take ME 
a, mean proportional between MO and MB. Then by the property 
of the parabola already referred to (Prob. 47) a line through J} 
parallel to the axis of a parabola through A and B and touching 
LM, will pass through the point of contact of LM with such 
paralKila ; and a line through £! parallel to the axis of a parabola 
through B and C and touching LM will pass through the point of 
contact of ijtfwith such paiahola. Hence the line joining DE 
will be parallel to the axis of a parabola which can be described 
through AB and G to touch the given line, and its intersection 
with LM will determine the point of contact of Buch parabola. 

Since LD, ME can be set off on either side of L and M (as 
LD^, ME^, similarly the line joining D^ and E^ will fee parallel to 
the axis of a second parabola fulfilling the winditiona of the 
probJem ; its point of contact being P : and similarly X>M, and 
D^S will determine the direction of the axes of two more such 
parabolas. The lino DE^ determines P^ as the point of contact. 
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Hence fcliere are four solutions, and the problem in either case 
ia reduced to Prob. 51. In the fig. two of the four parabolas are 
drawn, viz. those whose axes are parallel to D,E^ and D^^ respec- 
tively; the necessary construction in each case being indicated. 

It might be considered at first sight that if a mean proportional 
were taken between the segments NA, JVC of the lino joining AC, 
the ttird pair of the given points, cutting the given tangent in N, 
two additional points would be obtained which, Ijeing joined to 
either B, D^, S or E^, woiild give the directions of axes of ad- 
ditional parabolas. This however is not so, since it will be found 
that the points thus obtained coincide with the intersections of 
ED, E^D^, and of DE^, ED^ respectively, and therefore no more 
solutions than the four already mentioned are obtainable. 

Problem 55. (Fig. 51.) To draw a parabola, a point A on 
the Gurm and three tangents £C, CD, DB being given. 

[No two of the tangents must be parallel, and the given point 
must not lie within the triangle formed by the tangents, nor so 
that any one tangent lies between it and either of the remaining 
tangents.] 

Let G be the vertex of the triangle formed by the tangents, 
which cannot be reached from the given point without crossing 
SB. Through £ draw SE parallel to CP and through B draw BE 
parallel to C£, meeting BE in E. Through G draw CE parallel 
to BB and join EA meeting CE in E, CB in L, and BB in M. 

First let A lie between E and E j complete tho harmonic 
range EAEA^, i.e, find a point A^ beyond E ou EL such that 

EA : KA, :: AE : EA, (Prob. 12.) 

[Through A, E draw Aa, Ka any two lines intersecting in a, 
produce aA to a, making Aa^ = Aa. Join a^E and produce it to 
meet Ka in h. Draw hA^ parallel to aA and it will intersect KA 
in the required point.] 

Then -ij will be a point on the curve and the problem reduces 
to Prob. 53. 

Second, let the given point lie beyond E as A^, then, com- 
pleting the harmonic range A^EAK (Prob. II}, A will be a 



y Google 



GIVEN THREE TANGENTS AND A POINT. 



second point on the curve and tbe problem again reduces to 
Prob. 53. 
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In completing tile figure, one of the tangents employed should 
be the one situated as BI) in the figure, because it is necessary to 
take a mean proportional betweea tbe segments of the chord AA^ 
included between the tangent and the curve, i.e. to take a mean 
proportional between MA and MA^\ but it will be found that 
ME, MX9x« each equal to such mean proportional, and therefore 
E and K can be at once used without any further construction. 
If CB is the second tangent made use of, a mean proportional LG 
or LG-^ must be determined between LA, LA^ (Prob. 5), and 
two of the four parabolas which can be constructed by means of pairs 
of tho points K, E, &, G, to pass through A and A, and to touch 
BL, BD will also touch GD. There is an ambiguity as to which 
particular pairs of points must be selected, but this can easily 
be settled by trial in any giTcn case. In the fig. it will be found 
that the pairs E, G and E, G\ are those requited, and that 
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tlie pairs E, G and Ji, G, give parabolas whieb while touching 
BC, DB, do not touch CD. 

There ai-e in general two solutions. 

Proof. It 13 shewn at the end oi Ch p tl h 

monic properties of coiiics, that the th b^ If mjlt 
quadrilateral circumscribing a conic f m 11 ) t ti n I 
It is easily proved analytically that ev y p rab I to h th J 
at infinity, i.e. Las one tangent situai d t Itog th nfimt 

distance. Kow BE and DJS meet CZ) CJS p t ly n 

finitely diataat points, pass, that is, th gh th p ts whi h 
this infinitely distant tangent meets CB d CD th y th 
fijre diagonals of the circumscribing qad Ite If mdbyth 
three given and tho infinitely dista t ta t d t th d 
diagonal must be the line GK since t] t BD mfi t h 

distant points. E is therefore the pi t th 1 CI 1 
versely the polar of E passes through E 

But a straight line drawn through uiy ] t d 1 1 h 
monically by the point, fcbe curve dthjl fthj t 
{seo end of Chap, iv.), therefore j1 m t b j mt th 

Problem 56. (Fig. 32.) To draw a parabola to pass through 
/our given points A, B, C, D. 

[The points must not lie at the angles of a parallelogram, and 
mast be so situated, that being joined in pairs, the two points 
of each pair are both on the same side, or on opposite sides of the 
poiat of intersection of the joining line*.] 

Join SC, AD to meet in E. Through draw GK parallel to 
AB meeting .^5 in E. Take a mean proportional EG between 
ED and EE (Prob. 5) and GG will be the direction of tbe axis 
of the reqtiired parabola. The Problem is therefore reduced to 
Prob. 51. 

Since the distance EG may be set off on either side of E as 
EG^, the line G&^ will be the direction of the axis of a second 
parabola fulfilling the given conditions. 

* Paekle'a Come Sections. Poiirth Edition, Art. 313, Ex. I. 



y Google 



GIVEN FOUE POINTS. 
From the construction 

EB : EA ;■ EC : EK, 

Fig.52. 




and EK -.EG :: E& 


ED; 


.-. EB :EA V. EG 


EG' 


or EG' -.EGiiED. EA 


■.EB, 


whioh may be written 




EQ" -.EC y.ED.EA 


EG.EB, 


a relation "which is known to hold in 


the paraljola. 


Geom. Gomes, 3rd Ed., Art. 213.) 





'7. {Fig. 53.) To draw a parabola to touch, four 
given Unes AS, BO, OD, DA, no two ofwhiek are parallel. 

Let GD meet AB in E and AD meet BO in G. 

The tir(,lo cncnmscnbmg tlie triangle formed by any three 
of the lines w ill be a locus of the focus (Prob. 48), which may 
therefoie bo deteimmed is the intersection of the circles circum- 
scribing any two oi 'fuoh triangles. In the figure, the circles 
circumsciibing BCE ind ABG are drawn. They intersect in F, 
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tlic focus. The tangont at the vertex c 
by dropping perpendiculars from F o 



:Ietermiiied, 
any two of the given 




tangents as FY, FY, perpendiculars on AB, BG ; Y and F, are 
points on the tangent at the vertex. (Notes to Problem .36.) 

Problem 58. (Pig. 54.) To determne the centre of curvature 
ai any point P of a given parahola, 

[A circle can be drawn through any three points of a curve, 
but cannot in general be drawn through a greater number taken 
arbitrarily. If a circle be drawn through three points of a curve 
and the outside jioints be conceived to gradually move up to the 
centre one, the circle in the limiting position it assumes when 
tlie points approach indefinitely near to each other so aa ul timately 
to coincide, is called the cvrele of curvature at the point, and its 
centre is called the cenfc-e of curvature. The circle is said to 
pass through three consecutive points of the curve, and obviously 
has closer contact with it at the point than any other circle can 
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have, since it is not possible to draw a circle through Jbtir con- 
secutive points. The centre of curvature will necessarily lie on 
the normal at the given point, and any circle having its centre 
on the normal and passing through the point really passes through 
two consecutive points of the curve, since curve and circle have a 
common tangent.] 

F is the focus, PT the tangent, and FG the normal at the 
point F of the given parabola. 

Join PF and produce it to K, making FK eqnal to FF. Draw 
I{0 perpendicnlar to P2C to interaect the normal at P ia 0. O 
will be the cenPi'e of curvature at F. 




If the circle of curvattire cuts the parabola agai 
be found that PQ, the common chord, makes tlie sa 
the axis as PT, the tangent, does, and that 
FQ = iPT. 

The focal chord FR of the circle of curvature ii 
in length equal to iFF, and it is on this known value of the 
focal chord that the construction depends. 

The chord {-PF) of the circle of curvature through P paraJlev 



1 Q, it will 
ani^le with 



3 known to be 
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to the axis ia also equal to iFP, since tlii» chord and PE ari.- 
equally inclined to the tangent at P. 

The length PO of the radius of curvatnre may also be deter- 
mined by taking a fourth proportional to FY, FP and 2FP, wliore 
FY is the perpendicular from F on the tangent at P. 

The locus of the centre of curvature of any curve is called the 
Evolvie of that curve ; and the original curve, when considered 
with respect to its evolute, is called an Involute.. Tte chain- 
dotted curve iu Fig. 54 is the evolute of the portion of the parabola 
lying above the axis. 

Uormala to the curve are tangents to the evoluto ; and einco 
the focal radius of curvature at the vei-tex = 2 . AF, the evoluto 
must touch the axis at a point = 2. AF from A, 

If the ordinate of the point of intersection of the curve and 
evolute be drawn meeting the axis in N, it will be found that 
AN - 8 . AF - twice the iatus rectum. 

The evolute of tlie parabola is a curve known as the semi- 
cubical parabola. 

Problem 59. To dram a parabola to touch two given circles, 
ike axis beimg the line joining the centres. 

Let C be the centre of the larger circle, c that of the smaller, 
R and r their radii. Determine a fourth proportional to 2Cc, 
R+r, and R^r. From C towareb c set off on Cc a length OjV' 
equal to this fourth proportional, i.e. a length such that 
CSr -.R-r v.R+r : 20e. 

Draw NP perpendicular to Cc meeting the circle in P, and P 
will be the required point of contact of the curve. The pi-oblem 
therefore reduces to Prob. 47, the given point being also the point 
of contact of the given tangent. 
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Examples on Ciiaptee IIL 

1 1)1 iw a p\ralola the fo s ^ the position of the ajds 
{FT) lid I tangent (FT) 1 e ng gii en 

(Fiom F draw Fl peipendiculi to FT meeting it in 7, and 
from Y diaw "iA perpcn hcular to FT meeting it in A. A will 
be the vertpx of the roquiied \ arabol i ) 

'' Draw 1 piiral ola the foeu F a tangent FT and the 
length of tht latos re t mi being given 

(With centie F and radius equal to one-fourth of the given 
latns iPCtum desonbe a cucle from F draw FT perpendicular to 
the given tangent meeting it m 1 , and from 7 draw tangents to 
the circle. Either point of contact will be the vertex of the re- 
quired parabola (two solutions). The given tangent must not cut 
the cii'cle.) 

3. Draw a parabola, two points (/*, Q), the tangont at one of 
them (FT), and the direction of the axis being given. 

(Bisect FQ in V, draw VT parallel to given direction of axis 
meeting the given tangent in T; QT is the tangent at Q, and 
problem reduces to Prob. 49.) 

4. Draw a parabola, the vertex (P) of a diameter, and a cor- 
responding double ordinate QQ^ being given, 

(Bisect QQ^ in 7. P7 will be a diameter ; on YF produced 
mate PT=PV. TQ and TQ^ are the tangents at Q and Q„ and 
problem reduces to Prob. 49.) 

5. Draw the locus of the foci of the parabolas which have a 
common vertex (A) and a common tangent FT, 

(The parabola which has A for vertex, tlie perpendicular on 
FT as axis, and the distance of FT from A as latus rectum.) 

6. Inscribe in a given parabola a triangle having its sides 
parallel to three given straight lines A£, BC, C'A. 

(Draw £1) parallel to the axis of tho parabola meeting AC in 
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I> and GE parallel to the axis meeting AB in E. Draw a tangent 
to the parabola parallel to DE (p. 61) and from P its point of 
contact draw i"(3, PB parallel to AB, AG meeting the parabola 
again in Q, R. PQE will be the required triangle.) 

7. Draw a parabola with a given focus, and to touch a given 
circle at a given point. 

[Let ii'bo the focus, P the point on the circle, draw PT the 
tangent, and construct an angle TPM=th!t angle FPT. Tlie axis 
of the required parabola will be parallel to PJ/.] 

8. Shew that if tangents be drawn to a parabola from any 
point 0, and a circle be described with the focua as centre, passing 
through and cutting the tangents in P and Q, PQ will be per- 
pendicular to the axis, and its distance from is twice its distance 
from the vertex. 

9. Draw a circle to touch a parabola in P, and to pass through 
the focus. Let it meet the parabola again in Q and Q^ : draw a 
focal chord parallel to the tangent at P, and shew that the circle 
on this chord as diameter will pass through Q, Q^, and that the 
focal chord and QQ^ will intersect on the directrix. 

10. Draw any right-angled triangle DEF {E being the right 
angle). Describe a parabola with focus F and to touch ED at B, 
and shew that if any circle be described to pass through D and F 
and cutting ED produced in P, the tai^ent to it at P will also be 
a tangent to the parabola. 

11. Given two lines PR, QE, and a point P on one of them, 
shew that any point on. the circumference of the circle passing 
through P and E and touching QR may be taken as the focus of 
a parabola passing through P and to which the given lines shall 
be tangents. 

13, AB is the diameter of a circle ; with A as focus and any 
point on the semi-circumference of which A is the centre as foot of 
directrix describe a parabola, and shew that it will touch the 
diameter perpendicular to AB. 
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13. If AFC be a sector of a cirele of which the radius GA is 
fixed, and a circle be described touching the radii CA, OP and the 
arc AP, shew that the locna of the centre of this circle is a parabola 
and describe it. 

14. Given a segment of a circle, describe the parabola which 
is the locus of the centres of the circles inscribed in it. 

lo It fio n a 1 o nt /■ of a c ^^ PC be drawn to the centre, 
a d jffi b th m Ulo po nt f tl cl or i PQ drawn parallel to a 
fixe 1 h meter AOB desc nl e the loc l of the intersection of CP, 
AI 1 sh V that t IS a p-i ab la 

16 De c ibe •\\a. abol ^ th. litus ectum = 2-*I \inifcs, and in 
it 1 w a Be es of parallel cho ] cl ned at 60° to the axis, 
fel ew tl at the loc s of the po nt wl ich livides each chord into 
segments co tain n a constimt rectangle - 4 sq. units in area, is 
a parabola, the axis of which coincides with the axis of tho original 
parabola and with the latus rectum ~ 2'1 units. 

17. Draw a parabola to touch the three sides of a given 
triangle, one of tliem at its middle point j and shew that the per- 
pendiciilars drawn from the angles of the triangle upon any 
tangent to the parabola aro in harmonical progression. 

18. Given two unequal circles (centres G and g, radii R and r) 
touching each other externally, from G tho centre of the larger 

circle make GF on Gg towards g - ■—^-' ■ Draw NP perpen- 
dicular to Gg meeting the circle in P and describe a parabola 
with Gg as axis and to touch the circle in P (Prob. 47), and 
shew that it will also touch the smaller circle. 

19. Given a point F and two straight lines intersecting in ; 
describe a parabola with F as focus and to touch the given lines 
(Prob. 43); and shew that if any circle be described passing 
through and F and meeting the lines in P and Q, PQ will be a 
tangent to the parabola. 
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20. Draw the parabola, which is tho locus of the centre of a 
circle passing through a given point and cutting off a constant 
intercept on a given straight line. 

(The point is the focus and a perpendicular to tho line the 
a-xiB,) 

21. Given four tangents to a parabola, shew that the directrix 
is the radical axis of the Bystem of circles described on the diagonals 
of the quadrilateral as diameters. 

22. Given the focus F, a point P on the curve and a point 
L on the directrix, describe tho parabola. 

[Tangents from L to the circle described with centre P and 
radius PF are the directrices of two parabolas fulfilling required 
conditions.] 

23. Given a focus F, a tangent PT, and a point L on the 
directrix, describe the parabola. 

[From F draw a perpendicular FY to PT meeting it in T; 
produce FY to f and make Yf = FY : y is a second point on the 
directrix.] 

34. Given three tangents to a parabola and a point on the 
flirectrix, draw the curve, 

[The ortho-centre of the triangle formed by the tangents is a 
aecond point on the directrix.] 
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CHAPTEH IV. 



THE ELLIPSE. 



The ellipse has alrealy been defined (p 5b) as the locus ot a 
point which moves in i pline so that it& distajice from i hxpd 
point in the plane is alwajs m i constant i«itio lehs that unity, 
to its distance from a hxed liai, m the jlane The coiiespondmg 
definition in the c^ae of the paitiboK tuiDishes immediatelj the 
best condition for thi, gLometncal constiuction of that curve, but 
this is not so with the tllipse The ellipse can be mne easdy 
constructed geonictii Lilly hum i propfitj which will be thewa 
immediately to be mvoli ed in the above definition, and m viitue of 
■which the curve may be defined as follows :— 

Dep. The ellipse is the locua of a fixed point on a line of 
constant length moving so that its extremities are always on tv/o 
fixed straight lines perpendiculai' to each other. 

In Eig, 55 let AOA„ SGB, be two straight lines intersecting 
each other at right angles in C. If a length (as ab) be marked off 
on the smooth edge of a slip of paper, and the slip be moved 
round so that the point a is always on the line BCB^ and the 
point 6 on AQA^, then any point as /* on the edge of the paper 
will trace out an ellipse. When the edge of the slip coincidea 
■with ACAj the tracing point will evidently be at a distance CA 
from G equal to al', and when it coincides ■with BGB^ the tracing 
point will be at a distance OB from G equal to hP. By this 
method of construction the curve is evidently symmetrical about 
both the lines ACA, and BCB^, i.e. if CAjhn made equal to 
CA, A, will be a point on the curve, and if CB^ be luade equal 
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to GB, J}, will be a point on the curve. It is moreover obvious 
that jiC'j^i is the longest and -fiCB, the shortest line which can 
he drawn through C and terminated by the curva 

Dbf. The line ACA, is called the major axis, the lino MCB, 
the minor axis, the point C the centre, and the points A, A, vertices 
of the curve. 

From 5, the extremity of the minor axis, as centre with 
radius CA (the senai-major axis), describe arcs cutting the major 
axis in F and F^; through B draw BM jiaraUel to CA, from F 
draw FM perpendicular to BF meeting BM in M, and draw MX 
perpendicular to CA meeting it in X. 

F will be the focus and MX the directi-ix (see definition, page 
56). 

From the similar triangles FBM, CFB, 

FB : BM :: OF : CA :: CA : OX, 
since FB'^CA and BM^CX; 

.: or : CA-GF :: OA : CX-OA, 
i.c. OF : FA : 

or FA : AX :: OF 

OF : CA :: 
-OF : CF+CA : 
FA : FA, : 






: AX, 
: CA :: FB : BM; 
: CA : CX, 

: GX-CA : CA + CX, 
: AX : A,X, 
i.e. FA : AX :: FA, : A,X ; 

therefore A, B and A, are points satisfying the original definition, 
Dep. a. circle described on tlie major axis as diameter is 
called the auxiliary circle. 

Through any point P on the ellipse draw the ordinate PM 
(perpendicular to major axis) meeting the axis in N and the 
auxiliary circle in Q. Since QN is parallel to BC and GQ — aP, 
.: aP is parallel to OQ, 
.: PA' : QN :: Pb : QC 
:: BO : AG, 
or PjV'> ; QAf :: Uc,' : AOr, 
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98 AUXILIARY CIRCLE. 

but it is known that in the cii'clo 

QN\'^AN.NA„ 
.: lW\' : AN.NA^ :: MC[' : AC\'. 
This is a very importaiit property of the ellipse and will now be 
shewn to result from assuming the ratio FP : N^X to be con- 
stant. 

Through F draw PA, PA^ meeting the directrix in E and //. 
Join FH and draw PLK perpeudicular to the directrix meeting 
FH in L and the directrix in K. 
Since PK is parallel to A,X, 

.-. PL : PK :: FA, : A,X 
:: FA : AX, 
But by supposition FP : PK :: FA : AX, 
therefore FP~PL, and the angle LFP^FLF^iho altemate 
angle ii^-Z; 
i.e. FL bisects the angle PFX; 

similarly FE bisects the angle between FX and PF produced, 
therefore the angle EFS is a right angle, since it is made np of 
the two angles EFX &\i.A BFX. 

By the similar triangles PAN, A EX, 
FN : AJV ■■ EX : AX, 
also FN : A,X :: GX : A,X, 

.: PXf : AX.XA, :: EX.HX : AX.A,X 
:: FX'' : AX. A,X, 
since FFH is a right angle ; 

i.e. PX' is to AN . NAi in a constant ratio. 

Hence taking PX coincident with BC, in which case 
AN^NA, = AC, 
)iOX : ICi' i-.-FXl' : AX.A,X, 
and .■. FX' : AX.XA, :: BC : AC\ 

This of course shews that the point P is tlie same whether deter- 
mined aa the locus of a fixed point on a line of constant length 
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sliding between two tixcd rectangular axes or as the locus of 
a point which moves so that its distance from a fixed point (F) ia 
in a constant ratio to its distance from a fixed line (MX), i.e. the 
two definitions of the ellipse alreaJy given are really identical. 
From tise symmetry of the curve it is evident tbat F^ is a second 
focna and M,X a second diiectrix- 

Five geometiicol conditions aie geneially ncLessary to deter- 
mine an ellipse and the ellipse shaiea with the hyperbola the 
property of sdtisfjmg tve geometiicil condition-' One or other 
of these curves i.in generally be drawn to pass thiough five given 
points or to touch five given straight lines, or to pass through two 
given points and touch three given lines, or to fulfil any five 
aimilar conditions. Which curve will satisfy the given conditions 
depends of course upon the relative positions of the given points 
and lines, and the necessary limitations will be noticed in discuss- 
ing the separate problems. As in the case of the parabola the 
giving of certain points and lines is really equivalent in each case 
to the giving of two geometrical conditions ; of these may be 
mentioned the centre, the foci, and the axes. 

The eccentricity of the ellipse is (p. 57) tlie numerical value of 
the above fixed ratio ; it is generally denoted by e and calling 

CA = a. 
and CB^h, 

its value IS e— , 

as is evident from the similar triangles FSM, FOB. 

Pboblem 60. (Kg. 55.) To describe an ellipse ho,ving given 
axes AA„ BB,. 

First Method. Draw t«'o lines perpendicular to each otlicr 
intersecting in C. Set off GA, C'A^ each equal to J AA^, and C'B, 
GB^ each equal to \ BB^. Take a smooth edged slip of paper and 
mark off on it Pa^GA and Pb = CB (a and 6 maybe on the 
same or on opposite sides of f). Keep the point a on the minor 
axis and the point b on the major axis and (as already demon- 

7-2 
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GIVEN THE AXES. 



strated) the point /' will be 
may thus be determined. I 



■e. Any number of jioiiits 
; portion of the figure tlie 




lengths CA, CB are shewn set ofi on opposite sides of F, and tliis 
arrangement is the better when the leiij^tha AA^, BB^ are nearly 
equal, as in that case, when set off oil tlie same side of P, the 
distance ab is too short to determine the direction of Fa with 
accuracy. 

Second MetJtod (fig. 56). Arrange the axes as above, and on 
each as diameter describe a circle. Draw any number of radii as 
01, C'2, ikc. From the extremities of the radii of the circle on the 
major asia draw lines paraUel to the minor axis, and from the ends 
of the radii of the circle on the minor axis draw lines parallel to the 
major axis. The liaes dcawn from cotTespondiiig points (ae 77* 
TP) will intersect on the required ellipse, which can therefore 
be drawn through the points thus determined. 

The proof is at once obvious by drawing through any point P 
on the curve a line parallel to the i 
cutting the axes in b and a. Then 

Ca PI is a parallclogi'am, and 
Cb PT is a parallelogram, and 






. pb = cr - CB, 
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The ellipse. 

an that the points found hy this construction e 
tliose found by the first. 

Third Method (fig. 56). Determine the foci;- 
of the minor axis (5 ) as centre describe an arc 



101 
i identical with 



.e. from the end 
ith radius = C^ 




cutting AAj in F and F^. Stick a pin firmly through the paper 
at each of tlie three points .S^, F, F^, and tie a fine thread or piece 
of silk tightly lound the=e pms keepiOn it down m c mtact with 
the paper while doing o Take out the piu at £ and keeping 
the 'ftnug stretched with the point of ■^ pencil the cuive may be 
drawn by moMiig the pencil lOnnd the circuit Tliia method m 
theoreticaUy perfect b it it fails in practice to give a very exact 
leault chieflj owing to the e\.tensib lity of the etiing and the 
lUipO'sibilitj of keeping it at a con-^tant tension It is difficult 
moieo\ei to tie up the lu p £ the stung to exactly the proper 
length and to kee[ the stiing contmually m contact with the 
jiaper Its use thereiore (.annot be recommended, but it illustrates 
a very important property of the ellipse viz. That the sum of the 
focal dtstances of any point on the ellipse %b constant and equal to 
tl rrajor w, 6 i hich miv be \ loved thus 
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102 TANGENT AT ANY POINT. 

In fig. 55, i' is any point on the ollipso, 

FP : PK :; FA : AX; 
also F^P : PK, :: F,A : AX„ 

.: FP + PF,: PK+PK,:: FA + F^A : AX + AX, 
: XX, :: A A, : XX,, 
ie. FP-\-FP, = AA,. 

To draw the tangent at any point of tlie cu.i've. 

If §1 and Qj (fig. 55) be any two adjacent points of the curve, 
and the straight line drawn through them meets a directrix in 
f, draw QJe,, QJc^ perpendicular to the directrix and dr&w /F^ to 
the corresponding focus. 

Then F^Q, ■ F^Q^ :: Q,k, : QJc^ 

■■: QJ : QJ, 
therefore ^|/ bisects the exterior angle between Q,F, and Q,F,. 
{Eua VI. Prop. A.) 

Hence, exactly as in the case of the parabola (p. 59), when 
Q moves up to and coincides with Q, so that the line through 
Q,Q, becomes the tangent at Q, (Def. p. 30), the line F,f becomes 
perpendicular to the line joining the focaa to the point of contact 
of the tangent. The tangent at any point Q, of an ellipse may 
therefore be drawn by drawing a line from Q, to either focus, 
erecting a perpendicular to this line at the focus meeting the 
directrix, and drawing the tangent through this point and the 
proposed point of contact. It may also be drawn by using the 
known property that Uie normal bisects tlie angle between the focal 
distances, which may be proved thus. In fig. 56 Q is any point of 
the curve, F is b, focus, and FS is perpendicular to QF meeting the 
corresponding directrix in S so that QS is the tangent at Q. 
Draw the normal QG perpendicular to QS meeting the major axis 
in G, and draw FD perpendicular to the major axis meeting QS in 
J), and ^.ff^ perpendicular to the directiix Join FK. 

The angle QFG is the complement of QFD and is therefore 
equal to the angle SFD , the angle FQG is the complement of 
SQF and is therefore equal to the anjilf FSD, and therefore the 
triangle QFG is similar to the tiicOigle SID. 
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Hence FG : FQ :: FD : FS (1). 

But since SFQ, 8KQ aj-e rigtt angles, a circle can be described 
round FSKQ, and therefore the angle FSQ = the angle FKQ. 

Also the angle QFQ = the angle FQK since GF is parallel 
to QK, therefore the angle FQK^ SFD, therefore the triangle SFD 
is similar to the triangle KQF, and 

.-. FD : FS :: FQ : QK :: FA : AX, 
.-. FO : FQ :: FA : AX 
similarly F,G : F,Q :: FA : AX, 

and .-. FG : F,G :: FQ : F,Q, 

or the angle FQF, is bisected by the normal QG. 

Hence SQT being the tangent the angle SQF is 
angle TQFi or the tanyent is eqwdl^ incliiMd to ike/ocai distances 
of Uhe point of contact. It follows that if F,Q be produced to L 
the tanffenf bisects the angle FQL. 

PeOblem 61. To describe approximately hy means 6/ circular 
arcs, an ellipse hamng given axes. 

First Metlwd (fig 57). GA, GB, CA„ GB, are the serai-axes. 
Draw A^M parallel to GB and BM pai-allel to CA meeting in M. 

Fie.57. %^ 



from (1) ; 



(Eua VI. 3.) 
equal to the 




Bisect A,M in D. Join BB and draw MB, cutting BJ) in P. 1> 
will be a point on the true ellipse with a.xes AA, and BB,. Bisect 



y Google 



104 



APPEOXIMATE ELLIPSE BY CIECULAR AEC3. 



PB in E. Draw EO^ perpendicular to FB meeting BB^ in 0„ and 
witli centre 0, and radius to J5 or P draw the arc PBF meeting in 
7'' a line through 0, parallel to AA,. Draw FA and produce it to 
meet the arc in G. Draw GO, cutting AA, in 0^, and with centre 
0^ and radius 0J3- draw an arc which will be found to pass 
through A, since by the similar triangles GO^A, GO J'', 
GO, : AO^ :■: GO, : F0„ 
i.e. O.G^O^A. 

The two ares AG and GB form one quadrant of the approximate 
ellipse and the remainder can of course be put in by symmetry, 
taking centres 0^ and 0^ in corresponding positions to tliose 
already obtained. 

Second Method (fig. 58). Draw A M, BM parallel respectively 
to BC, AC, meeting in M. Draw MO^ perpendicular to AB, 




cutting BB, in 0, and AA, in 0^. l<'ind i niein inoportional 
{BD) between GA and CB. (This may eou\ ementlj be done by 
making Ba on MB produced equal to BO, and dt-sciibmg a semi- 
circle on Mc cutting BG m D.) Make AS equal to BD "With 
centres 0„ 0^ and radii O^D, O^E describe atcs interstKting in 0^. 
Then 0^, 0,, 0.^ are points which can h^- u-^ed 9.~, centres for 
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s of tlie required curve. The arc struck from Oj will 
pass through B and extend of course to F oxi the lino Ofi^, that 
from Oj will pass through F and extend to G on 0,0^, and that 
from Oj will start from Cf and pass through A. Thus each 
quadrant will consist of three area, and the centres for the 
other three quadrants can be taken by symmetrj'. 

The arc struck with centre 0^ and radius Ofi- will evidently 
pa^ through A, since GO^ = FO, = BD^AM and 

GO, = GO^ - Ofi^ = GO, ~0,E = AE- O^E = ^0,. 
It will be shewn hereafter that the points 0,, 0, are the centres of 
curvature at B and A respectively ; the circular arcs sti-uck with 
these centres through B and A coincide therefore more nearly with 
the true ellipse at those points than any others which can be 
drawn. 

Definition. Any line drawn through the centre of the 
ellipse and terminated both ways by the curve is called a dia- 
meter, and a semi-diameter G.D pai'allel to the tangent at the 
extremity of a semi-diameter CP is said to be conjugate to CB. 
Every diameter ia evidently bisected by the centre. 

The following important properties of the ellipse should be 
carefully noticed. 

Pkop. 1. Tangents drawn at the extremities of any chard sid}- 
tetid equal angles at Ih^ focus. 

Let BB, (fig. 59) be any chord of an ellipse, and let the 
tangents at B and F^ meet in T. Let F be the focus, and from T 
draw TM, TM^ perpendicular to FB, FP^, and draw TN perpen- 
dicular to the directrix XS. Let the tangent at 2*, meet the 
directrix in S, then FS is pei-pendicular to FB^ and therefore 
parallel to TM^, 

.-. FM^ : FP^ ::ST:SB^ 
-.-.TN ■ P^K, 
where BJi is perpendicular to the directrix; 

.-. FM^ : TN::FB^ : B^K 
:: FA -.AX. 
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conCtUGAte diameters. 


SimUarly 


FM: TN-.-.FA -.AX, 




.-. FM=FM^. 




Rg.B9. 




Hence in the right-angled triangles TFM, TFM^, FM=FM^ and 
TF is common, therefore the triangles ave equal in all respects, 
le. the angle TFP equals the angle TFP^ and TM= TM,. 

Prop, 2. A diameUr bisects all cliords pm-alkl to the tangents 
at Us extremities, i.e. all chorda parallel to its conjugate. 

Let QQ^ (fig. 59) be any chord of an ellipse meeting the 
directrix in li and let be the centre point of QQ^ and F, the 
focus. Join F^Q, F^Q^ and draw ^^ F pei'pendicular to QQ,, then 

?■«? -'-^"^rr ="^" - "JTr 

= 2QQ^.0r. (1); 

but since Q and Q, are on the ellipse 

F^Q : F^Q, :: QR : QJi, 

f,q'-f,q; _ QS'- Q,ie _ 2oii . g.Q, 



therefore from (1) and (2), 

or 



-Q-5-I' 



„.(2); 



11 = 



^ QIi\ ~ A,W\ ' 
where A^ W is drawn through the vertex parallel to QH, meeting 
the directrix in IF; i.e. OY : OR in a constant ratio. 
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, it follows that the line 00^ must pass through the 



Take any second chord qq, parallel to QQ^, meeting i^'jl^ in 
and the directrix in R^, let 0^ be its centre point, tlien su 
OY _0J^ 

point T^ in which F^Y meets the directrix and is therefore fixed 
for all chords parallel to QQ,. This line Tfi will i.ass through 
the centre (i.e. will be a diameter), because the chord through 
the centre parallel to QQ, is bisected by the centre and aho by 
Tfi. Let Tfi meet the ellipse in P^ and suppose 5^, to move 
parallel to itself till it approaches and ultimately passes through 
P^. Since 0,9 = Oij, throughout the motion the points q, 9, will 
evidently approacli P^ simultaneously, and in the limiting position 
qqy will be the tangent at P^. It follows that if P^ be the other 
extremity of the diameter through 7'^, the tangent at /*, is 
parallel to QQ-^, and therefore to the tangent at P^. 

Corollary, Tlie perpmtdieular on tlie tangent ai any ^oiiii 
from, thefoGua meets the eorresponding diameter in the directrix. 

Prop. 3. If PCP^ he a diameter and Q VQ^ a clhord fwralld 
to the tangent at P and meeting PP, in T, and if the tangent at Q 
meet PP, produced in T, then CV.CT^1JF\^ (flg- 60). 

Let TQ meet the tangents at P and i*, in E and *-, and F 
being a focus draw RN perpendicular to the focal distance FP 





Frg.60. ^. 




■^- 


^f^J^ 


/I' 

/; 






-t 



meeting FP in N, m perperpendicular to FP^ meeting it i: 
and RM, rm perpendicular to the focal distance FQ. 
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Let F, be the other focus and join F^P, F^P^. 
Since CF=CF^, CP^GP^, and the angle FOP = the angle 
F,CP„ tlierefore tlie triargles FGP, FfiP^ are equal in all respects, 
and therefore the angle CPF=t\i^ angle CP^F, ; 
similarly CPF^ = the angle CP,F, 

and therefore the whole angle FPF,=t\i% whole angle F^P^F. 
But the tangents are equally inclined to the focal distances, and 
therefore also the angle FPR = the angle F,P,r, 

.: the angle J'Pi? = the angle FP,r, 
i.e. tlie right-angled triangles RPN, vP^n are similar, and there- 
fore EP : 
But MF^RMv. 



rP, : 


: B¥ 


; m. 


and ) 


•>. = ™ 


(Prop. 1), 


'A ■■ 


: BM 


: rm 




1 RQ 


: re. 


Tr : 


: IIP ; 


'P„ 


"P, : 


: PT : 


P,K 



.-. TP : 

or CT-CP : GT+GP :: CP-CV : CP+PV, 

.-. CF : CP :: CP : GV, 
.-. GT . CV'-'-Gl". 
Got. 1. Since Cfand GP are the same for tlie point §,, tlie 
tangent at Q, passes through T or the ia/ngents al the extremities 
of any dwrd intersect on the diameter which biseots tJtat chord. 

Gw: 2. Since TP^ : TP :: P,r : VP, it fol!o\Ts that TPYp is 
barmonically divided (p, 13). 

The above proposition has heen proved generally; it tlierefoi* 
holds when the diameter GP coincides with the major asis. Let 
Pj be any point on an ellipse (fig, 66) and draw the ordinate P,JV 
perpendicular to GA^ producing it to meet the auxiliary circle in 
p, and draw the tangent at /", meeting GA in T, then 

CN.GT^CA' = Cp', 
and .'. C/ir is a right angle, 

and therefore ^^2' is a tangent at p to the auxiliajy circle: hence 
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Gor. 3. The tangents at tlui extremities of correnjionding 
■wcUnates of Ike ellipse (end awxiliary circle iiUersect on the inajm- 

Draw CD (fig. 56) the diameter conjugate to C/",, dTM tlip 
corresponding ordinate meeting the auxiliary circle in d, and tlu; 
tangents at D and d meeting the major asis in t. 

Then P^N- : pN :: BC : AQ :: Dn : cl/n, 

iind F,N -.NT-.-.Dn: Cn, 

since CD is parallel to P^l', 

.: pN-.NTv.dn : Cn, 
and therefore Cd is paiullei to pT, i. e. pCd is a right angle, or 

Cor. 4. Conjugate diameters in the ellipse project into dkt- 
iiieters at right angles to each olkej- in tJte u%udliary circle. 

If the tangent at d meet the major axis in t, since dt ia 
parallel to Cp, Dt (the tangent at D) will he parallel to CF^, or, 

Cor. 5. If CD he conjugate to CP^ , CP^ is also conjugate to CD. 

Since pCd is a right angle, the angle dCn is the complement 

of the angle pGN, and therefore eqnals the angle CpN, therefore 

the triangles CpN, dCn are equal in all respects, ie, Cn~pN' 

and dn ^ CjV, 

CP^'^P^N'+CN' and CD'^Cn' + Dn', 
.-. C~P^f + C]5f=UW\'^p!'\' + I\Wf-^~Dn'^ 



..(1). 



But P.N : pN:: Da : dn. :: PC : AC, 

.-. P,N : Dn ::pN : dm, 
. : P,N' + Dn' : P,N' ■.■.pN' + dn' : pi 
and pN' + dn'^AC; 

or P.K' + Dn' ncV ■■■■ SC : AC, 

.-. P~N]' + Dn' = PC. 
Therefore, from (1) 
Co-r. 6. CP'f+'c7Tf=~CA\'+CSi''. 
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AXES FROM CONJD"GATE DIAMETEES. 



Prop. 4. li I'CF,, DCD, be conjugate diameters and QFlic 
drawn parallel to CD meeting the ellipse in Q and C'P in V, then 
QV : PV. VP, :: CD' : CP". 
[Q V is called an ordinate of the diameter POP,.] 
Let the tangent at Q (flg. 60) meet CP, CD in T and t, and 
di-aw QU parallel to OT meeting CD in U. 

Then C V . CT= CI" and CV^ Ct = CD" (Prop. 3). 
But CU=QV, 

.-. CD'- : CP' V. QV.Ct : CV.CT 
■.■W\' ■■ CV. VT. 
Since a : QV :: CT : VT, 

and Cr. rT^CV.GT-CV 

= CP'-cr' = PV. VP,, 

.-. QV : PV. VP, :: CD' : CP". 

Probleiii 62. Given a pair of covjugate diametem to deiermine. 
Ike <j^es (iig, 61). 
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PCF^, DCD^ are tlio given conjugate Jiametei-s. Tlirough D 
draw Q^DQ perpendicular to CP, Make DQ and DQ^ each equal 
to Ci'and draw the lines OQ, CQ,. Then the major axis ACA^ 
bisects the angle QGQ^ and the minor axis {BCB^) is of ooui-se 
a line through C perpendicular U> AGA^. The axes are therefore 
determined in direction. To determine them in magnitude : — 
On Qfi on opposite sides of C make Cq and Gq, each equal to GQ, 
then Q^q will be the length of the major axis AA^ and Q^q^ will 
be the length of the minor BB^. Bisect each of these lines and 
GA, GB will be given respectively. 

Proof. Since O^^C^and.BCbisectstheangleiJCg, thereforew, 
the point in which Qq cuts BC, bisects Qq and therefore Da is parallel 



CA bisects §j, and Bh is parallel to Q^q and -^^-'-GB, and 

J), b, a are io the same straight line. Hence /> is a point on 
the ellipse described with CA, CB as semi-axes. Also DQ is 
the normal at D, since Q is the tt^tantaneoiK centre of rotation 
for the line ab moving along the axes. Therefore tlie tangent at D 
will be parallel to GP. Lastly, to shew that P will alao be on the 

CQ' + GQ,' = 2CD^+2D^ (Euc. ii. 12 and 13), 
= 2{GJ)' + CP'). 
But CQ, = AG + BG, 

and CQ = AG-BG, 

■ ■■ GQ' + 0Q^'^2{AC'' + BG'), 
.-. GB^ + CP'^AC' + BG^, 
a known property of conjugate diameters. (See Cor. 6, p. 109.) 

Problem 63. To describe an ellipse /uiving given conjugate 
diameters POP,, DCD^. 

This might of course be done by the last problem : the curve 
may however be drawn independently, though none of the follow- 
ing constructions give any infoimation as to the position of the 
axes, foci, or directrices. 
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First Method. By cimtiniioiis motiott (fig. C2). From C draw 
Ca perpendicular to CD and tlirougli 1' draw Pa parallel to 
CD meeting Ca in a. 




On CP make Gd^OD and on Ca make Cp = CP. Tlirough 
a di-aw ah parallel to fd meeting GP in h. If a triangle eqaal 
and similar to the triangle aiC be moved roniid so that the 
angle a is always on the diameter DGD^ and the angle h on PGP^, 
the angle G will be on the curve. The most convenient way of 
proceadiag jiractically is to cub a atrip of paper of hreadth eqaal 
to the perpendicular distance between C and ah. The points 
a and h can then be marked off on one edge (as at <t,I',) and the 
point G on the other edge (as at C,). Tke slip can easily be 
adjusted in any niimber of positions and the coiTesponding 
positions of C, marked. Any number of jjoiuts on the curve may 
thus be determined*. 

Seoond Method (fig. 63). Draw PM, PJf^ parallel to GI> and 
DMM, pai-allel to CP meeting PM in M and P,M, iu M^. 
Divide MD into any number of equal parts 1, 2, 3... and CI> 
into the same number of equal parts. Tlien lines drawn from P 
to any of the points on MD intersect lines drawn from /*, through 
the corresponding points on CD in points on the curve, e 
any number of points in the quadrant PD c 
* I am iiideblecl to Prof. Minohin for this ec 



ind th«s 
I bo determined. 
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Similaily if M^D be divided into any miinber of equal parts 
I', 2; 3'.,. and CD into the same number 1, 2, 3... lines drawn 
from /*, to tlie points on M^D intersect lines drawn from P to 




tbe corresponding points on CD iu points on the required curve, 
and thus the quadrant DP^ can be detei-mined. When half the 
curve is drawn the remaioder can be put in by symmetry, since 
every diameter is bisected by the centre ; thus if QGQ^ be drawn 
and CQ^ be made equal to GQ, Q^ will be a point on the curve 
and similarly for any other points on the semi-ellipse P, D^, P^. 

Third Method (fig. 64). PCP^ , DCD, are the given conjugate 
diameters. Draw PM, P^M^ parallel to GO and MDM^ parallel 
to CP meeting PM in itfand P^M^ iu il^,. 

Draw the line PJ) and take on it any number of points 1 , 2, 3 . . , 

Draw the lines Ira, 36, 3c... parallel to GD meeting DM in 
IS, 6, c.-i and the lines J/jl,J/'|2,jyj3... meeting MP\n<^, b',c'.... 
Then the lines aa', W, cc... wiU be iangentg to the curve, which 
must be drawn in to touch these lines, bo giving tbe quadrant PD. 
A similar constriction will give a second quadrant DP^, and 
the remaining semi-ellipse can of course be put in similarly or by 
drawing any number of diameters. 

Fourth Method (fig. 64). Draw PM^, P,M^E parallel to CD^ 

and MJ)^M^ pamllei to PP, meeting PM^ in M^ and PM^ in M.^. 

Make M^E =P^M^ and divide PM^ into any number of equal 

parts as at 1, 2, 3.... Draw E\, E2, E?,... cutting D,M^ ia/,<j,h 

E. 8 
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i-espectively. Then tlie lines joining con^spondiMg points on PM,^ 
and J/jZJ,, as/3, ^2 and so on, will be tangents to the curve, which 
must therefore be drawn touching these lines, 

SiniiJarly for the remaining quadrants, or as before, when half 
the ellipse ia obtained the other can be put in by symmetry. 

To draw a ta/ngent at any point of an ellipse luiving a given 
pair of covjugate diameters. 

Let Q (fig. 64) be the point, PCP^, DGf\ the given conjugate 
diameters. Draw ^.V parallel to GP meeting C-D, in jV, so that 

Fle.04. 




CN is the abscissa and QN the ordinate of Q referred to the given 
conjugate diamet^'ra as axes. Make Cn on GP^ equal to GN and 
Cd-CDj and draw through d a line dT parallel to mZ), cutting 
Ci>,in T. The line QT will be the tangent at Q, for by similar 
triangles 



CT iGd:: GD^ 
. e. Cr : GB, : : CI), 



CiV (Prop. 3, p. 107). 

: axis and a point (P) 



To describe an el 
on the curve being given (Fig. 55). 

The axis ia of course given in direction and magnitude, and 
this really involves the centre of the curve and the position of 
the other axis. 

First, suppose the major axis AA^ given. Bisect it in C and 
draw J3CB, perpendicular to AA^. From P with AC aa radius 
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mark the point a an BB^ and draw Pa cutting AA^ in h. Pb will 
be tlie length of the semi-minor axis, which can tlieretbre be 
marked off from C to B and B^ . 

Second, ifthe minor axis £5, is given. Bisect it in C, through 
C draw AOA^ perpendicular to BB,. From P with radius BO 
mark off the point b on AA^ and draw I'li, producing it to meet 
BB, in a. Then Pa will be the lengUi of the semi-major axis, 
which can be aet off f I'om G to A and A , . 

The conatruction is obvious from the original method of draw- 

PkOblem 65. To describe an ellipse, an naris ACA^ and a 
tOingent Tt being given (Fig. 65), 

F, t are the points in which the given tangent cuts the axes. 

Draw the second axis BOB^. 

Take CN on GA, a third proportional to GT, CA (i.e. on CB 
make Ca = GA, draw yira parallel to Ta, cutting C3 in n, and 



make CN=Cn). Then N is tlie foot of the ordinate of the point 
of contact of the given tangent (Prop. 3, p. 107), and therefoie by 
drawing NP perpendiculai- to CA meeting the 
point on the curve is determined and the problen 
Problem Gi. 
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Problem 66. To describe an ellipse, the direcHom of a pair 
oj conjugate diameters CA, CB, a tangent PT and itn point of 
contact P being given {Fig. 65). 

In the figure the given conjugate diameters ave the axes, 
but the construction holds in any case. 

Through P draw PIf parallel to CB meeting CA in JV. Take 
OA a mean proportional between CN and CI', which determines 
the length of the scmi-diaraetcr CA. Similarly determine the 
length CB. 

Problem 67. To describe an ellipse, the centre (C), two points 
on the, Gitrve {P and Q), and the directions of a. pair of congngate 
diameters {CA, CB) being given. TJie lengths CA, GB wre not 
given {Fig. 66). 

From P and Q draw PM, QN paraUel to BC meeting CA in 
M and iV. [In order that the problem may be possible, if PM is 




leas than QN, CM must be greater than CN.'\ Produce PM to 
E and P,, making MP., equal to MP; P^ will evidently be a 
point on the curve. Similarly, drawing SQnQ^ parallel to CA 
meeting PM in £ and CB in n, and making nQ, — nQ, Q, will be 
a point oa the curve. Through M draw MX parallel to PQ and 
J/T" parallel to P,Q, meeting £Q, in X and J" respectively. Find 
JVD a mean proportional between EX and jSTand set it up from 
iV" on a perpendicular to CA. [The mean proportional may con- 
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veuiently be found by producing XE to y, xask\r\g Ey - EY , and 
on. Xij describing a semi-circle cutting Ed perpeudicular from A' 
to Xy ill d. Ed is the required mean proportional.] Then a 
circle described with centre C and radius CD cutting GA in A 
and J, will deterniinc A and A^ the extremities of that diameter, 
and if Cd^ be made= KD on GA^, and a parallel to d^n be drawn 
through jii cutting CB in B, this will determine an extremity of 
the other. The curve can then be completed by preceding problems. 
Proof. The constraction depends on the Itnown proposition 
that EP. EP, : EQ . EQ, :: CB' : CA' ; FP, and QQ, being any 
chords parallel to the conjugate diameters CB, CA and inter- 
secting in B. Admitting this, then by Prop. 4, p, 110, 

QN' -.AN.NA^ :: EP.EP, : EQ.EQ,. 
By the construction , 

EX : BQ :: QiV : EP, 
!,nd ET : EQ^ :: QJV : EP^ , 

,-. EX. BY : BQ.EQ, :: QN' : EP.EP,; 
but EX.BY=-- JVD' = ^Jf . iVJ, , 

.-. AJV.JVA, : QN' :: BQ.BQ, : BP.EP,, 
which proves that AA, is the diameter parallel to BQQ^ . 
Also by construction 

CB : CA, ■■ Ql^r : ND; 
.-. GB^ : CJ,' :: QN' : AF.NA,, 
or CB is tlie semi-diameter conjugate to CA^. 

Tha.t EP.EP, : BQ . BQ,:: OB': CA'' may be proved thus :— 
Through B draw the diameter EPH, and draw the ordinate 
RU parallel to PP, or to GB, then by Prop. 4, p. 110, 

CS'-PU' : CU' :: CB' : CA', 
and PM' : CA' - CM' :: Cff : CA'; 

.-. GB'-PM' : CM' :: CB' : CA', 
sotliat CB'-RV : CU' :: GB'-PM' : CM'; 

but BU' : GU' :: EM' : CM'; 

.-. OB' : CU' :: GB' - PM' + EM' i CM', 
or CB-' : CB'-PM' + EM' :: CU' : CAf :: CB' : CE' ; 
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.-. Cli' : EM'-PM" :: OR' : CE'-CR", 
or CB' : EP.EP, :: CR' i ER.ER,. 

Similarly CA' : EQ . EQ, :: OR' : ER.ER,, 
or EP.EP, : EQ . EQ, ■: CB' : CA'. 

FitOBLEU 68. To describe an ellipse, the centre (C), direation of 
major ateis CT, and two tangents (PT, Pt) being given (Fig. 67). 

Bisect the augle TPi between the given tangents liy PR 
meeting CT in R, and draw PU perpendicular to FJi meeting CT 



Fig, or. 






i circle round tlie triangle RPU and draw a tangent 
fronri C to this circle meeting it in A". CK will be the distance 
of either focus from C, i.e. make CF= CE, = CK, and F and E^ 
will be the f-.ioi of the required ellipse. From E draw EY per- 
pendicular to Pt meeting it in T, and make YL on EY produced 
= YE. Draw E^L cutting Pt in Q, and Q wil! be the pniat of 
contact of Pt, i.e. Q will be a point on the eliipsp, -which can 
therefore be completed by preceding problems. 

Proof. Since CK is a, tangent to the cifcle RPU, 
GK : OR :: GU : CK; 
.-. GK+CR : CK-GE :: CU+GK ; CU-CK, 
or Eli : RE^ :: EU : F.U, 

i.e. EU is divided harmonically in R and F, or P{FBF,U] is 
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; pencil. But the ungle liPU is a riglit angle, and 
therefore PF aud PF, make equal angles with FR (p. 15). 
Therefore also the angle FPQ = the angle F,PT since FR 
bisects the angle QPT; or the twn-gents from P Tiiahe equal angles 
vnth thefoeal distances of P: a known pioiiefty of the ellipse. 

F,L ia evidently the length of the major axis, for, by the con- 
struction QL = FQ, and therefore F^L^F,Q + QF, the sum of 
the focal distances (Prob. 60, p. 101). 

It follows th»t Y is on the auxUiary circle, for CF^CF, and 
F7=7L; therefore CY is parallel to and equal to ^F^L = CA : 
anii similarly if ^il',, FZ and F,Z., are perpendiculars from the 
foci on the tangents, Fi, Z and Z^ are hII on the auxiliary circle. 
Produce YF to meet the auxiliary circle in 7^, then FY^ is equal 
to F^ I' , and therefore 

FY. F,Y, = FY .FY^=AF . FA^. (Eue. in. 35.) 
Similarly FZ . F^Z, ^AF.FA.^FV. i-', F, , 

i.e. FY : FZ :: F^Z, : F^Y^; 

and since the angle YFZ is equal to the angle Y^F^Z^ , therefore 
the triangles YFZ, Z^F, Y, are similar (Euc. vi. 6), ie, the angle 
FZY^F,Y,Z,. 

Circles can be described about the figures 
YFZP and F,Z,FY„ 
and therefore the angle ^PF^the angle FZY, 

F^PZ^= „ F,Y,Z^; (Euc. III. 21.) 

therefore the angle J'i'r=the angle i',?2,, which proves the 
property above refeiTed to. 

Problem 69. To describe an ellipse, iJie centre (J, the diree- 
tions of a pair of conjugati diameters CT, Ct, a tangent 'Ft., and a 
point P being given (Fig, 68). 

[P must lie between the line I't and a parallel corresponding 
line on the other side of C] 

Diuw PCL meeting 'Ft in L, and make CF, = CP. P^ ia a point 
on the curve. 

Take a mean proportional (Lm) between LP anil LP^ and 
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inakc LM on LT ei^iial to Zm. On Ti describe a seraicircle 
'i'qqf; draw Mn perpendicular to LM and make Mn~GP. 
Braw Ln cutting the semicircle in q sjid q^. From q draw qQ 




l>erpend!Ciilar to LT meeting it in Q ; then Q will he the point of 
contact of 'ft, and Qq will be the length of CD the semi-diameter 
conjugate to GQ ; the curve can therefore be completed by 
Problems 62 or 63. 

Since Ln cuts the semicircle in two polnta, tliere are two 
solutions. 

Proof. The construction depends on the property of the 
ellipse proved in Problem 67, that the rectangles contained by 
the segments of intersecting chords are in the ratio of the squares 
of the parallel diameters; and on the further property tl)at if the 
tangent at Q meet a pair of conjugate diameters in T iiad (, and 
(!J) be conjugate to CQ, 

QT.Qt = C'Lf. 

If Q be the point of contact of Tt it folhiws that 
LP.LP^ : LQ' :: CP" : CD'; 
liut LP. LP^^LM' by construction, 

.-. LM : LQ :: GP : CD; 
but by constrviction 

LM : LQ :: Mn : Qq, 
aiid Mn = CP, so that Qq-^GD; also Qq^ = QT . Qt, since Tql is a 
semicircle, therefore GD" - QT. Qt in tlie figure as drawn. 
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I'o prove tliat it does so in the ellipse, draw the ordinatea 
QN, DK, parallel to Gt, and let tl>e tangent at D meet CT in ff, 
then by similar triangles, 

QT : QN- :: CD : DK, 
and Qi : GN :: CD : CK; 

.-. QT.Qt : QN.CN :: CD'- : DK.CK. 
But GN. CT= CA'= CK. GR (Prop. 3, p, 107), 

.-. CN : CK :: CR : GT 
: CD : QT 
: DK: QN; 
.-. GN.QN=^CK.DK, 
ami .-. QT.Qt = CD\ 

Problem 70. To descnbe an ellipse, the centre C, two tangent!' 
PT, QT, and a point on tJie curve (R) being given (Fig. ( 




[It is of course possible to draw at once two moi'e tangents by 
producing TC to 2",, making GT, = CT, and drawing through r, 
parallels to TP, TQ. The pomt R must lie within the quadri- 
lateral thus formed. I-et tlie parallel {T^t) to TP meet TQ in t] 
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Draw liCR, and produce it to meet TQ in L; niak<! OR, = CB. 
Take a mean pi-oportional (ini) between LR and LK^ and make 
LM on TQ = Lm. Draw jlf*-, perpeadicular to TQ and equal to 
GR, and join ir,, cutting tlie circle described on Tt as diameter 
in q and q^ ; from 5 or q^ drop a perpendicular {<iQ) on 2";, and ^ 
will be tlie point of contact of Tt. CD drawn parallel to Tt and 
equal to Qq will be the semi-diameter conjugate to GQ. 

Proof. Ey construction, 

LAP : LQ' :: Mr,' : Qq\ 
i. e. LR . LR^ ■.£(/:: GJi' : Qq' ; 
therefore if Q is the point of contact of Tt, Qq ni\ist bo the lengtli 
of the semi-diaraetcr parallel to Lt : and since 

QT.Qt^Qq'^CD\ 
Q ia such point of contact. {See last problem.) 

Proeleji 71. To describe an ellipse, the centre G and three 
tanjeiUs {SV, SW, VW) being given (Fig. 70). 



ig.TO. 




Through G draw TOT, meeting SV in T and SW in T, bo that 
rr, is bisected ill C(Pi-oh.H, p. 19). CZ" will be conjugate to C.?., 
Draw T,v parallel to GV meeting ViF in v, then Tv vnil be an 
ordinate of the diameter CV, for if it meets CV in fa, Tin ~ w-v, 
since TG - CT,. 
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Simikrly, if Tu} be drawn paralM to CW meeting VW in w, 
T^w -will be an oi-dinrtte of tJie diaiiietor CW. 

Let Tv, T,w intersect in B. Draw SF ciitting VW in P, and 
Pwill be the jioint of contact of VW. Also /"C parallel to Tv 
meeting ST in Q will be tbe chord of contact of the pair of tangents 
rr, VW, i.e. F And Q ai-e points on the curve; acjd the problejn 
reduces to one of several previously given, or may be completed 
thus :— Draw QN parallel to CS meeting CT in JV. QJV is an or- 
dinate of the diameter CT, and tlieref.ire CA tbe length of the 
semi-diameter is a mean proportional between (7 A' and 02' (Prop. 3, 
p. 107). Similarly if Qib be diawn i)arallel to C2' meeting CS in 
I',, GB must bt! taken a mean proportional between Cn and CS. 

Proof. The only point in the construction requiring proof is 
that SE cuts VW in its point of contact. 

Now the chords of contact PQ, PR, RQ of the given tangonts 
are parallel respectively to TE, ET^, T^T, which is impossible 
imless MP passes through S the intersection of TQ and TR. 

Probiem 73. To describe an ellipse, the, centre C, tvio points 
i^A and B) of the curve and a tangent Tt, heing given (Fig. 71). 




[A second tangent cai 
opposite side of C, and at thi 
must lie between these lines.] 



be drawa parallel to Tt on the 
distance froai it ; A and £ 
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Through G draw CT parallel \a AB meeting the given tangent 
in r. Bisect^fiin j\''and<lmwiV^C! meeting Kin t GT, Ct art, 
a pair of conjugate diameters, and the problem reduces to Prob. 69. 
Draw the diameter AGA^ meeting Tt in L. Take Lm a mean 
proportional betweeo LA and LA^. Make L^f on Lt equal to Lm, 
draw Mn perpendicular to Lt and equal to CA and Ln cutting a 
circle on Tt as diameter in p and p^. Perpendiculitrs from p and 
/>, on Tt will determine two points, either of which can be taken 
as the point of contact of Tt, and the length pP will be Uie corre- 
sponding conjugate diameter CQ. 

The cOHstruction is obvious from preceding problems. 

Pbobleu 73. To describe an ellipse, the centre C and three 
points P, Q, £ bemff given {Pig. 72). 

[Any one of the three points, as S, must lie between one pair of 
the parallel lines furnished by the remaining points and their cor- 
responding points on the other side of tlie centre, and outside the 
other pair.] 

Bisect FQ in p, QR in q, and HP in r, and draw Cp, Cq and 
Cr, producing each indefinitely. Fli is a double ordinate of the 




diameter Gr, and therefore the tangents at P and. Ji will intersect 
on Gr j>rocJuced ; similarly the taiigocts at P and Q will intersect 
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on Cp and tliose at Q and E on Gq. If therefore a triangle be 
drawn the sides of which, pass through P, Q, R and the vertices ol' 
which lie on Op, Oq, and Or respectively, the sides of this triangle 
will be the tangents at P, Q and R. This can be done by Prob. 
15, p, 20: — Talce (my point a on Cr, draw Pa, Ba cutting Cp,C'q 
in b and c respectively ; join ho cutting PR in X, and draw XQ 
cutting Cb in T and Oaint: PT, Tt, and Rt will be the tangents 
at P, Q, and R respectively, and the problem may be completed 
by preceding problems, or thus; through C dt'aw DCD^ paraili-1 
to Tt so that CD is conjugate to CQ ; let TP meet CD in 3',, 
draw PN parallel to C^ meeting CD m K. Take CD a mp:\n 
proportional between ON and CTi, and CZ) will be the extremity 
of the diameter CD (Prop. 3, p. 107). 

The construction is obvious. 

The given data are evidently equivalent to a diameter and two 
points of the curve. 

Pkobi,em 74. To describe an ellipse, the foci P and F^ ami a 
point Q on the eurve being given (Fig. 56). 

It has been shewn already that the foci lie on tlie niajo).' 
axis and that ^'i'+/'/'i = the major axis (p. 101). 

Bisect FF^ in C, and through C draw £C£, perpejidicular to 
FF^. On OF, OF, make GA ^ CA^=^^-t^--' , and make 
F£ = FIi, = GA. AA^, BB, will be the axes of the required 

PaoBLE.w 75. To describe an ellipse, fJie/oci F and F^ and a 
tangent (PQ) to t?ie curve being given (Fig. 67). 

\PQ must not lie between F and F^J] 

From F draw FY perpendicular to PQ and produce it to L 
making YL^FY. Dtaw F,L cutting PQ in Q, whicji will be 
the point of contact of PQ and the problem reduces to the pre- 
ceding. 

The construction is obvious from Prob. 68. 
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Phoblem 76. To describe an ellipse, a focus F, a tangent RT 
with its point of contact Ji, and a second point P on the curve 
being given (Fig. 73), 

From F draw FY perpendicular to BT meeting it in Y, and 
produce FY to / making Yf^ YF. 

\^F and P must lie on the same side of RT and the distance 
of P from F must be less than its distance from a line drawn 
tlirough/pcrpemlicukr to fli. See Problem 106, Cliap. v.] 




Draw//;, which will he a locus of the second focus. On/ff 
towards R make //', = FP. Draw P[\ and bisect it in r ; througli 
r draw rF^ perpendicular to P/', intersecting fB in J^,, whicli 
will be the second focus. Hence both foci being known tlie pro- 
blem may be completed by Probii. 74 or 75. 

Proof, That fB is a locus of the second focus has been 
shewn in Prob. 68 ; that the second focus liea on rF^ is evident 
thus ; ifc must be so eitiiated that 

FM + RF^ ^FP + PF, ^fF, ^fP, + P,F, . 

But FP^fP^, tberefoie PF, must be equal to P,F^, which 
by construction it ia ; thej-efoie F^ is the second focus. 

If fP, be made ^ FP on Rf produced (i.e. on the side remote 
from £), and a perpendicular to PP, be drawn through the centre 
point of PP^ meeting Rf in F^, F and F^ will be the foci of an 
hyperbola fa Killing the given conditions. 
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PnouLEM 77. To describe an ellipse, a foaus F, a tavgent RT, 
and two points P and Q oftlie cv/rve being given (Fig. 73). 

[F, P, and Q must «11 lie on the same side of RT.'\ 

Let FQ be greater than FP, and on FQ make Fp =FP. With 
F as centre and ladiua =pQ describe a circle DG, then evidently 
the second focus must be equidistant fi'om this circle and from 
the point Q, since the sum of the focal distances is constant. 
From F draw FY perpendicular to the given tangent R'f, product; 
. it to/ make Yf~ YF, and with/ as centre and radius FQ describe 
a circle EG : the second focus will evidently be eqwidistant 
from tliis circle and from the point Q, for it has been shewn 
(Prob. 68) that the distance of/ from the second focus is equal 
to the major axis, and therefore equal to the sum of the focal 
distances of any point on the curve. 

The prohlem therefore is reduced to finding the centre of a 
cir,:le to touch externally two given cii'cles (I)G, EG) and pass 
through a given point {Q), which la always possible since the 
circles must cut each other and Q lie outside both, i. e. the 
problem reduces to Prob. 32. 

[Draw a common tangent EDM to the two circles meeting 
fp in M. Take MN on MQ such that 

MN : MD :: ME : MQ, 
and the second focus F^ will lie on the line perpendicular to NQ 
and passing through the centre point of NQ.'\ 

If the centre of the circle touching the above two circlen 
internally be found (as F^, F and F^ will he tlie foci of an 
hyperbola which can be drawn through P and Q and touching RT. 
(See Prob. 107.) 

Pboblem 78. To describe an ellipse, a focus F, a point P on lite 
curve, and two tangents TQ, T2i being given {Fig. 74). 

[The points F and F must not lie on opposite aides of either 
tangent] 

From F draw FY/ perpendicular to QT and FY,/, perpen- 
dicular to FT, meeting them respectively in Y and Y,. Make 
>/:=-- r^and F,/,- 1',/'' 
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With centre P and radius FF describe the circle GH. De- 
termine the centre (F^) of a circle to touch this circle internally 




and to pass through f andy, (Problem 37): F, will be the second 
focus, and the axes can at once be determined by preceding 

Proof. It has been shewn (Prolj. 68) that if F^ is the second 
fociis,y.f, -f,F, =the major axis =^/' + 2'i''„ which by construction 
it does 

Refening to Problem 27 it will be seen that if the line// 
cuts the circle GH and / and f^ lie on opposite sides of it a 
second ellipse can be drawn with foci F and F^. If this second 
solution IS imposaihle, a circle can generally be drawn passing 
through f and /', and touching the circle Gil esternally. F and 
the centie ot tins circle will be the foci of an hyperbola fulfilling 
the conditions of the problem. 

Htnce either two ellipses or an ellipse and hyperbola can 
alwajs bo diawn to satisfy the given conditions. 
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Problem 79. To describe an ellipse, a focus F o.iid three, 
tangents TP, TQ and SB heing given (Fig. 74). 

[The point F must lie ■within one of the three anglea of the 
triaiiglea (as PTQ), i.e. it must not lie ■within either of the angles 
(as PSY,) where Y^ is on ES produced.] 

From .Fdrop perpendiculars FY/ FY f FY J' on the given 
tangents meeting them i-e&pectively m F 3 Y^ and make If— IF 
Y,/, = Y,F, Y^f^ ^ Y^F then/ r f, mu&fc all be equiii&tant fioni 
the second focus {Prob fS) and the jroblem theret le leducea to 
finding the centre (F^ ot a circle which will pa&« thioiigh three 
given points. (Prob. ''O ) To do this it is not leilly necessaiy 
to bisect ff^ and ff^ because it ■will be found that the perpen 
diculars through theii points of bisection -will jis thiough the 
points ^and .£ in which the gnen tangents mteisect so thit it if. 
only necessary to draw through S and K perpendiculars to ^, and 
fifi' which will intersect in F^ the second focus. The major axis 
is of coui-se known since it is equal to F^f. 

Problem 80. To deacrihe an ellipse, a focus F and three points 
P,Q, B on the curve heing given (Fig. 76). 

[The point F must lie within one of the three angles PQR, 
QBP, RPQ, and if circles be described with two of the given 

,. Fig.75. 
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points as centres passing tlii-oiigli F and common tangents be 
drawD, tte third point muBt be nearer to ^ than it is to the tangent 
more remote from F.\ 

First Method. It is a known proposition {Prop. 1, p. 105) tliat 
tangents drawn to an ellipse from any point subtend equal angles 
at the focus. The tangents at F and Q will therefore intersect 
on Fp the line bisecting the angle FFQ, those at J2 and Q will 
intersect on Ft the line bisecting the angle S.FQ, and those at 
F and R will intersect on the line Fs bisecting the angle FFR. 
If therefore the three conciiirent lines Fp, Fr, Fs be di'awn and 
a triangle be constructed with its sides passing through F, Q and 
Jl and with its vertices on the corresponding lines respectively 
(Prob. 16), these sides will be tangents to the curve at tliose points. 

On Fa take any point s. Draw lis cutting Fr in r, and Ff 
cutting Fpinp. Let FP and rp meet in x, and draw mQ cutting 
Fp in T and Fr in t. FT, QT, St will be the tangents at F, Q, M 
respectively, and the second focus can then be easily determined 
and the problem completed by preceding problems. 

Although there are generally six solutions to Prob. 15, one only 
is available here, since the sides through the points have to terminate 
on definite pairs of lines. 

Second Mefitod (same fig.). 

Draw FF, FQ and FF and lot FP be greater than FQ or F£. 

Draw PQ and produce it to 2 so tiiat PZ : QZ :: FP : FQ, 

i. e. on FP make FF, = PQ and PQ, = FQ. 

Through F, draw P,Z, parallel to QQ, meeting FQ in Z,, and on 

PQ produced make QZ- FZ^ . Z will be a point on the directrix. 

Siniilarly on PR produced take a point W such that 
FW: RW :: FP : FH. 
W will be ft second point on the directrix, which is therefore 
determined. 

From ^draw a perpendicular FX %o TT.? meeting it in X, and 
on FX take points AA, such that FA : AX :: FA, :J,X:: FP 
is to the perpendicular distance of P from XZ. AA, will be the 
major axis. 
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The second focus and consequently the length of the major 
axis may perhaps be more easily determined thus. It is a known 
proposition (p. 102) that the tangent at any point, say Q, 
meets the directrix in a point E such that KFQ is a right angle. 
Therefore draw FS perpendicular to FQ meeting the directrix 
in K, and draw the tangent liQ. From F draw FY/ perpen- 
dicular to JKQ .meeting it in Y, make Yf- YF, and draw fQ 
meeting X^ in F^, the second focue. fF^ is of course the length 
of the. major axis. 

Proof. Since by construction 

PF -.FZ-.-.QF: QZ, 
therefore evideutly PF : Ami,, of P from WZ-.-.QF: dist. of Q from 
WZ, and since PF : PW :: SF : £W, 

.: PF: diat. of /* from WZ :: HF : dist of fi from WZ, 
therefore the distances of the given points fiom the focus aia in i 
constant ratio to their distances from WZ, which is theiefoie the 
directrix. 

If the lines PQ, PS are divided intemallj in the same jratio 
as above, two points are determined which being joined, eithei 
to each other or to the tpposite points of the first pan, give three 
lines either of which may be taken as the directrix of <m 
1 perbola, piismg through the three given points and ha-vmg F 
as f CIS In each c e one ti the given points will he on one 
brinch of the c ivo an 1 t o n the other 

Thns generally fonr conies can be, drawn fulfilling the given 
conditions, one of which ia an ellipse. 

Problem 81. To deserve cm ellipse, two tangents TQ, TR 
with tJieir points of contact Q and B, and a point P on the curve 
being given (Fig. 76), 

[The point P must lie within the parahola wliich can be 
described touching TQ, TM at Q and fi.] 

This is of course a simple case of the more general problem 
to describe an ellipse to touch two given lines and to pass through 
three given points. 
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Fir^t Solution. Let QP produced meet the tangent TH in. 
From S draw a line passing through the intersection of I'li a 




the other tangent QT (Pi-ob. 4) and meeting QB m W ; then W 
■will be a point on, the tangent at F, ^Tllich can therefore be drawn. 
Let it intci-sect FM in X Bisect ^JS in F and draw TVC, which 
will evidently be a diameter of the curve, i.e. is a locus of the 
centre. Bisect FH in F, and draw XViO, which will similarly 
be a locus of the centre. The centre is therefore at C, the intei"- 
section of TFand XF,, and the centre being known the problem 
can be completed by Probs. 70, 71, &,c. 

Second Solution. Bisect QM in V and through T draw 
TD, VD, which will evidently be a diameter of the ellipse, i. e. will 
pass through the centre. Through F draw LFNLi parallel to 
QR, meeting TR in i, TD in K and TQ in L^ . Take Fk a mean 
proportional between FL and Pij,, and from Ii and Z^ towards N" 
make LK=L,K, = Fk; then RK or QK, will intersect TB in D, 
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the extremity of the iJiametcr. On TD tate a point C such that 
TG -.CD :: GD : CV, 
i.e. TG^ GD -.TG :: CV+CD : CD, 
or TD : TG :: YD : CD. 
G will be the centre of the ellipse. 

[The point G can easily be found by drawing any two parallels 
through T and D (as Td, Dv), making Td^TD and Dv^YD, 
and joining 3/v cutting TD in C] 

The direction of the diameter CB conjugate to CD is known, 
since it is parallel to QE; its length can easily be determiued by 
taking a mean proportional between Cn and Ct, where w. is the 
foot of the ordinate from Q on CB and ( the intersection of CB 
and of the tangent at Q. 

Proof. Let DM be the tangent at D meeting TR in J/, and 
let LP meet the curve again in^, so that L^P = Lp. 

Then LP . Lp : LR^ is the ratio of the squares of the parallel 
diametera (p. 117); bnt MD'' : MB' is the same ratio, 
.-. LP . Lp : LS' :: MD'' : MR' 

;: LK' : LR' by similar triangles, 
,■. LP . Lp = LX', which justifies the construction. 
Pboblem 82. To desoribe mi elly>se, two tangents TP, TQ and 
three points A, B, C on tJie eurve being given (Fig. 77). 

[The points ABC must not lie on opposite sides of either line.] 
Draw the line AB cutting the given tangents in P and Q. 
Find X the centre, and S!, E,, the foci, of the involution A, B 
and P, Q (Prob. 13). 

[In the figure, Pb on TP ^ PB, Aq, on a parallel to TP drawn 
through A is equal to AQ; then qfi cuts AB in X, the required 
centre. XB is a mean proportional between XA and XB/j 

E or E^ will be a point on the chord of contact of the given 
tangents. 

Similarly draw BG cutting the given tangents in p and q, and 
find X^ the centre, and F, F, the foci of the involution B, C and p, q; 
then F or F^ will be a second point on the chord of contact of the 
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given tangents, tho points o£ contact of which li, Ji^ ave therefore 
determined, and the problem reduces to the preceding*. Since 




E and E, can be joined to cither F or F-^ four chords of contact 
can in general be drawn, but one at least of the corresponding 
conies will be an hyperbola. 

For proof that E and F are points on the chord of contact see 
Prop. 7, p. 143. 

Pkoelem 83. To describe cm ellipse, Uoo points J, B on tJm 
curve, amd three tangents PQ, QE, RP being given {Fig. 78). 

^A and B must not lie on opposite sides o£ either line.] 

Draw a lino through AB cutting the tangents through P in L 
and M and the remaining tangent in. iV". 

Find X the centre, and D, i), the foci of the involution AB and 
LM (Prob. 1 3). J) or Z>, will be a point on the chord of contact 
of the tangents I'Q, PB. 
* In the ligure the point of bisection of EB^ accidentally coincides with F. 
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[In the fig. Lri oa FR = LA, Bm on a parallel to PR dra 
irough B = BM, and ma ents AB in Jr,tlie reijnired centre. . 
a mean proportional between XA and XB.'\ 




Similarly find X, the centre, and B, £, the foci of tlie involution 
A, B and M, N (Prob. 13), and E or E^ will be a point on the 
chord of contact o£ the tangents QP, QR. 

[In the fig. Mb on Qp = MB, An on a parallel to QP through 
A is equal to AN, and hn cuts AB in X^, the required centre. 
X,Sia a mean proportional between X,if/"and X.^.] 

Find MY, the harmonic mean between ME and J/7), J/" being 
the point on the given tangents which haa appeared in each of the 
above involutions {Prob. 11); then JSFwill cut the opposite tan- 
gent PQ in its point of contact {p) with the curve, and therefore 
pEq will be the chord of contact of the tangents QP, QB and pDi- 
that of FQ, PR. The problem therefore reduces to No. 81. 

The construction depends on the property made use of in the 
last problem and proved in Prop. 7, p. liS, that the chord of contact 
of PQ, PR must pass through D or D,, the foci of the involution 
AB and LM, and similarly that the chord of contact of QP and 
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5 through 



■ E^, the foci of the i 



valuti( 



1 An 



Qli must pas 
and MN. 

Also if rg- meets Vlt in ii and tlie tangent PQ in 2', 
since DVEM is harmonic (by construction) so also is Truq, and 
therefore u7is the polar of y and therefore determines p, the point 
of contact of /T (Prop. 5, p. 141). 

Since either I> or Z*, may be taken with H or 5'i there are in 
general four solutions. 

Peoblem 84. To desci-i])e an ellipse to touch five givffii line» 
AB, BC, CD, DE, EA. 

[The lines most form a pentagon ■without a re-entering angle 
and the vertices are supposed to be lettered consecutively.} 

Draw AC and BI) intersecting in F. Then EF will intersect 
BC in B, the point of contact of BO. Similarly if BD and GE 




intersect in G, AG will intersect CD in Q, the point of contact of 
GD; and continuing the construction R, T and F, the points of 
contact of BE, EA and AB may be determined. 

The centre of the curve can easily be found and the cur\'e 
completed by preceding problems. 

The construction depends on Brianclion's well -known theorem : 
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" Tha three opposite diagonals of every Jiexagon ciroumscribing a 
conic intersect in a point." 

For if r be the point of contact of AB tlie pentagon may be 
considered as a hexagon AT, TB, BC, CD, DE, EA, and therefore 
AC, BE and DT must meet in a point L; and conversely if i is 
the point of intersection of AC and BE, DL must pass through T, 
the point of contact of AB, and similarly for the remaining sides. 

Problem 85. To describe an, ellipse, four tangents AB, BO, 
CD, DA and a point E on tlte curve being given, (Fig. 80), 

[The point E must lie within the quadrilateral ABCD, which 
must not be a parallelogram.] 

Let BE, CE meet AD in B^ and G^ respectively. 

FiS.80., / 




Knd X the centre, and P and B^ the foci of tiio involution 
JC, andi>A- Pi^t. 13. 

Then tlie tangent at E must pass through. P or /■, and the 
problem reduces to the preceding. 

There are two solutions. 

In the iigure B^e on B^B^Bfi,; Ad on a parallel to B,B is 
equal to AD and cd intersects AB^ in X, the required centre, XB 
is a mean proportional between XA and XO^. 

Also BP and AF intersect in L and CL will pass through T, 
tlie point of contact of A P. 
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Peobleji 8fi, To descrihii an ellipse to pass through Jive given 
points ABODE (Fig. 81). 

[No point must lie inside the quadrilateral formed by the 
otter four.] 

Let AB, DC meet ia F and AC, BE in G. 




4" 

Draw FG meeting DE in F. F will Ije a point on the 
tangent at A. 

Similarly if BG and ED meet in H and AG, BD in K, IIK 
■will meet EA in Q, a point on the tangent at B. 

The problem can evidently be completed in various ways by 
preceding problems. 

The construction depends on Pascal's well-known theorem: 
" Tlie three mteraections of t/ie opposite sides of any liexagon in- 
soribed in a cxmie section are in one right line." For the tangent at 
A may be considered as meeting the curve in two consecutive points 
A and a, and therefore F, the intersection of Aa and DE, must lie 
on FG, the straight line through the intersections of AB and DC 
and of BE and Ca. 

This lino is known as the Pascal line. 

There ia only one solution. 
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Probleu: 8". To describe, an ellipse, four points on the curve 
, B, C, I) and a tangent ad beimg gvoen (Fig, 82). 
[All the points must lie on the same side of the taiigeot.] 
Draw AB mooting ad in a, BC meeting ad in h, DC meeting 
, in c, a,nd ^iiS meeting it in d. 




w; 



Find X the centre, and P and P^ the foci of the involution a<: 
and hd. 

P or /*! will he the point of contact of the given tangent and 
the problem may be completed by several preceding ones. 

In the fig. a6| on aA—rjdi; dc^ on a parallel to aA~de, and 
£,Cj intersects ad in X, the required centre. XP = Xp, a mean 
proportiona! between Xc and Xa. 

If DG, BP meet in F, and BC, PA in G, then FG and DA 
will intersect in Zf, a point on the tangent at B. 

There are of course two solutions, as either F or F^ may be 
taken as the point of contact. 
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Tlmt P, tlie point of contact, 
■DveJ, in Oliapter 8. 



POLE AND POLAR. 

focus of the involution i 



POLE AND por.AE. 

It liaa been shewn in the ease of the circle (Oor. 3, p. 31) 
that the pairs of tangents drawn at the extremities of any chord 
through a fixed point intersect in a straight Hne. 

This is also true in the case of any conic section, for let V 
(fig. 83) be any point in a conic and the centre, and let CV 




meet tJie curve in P. Take T in CV produced such that 
CV : CP :: CP ; CT, and through Fdraw the chord QVQ, parallel 
to the tangent at P. 

QQ^ will bo the chord of contact of tho piiir of tangents drawn 
from T to the conic, and will be bisected in V. 



y Google 



THE ELLIPSE. 141 

Through V draw any chord A 7B and let tlie tangents at A 
and B intersect in. 1\. 

Join CT^, and dmw PW parallel to AB, meeting CT^ in N. 
Then if OT, meet AB in .ffand the tangent at F in L, 
CK . CT, = CN . CL. (Prop. 3, p. 107.) 
.-. Cl\ -.CL ■.-.CN; CK 
:: CI' : CY 
■.-.CT: CP; 
lience TT^ is parallel to PL, and therefore T^ , the intersection of 
the tangents at the extremities of any chord thixjugh V, lies on a 
fixed lina 

Def. As in the circle, the Hue TT^ is called the polar o£ the 
point V with respect to the conic and tlie point V is called the 
pole of FT, with respect to the conie. 

If the pole lies without the conic (as T), its polar is the line 
QQ, pamllel to the tangent at the point (P) where CT meets the 
conic, and meeting 02' in a point V such that 

Cr-.GPr. CP : CT, 
i. e. is the chord of contact of tangents from the pole. 

If the conic be a parabola, since the centre may he considered 
as at an infinite distance, the line VT must be drawn parallel to 
the axis meeting the curve in P and FT be made equal to FY, 
the ■polar of V will then be parallel to the tangeut at P and will 
pass through T. 

If tho pole bo on the curve, the polar is the tangent at the 
point. 

The directrix is the polar of the corresponding focus. 
If a point (as T^ lies on the polar of Y, the polar of r, passes 
through Y. 

The following important harmonic properties should he noticed. 
Prop. 5. A straight line drawn through any point is divided 
harmonically by the point, the cui-ve, and the polar of the point. 
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a. Let tlie point be without the ciu've, aa T (iig. 84), Mid let 
the line meot the curve in AB and the polar of 1' iii C. Drau- 




tlie tangents TP, TQ meeting the curve in P, Q. C of course 
lies on tiie line PQ. Througt ^ and B draw BAEF, GBHK 
parallel to PQ meeting the tangents I'espectively in D, F and G, K 
and the curve in E and H. 

Then the (lia,met«r through T bisects A.E and PQ, and there- 
fore also bbects DF ; 
hence DA = BF and similarly GB = KH. 
Also GB:BK::DA:AF; 

.: GB . BK : GB\' :: DA . AF : Da\\ 
or GB . GJI iDA.DE ■.■.~GB\^ : DA' 
:: ffr : DT'; 
but (!B . an : DA . DE :: GF : DP' (p. Wl); 

.: GP:PD::GT\DT, 
and .■. TA: TB ■.: AC : CB, 

i. e. 'I'ACB is divided harmonically. 

/?. Let the point be within the curve, as 7 (fig. 83), then 
drawing any ohord AVBG meeting in G the polar of V, the polar 
of G passes through Y and therefore A VBG is harmonically 
divided, 



y Google 



THE ELLIPSE. 143 

Peop. 6. If two tangents be drawn to a conic, any third 
tangent is liarmonicaJly divided by the two tangents, tlioir cliord 
of contact, and the point in which it touches the curve. 

Let LMAW (fig. 84) be the third tangent meeting PQ in Z, 
and TP, TQ in M and N. Through N draw Nacb parallel to TF 
meeting the curve in a, h and PQ in c. 
Then ir« . Kb : ¥Q\' :: 2^= : T^' (p. 117) 

■.■.Nc\' : W^\ 
■ .-. Na. ir6=J^'; 
but LN^ : LM\' : : Ne\' : PMf by similar trianglfi.-;, 
,'. LN'f :LM\' ■.■.Na,.Nh:'FM\' 

:: NA\' ■.aM\'' {^. 117), 
i.e. LMANis, divided harmonically. 

Prop. 7. If a straight line meet two tangents to a conic ia 
PQ and the curve in A]i, the chord o£ contact of tlie tangents 
will pass through, one of the foci of the involution P, Q and A, Jf 
(fig. 77}. 

Since X is the centre and H, E^ the foci of the involution P, Q 
and A, P, 

XP-.ZA v.XB -.XQ; 
.-. XA-XP '.XA -.-.XQ-XB :XQ, 
or PA -.XA -.iP.Q-.XQ. 
8imilai-]y PB : XB :: AQ : XQ, 

.: PA . PB : AQ . BQ :: XA . XB : XQ\' :: XE^ : XQ^; 
but (p. 18) EP : EQ :: PE^ : E,Q, since EPEfi is harmonic; 
.-. EP lEP + PE^ -.-.EQ -.EQ + QE,, 
or EP -.EQ:: %XE : 2XQ- 

.-. PA.PB-.AQ. BQ :: Ef\' : EQY (1). 

Draw the tangent ghM parallel to PQ meeting TP, TQ in </ 
and h, the chord of contact in I, and touching the curve in h; and 
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if the chord of contact does not pass through .Slet it meet PQ in G. 
PB .FA :^|'::^':^' (p. 117) 

:: PGy : l^^ hj similar triangles, 
and QA. QB :"AA|':: ^' : ^' 

but Uchg is harmonic (Prop. 6), 

and .'. Ik' ; lg\' ; : M|' : gh\', 

.-. PB.PA:QA. QB :: GF^' : GQ'^' (2); 

but (1) itnd (2) cannot be simultaneously true unless the points i' 
and G coincide. 

Peop. 8. If a quadrilateral be inscribed in a conic, its ttpposite 
sides and diagonals will intersect in three points such that each is 
the pole of tho line joining the other two. 

This follows at once from the harmonic properties of a complete 
quadrilatei-al, p. 16, combined with Prop. 5, p. HI. For since .S(7/H 
(fig. 11) is harmonic it follows thaty is a point on the polar of £! 
with respect to any conic passing through A and G, and since 
BDf^B is harmonic/, is a point on the polar of E with respect to 
any conic passing through BD. Therefore j^,, i e. OF, is the polar 
of E with respect to a conic passing through ABCD. Similarly 
OE is the polar of F. Also since is on the polar of E the polar 
of must pass through E, and since it is also on the polar of F 
the polar of must pass through F, i. e. EF is the polar of 0. 

The triangle EFG is of course sdf-conjuriate with respect to 
any conic circumscribing the quadrilateral, Def. p. 32. 

Prop. 9. If a quadrilateral circumscribe a conic its three 
diagonals form a self-conjugate triangle (fig. 85(i). 

Let ABCD be the quadrilateral and let AB and CD intersect 
in (?, AC and BD ia. E, and AD and BC in F. Let BD and AC 
meet FG in K and L respectively. The triangle MEL is self- 
conJHgate with respect to any conic inscribed in the quadrilateral 
ABGD. 
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Let t^G polar of F (i. e. the chord of contact PP^) meet F& i 
]i; then, since R is on the polar of F, it follows that /'' is on th 
i)olar of li. 




Now F [AFBG) is a harmonic pencil (p. 16), and if PP^ does 

not pass through E let FE meet PP^ in T ; then PTP^E is a 

harmonic range ; hence by (Prop. 5, p. 141) FE is the polar of B. 

Similarlj, if the other chord, of contact QQ^ meeb FG in JS^, GE 

is the poJar of ijj, 

.-. E is the pole of RR^, i.e. of LK. 
Again, DEBK is a harmonic range, and if QP meet AC in N 
and CK in V, QSPVia harmonic, and therefore S is on the polar 
of V; but S is also on the polar of C, therefore CV or C£ in the 
polar of S. Similarly, if P^Q, meet AC in A^ , ^.ff is the polar of ,S'^ , 
.-. Eis the pole of i^,, i.e. of ^i; 
,■, ELK is a self-conjugate triangle. 
Problem 88. To determine tlie centre of curvature at (my 
point P of a given ellipse (see page 89), fig. 86. 

CA, CB are the semi-axes, a.:d F, F, the foci. Draw PG the 
normal at /* meeting the major axis in G, and draw GE pcrpen- 
E. 10 
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diciikr to PG meeting FF or PF^ the focal radii 
KO [terpendieuliir to PK will iiiterseL-t I'G in 
centre of curvature. 



tlirough P in K. 
0, tiie required 




If AD, BD be drawn parallel to tlie axes and DN be drawn 
perpendicular to AB meeting the major axis in M and the minor 
in JT, M and N will be the centres of curvatiii'e at A and B 
reBpectively. The evolute of the quadrant AB will therefore 
touch, the axes at these points, and the evolute of the entire ellipse 
is made up of four curves similar to the chain dotted curve shewn 
in the figure between M and -T^ 

As in the parabola, if the circle of curvature at F cuts the 
curve again in Q, FQ is inclined to the axes at the same angles as 
is the tangent at P. 

The constmetiou depends on the known value of tiic radius 



of c 



PG 



for cosi^,Pff=^ = 

and thtreforo rad. of curvature = FO. 



-=-=.; (Salmon's Conio Sections, Chap, sni.), 
FK 
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ExAJiPLEB OS Chapter IV. 



1. Describe an ellipse to touch a given straight line {QY) 
and pass through a given point {P) ; a focus F and the length 
(2a) of the major axis being given. 

[From F draw FY perpendicular to QY and produce it to T, 
making YT = YF. With Tas centre and 2a as radius describe an 
arc, and with P as centre and {20 - FP) as radins describe a second 
arc intersecting the former in F^, ■which will be the second focus. 
There are two solutions.] 

3. Describe an ellipse to touch two given straight lines; a 
focus and the lengtli of the major axis being given (last question). 

3. Describe an ellipse to touch two given lines OP, OQ at the 
points P and Q ; one focus (F) being on the line FQ and the 
angle POQ less than a right angle, 

[The second focus F^ is the point of intersection of lines mak- 
ing with the given tangents angles equal to OPQ, OQP respec- 
tively, i.e. OFF, = IT -OPQ and 0QF,^-k-OQP. Bisect PQ 
in V; centre lies on 07. Draw J", /i" parallel to PQ meeting 07 
in K. Bisect 7K in G, which will be the centre of required 
eillipse.] 

4. Given one focus F of an ellipse, the length 2b of the 
minor axis, and a point P on the curve; draw the locus of the 
centre. 

[A parabola with the centre point of FP as focus, FF as axis 
and latus rectum = 2-^- -.] 

5. Given one focus F of an ellipse, the length 2h of the minor 
axis and a tangent to the curve ; shew that the locus of the second 
focus is a straight line parallel to the given tangent and at a 

distance from it = — , where p is the perpendicular from F on the 

P 
given tangent. 
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6. Any focal radius Fl' is drawn iu aa ellipse, and the point 
Q on the auxiliacy circle corresponding to P is joined to tte centre 
C. Shew that the locus of the intersection oi FP and GQ is an 
ellipse having F and C for focL 

7. Given the base, and sum of sides of a triangle ; shew that 
the locus of centre of inscribed circle is an ellipse, having given 
base as major axis. 

8. AB and BC are two equal rulers of length a, jointed at B. 
/* is a point on BG distant b from B. The end A of one ruler is 
fixed and the end of the other moves along a right line Jt? 
through A, Shew that the locus of P is an ellipse with semi-axea 
a + 6 and a-b. 

9. An ellipse slides between two lines at right angles to each 
other ; shew that the locus of its centre is a circle of radius 
J a' + 1", where a and h are the semi-axes of tlie ellipse. 

10. Draw an ellipse, and from any point P on it draw lines 
PD, PE eqiially inclined to the major axis and meeting the car\-e 
again in D and E ; draw PC perpendicular to the major axis 
meeting DE in G. If the tangent at P meet DE in 0, shew that 
the triangle FOG is isosceles. 

1 1. Shew by construction that the normal PG at any point of 
an ellipse is an harmonic mean between the focal perpendiculars 
on the tangent at P. 

12. Given .one focus F of an ellipse, the length 26 of the 
minor axis, and a point P on tlie curve ; draw the locus of the 
other focus. 

[A parabola with focus P, axis FP and latus rectum -.4 -.'] 

13. Shew that the locus of intersection of tangents at tlie 
ends of conjugate diameters of a given ellipse (semi axes a and h) is 
an ellipse, the axes of which coincide in direction with the given 
ellipse, and the semi-lengths of which are J2a and Jib. 
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14. AB is a line cutting in A and B a cii-cie, centre G ; Q in 
a point on the perpeatlicular from C on AE on the same side of 
AB as C and outside the circle. Sliew that the locus of the jwinfc 
/* moving so that the tangent from F to the circle is in a constant 
nvtio to tlie distance of P from AB (Q being a point on the locus) 
is an elUpse touching the circle at A and £. 

15. Given any point P on an ellipse, inscribe in tlie ellipse a 
triangle PQP, tlie bisectors of the aides of vi'hicli shall pass through 
the centre. 

[Take p the point on the au.x.iliary circle corresponding to P. 
In the circle inscribe the equilateral triangle pqr ; the points 
corresponding to 5 and r will be the vertices of the required 
triangle.] 

16. Given two tangents IT, TQ ; their points of contact 
P and Q and the radius of curvature (p) at one of them {P suppose) 
(lesciibe the ellipse. 

\TC bisecting PQ is a locus of the centre. Draw the circle 
circumscribing the triangle TPQ and let d be its diameter. Draw 
■A straight Jine through P such that p (the perpendicular distance 
of any point on it from PT) : q (the perpendicular distance of the 
same point from QP) :: PT. d : QT . p, i, e. determine the ratio 

- — — -^ (p. 10). This line is a second locus of the centre, 
q QP. p *^ 

whicli is therefore known.] 

17. Draw an ellipse, a focus F, a tangent PT, its point of 
contact P and the radius of curvature (p) at P, being given. 

[Reverse the construction of Prob. 88 to determine ff, the 
foot of the normal at P, and consequently the direction of the 
major axis.] 

IS. If P is any point on an ellipse and the ordinate Pp per- 
pendicular to the major axis meets the auxiliary circle in p, the 
angle between the major axis and the radius of the circle through 
p is called the eccentric angle of P. 



y Google 



150 EXAMPLES. 

Sliew tliat if P be aiiy point on an ellipse, the eccpii- 
tric angle of which ia a, three points A, J>, and G on the 

curve, the eccentric angles of which are — tl , —-[j + 120" and 

-- s + 240", are such that the circle of curvature at each passes 

through P ; and verify that a circle can he described throQgli 
A, B, G, and P, and that the hiaecters of the sides of the triangle 
ABG pass tlirough the centre of the ellipse. 

19. Draw in a given ellipse a pair of conjugate diameters 
making a given angle with each other. 

[On any diameter of the ellipse liescrihe a segment of a circle 
containing the given angle (Prob. 30). If tlie points where the 
circle meets tJie ellipse be joined to the ends of the chosen diame- 
ters, the required conjugate diameters will be parallel to these 
chorda The least possible angle between conjugate diameters of 
a given ellipse is the angle between the diagonals of the rectangle 
formed by the axes.] 
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CHAPTEK V. 



THE HYPERBOLA, 



As iu the case of the ellipse, the definition of the curve given 
on page 56 does not immediately exhibit the property of the 
curve which funiislies the most convenient method of constructing 
it. It may also be defined as the locus of a point which moves 
in a plane, so that the difference of its distances from two fixed 
jjointa in the plane is constant, and that the two definitions are 
really identical may be shewn thus ; — 

In fig. 87 let F he the focus and MX the directrix (Definitions, 
page 56). 




From F draw FXF^ perpendicular to AIX meeting it in X, 
d let J, .■(, he points on i^.r such that -- ==^'^,= the given 
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uonstant ratio (greater than, unity) for all points on tlie curve ; 
the points A and A, are called the vertices of the curve, and AA , 
the transverse axis, and if AA, be bisected in (7, (7 is the centre of 
the hyperbola. 

To shew that the curve can be constructed from a second 
locus and directrix corresponding to the vertex A,. 
Let Phua. point on the curve, i.e. let 

FF : FM :■ FA : AX, 
where PM'i^ the perpendicular from P on the directi-ix. 

Draw AF, A,P meeting the dii'ectrix in G and II, and let 
FN meet PM in K. 

Then FK : FA, :: PR : A,/I 

:: PM : A,X, 
or VK • FM :: FA^ : A^X :: FA : AX; 

.-. FX = FP &Yid ttis angle FKF=thf, angle PFK 
= the angle -ffi^J,. 
Similarly F6 bisects the angle between FA, and PF produced, 
therefore the angle H.FG is a right angle. 

In AA, take a point X, such that A,X, = AX^ and through 
A'j draw a straight line perpendicular to AA^, and in FA^ pro- 
duced take a point F^ such that A,F, = AF. 

Let PA.^ and PA pi-oduced meet the perpendicular through 
X, in A and g and join F^g, F,h, 



then ;/A', : GX :: AX, 


: AX 


:: A,X 


■ ^,'V, 


:: 11 X 


: hX,, 


.-. gX,.hX, = GX .XH = 


:FX'^F,X, 


.". gFJh ii a right r 


.ngle. 


Let i"/! (parallel to axi;*) meet gX, 
produced in k, 

Pm : PM, :: F,A : 


in M„ gF, i 
; AX„ 


and i'i : PM, :: F,A, 


: A,X„ 
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aiitl inFJi being a riglit angle, 

F,P^Pm=Ph, 
.: F,P : PAf, :: F,A, : A,X„ 
aud the curve can therefore be described by means of the focus 
/'' and the directrix X,M,. 

It follows that the curve is symmetrical with regavd to the 
centre G, and that it lies wholly without the tangente at the 
vertices A and A„ which are perpendicular to CA. 
Wo have at any point F oi tho hyperbola, 
FP : PM :: FA : AX, 
F^P : PM, :: F^A, : A,X, 
:: F,A : AX,; 
.: F.P-FF : PM,-PM :: F,A-FA : AX,-AX; 
but i*.l/, - PM= MM, = XX, - AX, - AX, 

.-. F,P-FP^F,A~FA = AA„ 
i.e. the difference of the focal distances is constant and equal to 
the transverse axis. 

Problem 89. To describe an hyperbola, the foci and a vertex, 
or the vertices and a focus, or the transverse and conjugate axes 
being given (Fig. 88). 

Bisect the distance between the given foci F, F, or the given 
vertices A, A-^'va G. 

With centre F and any radius greater than FA describe arcs 
as at Q and q, and with centre F, and the same radius describe 
arcs as at Q, and q,. On any convenient line on the paper mark 
off a length aa, = AA „ and with centre a and radius FQ mark off 
ii point on this line on the opposite side from a, as at Q'. Take 
off the distance Q'a, from this line with a pair of dividers or 
compasses, and with centres F, and F mark off points on the arcs 
ali-eady described about the opposite foci fts centres. These points 
will of course be on the curve, since the difference of the fucal 
distances of each is equal to AA.,, and the process may be repeated 
and as many points obtained as is necessary to define the curve 
and allow it to be sketched through the points with accuracy. 
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Though somewhat tedio 
g the hyperbola whicli cai 



IS, it is the only method for eoiistruct- 
be recomm ended. 




Since the radii of the intei^ecting arcs may increase indefinitely, 
the curve evidently tends to inftnity in both directions from G. 

Through, G dritw BCB^ perpendicular to AA.,, and let tlie 
circle described on FF., as diameter intersect the tangent at the 
vertax in L. Make CB^GB^^AL, then BB^ is called the con- 
jugate axis; and if a, second hyperbola be described with vertices 
at B and B, and with foci on BBi at F', F, the same distance 
from C as those of the original hyperbola, each curve is said to 
be conjugate to the other. 



The eccentricity of the hyperbola (p. 57) is the 
value of the ratio -,-^ . It is usually denoted hj a 






"as- 

n tcTins of the axe 



CA = a and CB = b. 
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AX A,X " 

The diagonals of the rectangle foniied by the tangents to tlie 
hyperbola and its conjugate at their vertices are called asymptotes. 
The axes therefore bisect the angles between the asymptotes. 

In fig. 87 let FN drawn from any point P of the curve per- 
pendicular to the trajisverae axis meet it in W, and, as before, let 
FA and PA, meet the directrix in G and H, 
then FN : AN :: GX : AX, 

and FN ■ A,N :: 7/.Y : A,X; 

.-. PX' : AN.A.N :: GX.HX : AX . A,X 
:: FX' : AX . A,X, 
since GFII is a right angle, 

i. e. -r-vv — ,■— ii is a constant ratio. 
AA^ .A,N 

Since FA : AX :■ FA, : A,X, 

.-, FA + FA, : FA -.: AX^A^X ■ AX, 

or CF : CA :: FA : AX (I), 

and FA, -FA : FA :: A,X - AX : AX, 

or GA : GX :: FA : AX (2), 

.■. CF : CA :: CA : CX :: FA : ^.r. (3). 

Also CF : GX :: GF' ■ GF. CX 

:: CF' : CA' (4). 

Lot the directrix meet the asymptotes in B (fig. 88) : then by 
the similar triangles CDX, CLA, 

GL : GA :: CD : CX ; 
but CL = GF, therefore from (3) CD - GA, or the circle on AA, 
as diameter will cut the asymptote in a point on the directrix. 

Dep. The circle on AA^ as diameter is called the auxUiaiy 
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Sii 
tlie tv, 


ace CD=CA, CF=CL, and tli 
-0 triangles BGF and ACL, 


e angle J)GF is 


, cor 


nrnon to 




.-. tlie angle 


ODF^ the angle CAL = a right a 


ngle 


1. 


oi- the 


pei-pendicular 


■ from the focus on 


the asymptote 


is a 


tajigent 



to the auxiliary circle at the point of intersection. 
ConoLLAHY. D^^ = CX . FX. 
Again, Irom. (-l), 

CF'-CA' : CA' :: CF-CX : CX 

:: FX" : GX{CF-GX); 
but CF . CX =^CA' irom (3), and CA'^CX' = AX . A,X. 
Also CF"- CA' = Cl^, 

.-. CB' : CA' :: FX' : AX.A.X; 
und comparing thia with the constant ratio abore given for 

.-./ -.-r-r, we have FA" : JiV. NA, :: BC : AG\ wliicli may 
.^iV . JVA^ ' 

also be written 

FX' : CX'-AC" :: BC : AC (5). 

Let FN (fig. 88), where F is any point on the curve and Fif 

the ordinate, meet the asymptotes in £, tlieu 

F2f^ : CN^ :: BC : J C, by similar triangles (6), 

.-. FN' -FN' : AC :: BC" : AC% 

or Fp . EF = BC = EF . Fe, 

■where p is the point in which FN meets the curve again, and e 

is the point in which it meets the other asymptote. 

Let the ordinate through F meet the conjugate hyperbola in 

Jl (same fig.), and let KM he the ordinate o£ E perpendicular to 

HC, then of course 

Ri\r : CM'-BC :: AC" : BG\ 
or CM' : BC :: EM' + AC : AU' ; 

but CM=BN and EM=CN, 

.-. MX' ■ BC" :: CN' + AC : AC'- (7); 
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and eombining (6) and. (7), we get 

jR]?' - EJ}f' - SO" = ME .Er = RE. lie, 
where r is the point on the other branch of the conjugate hyper- 
bola corresponding to B, and e is the point in which Mr meets 
the other asymptote. 

To drain a tangent and normal at any point of tlif. euro: 
(Fig. 88). 

Let f, be a point on the curve adjacent to any point P, awl 
let tlie chord PP^ meet the directrices in K and A' . Draw KF 
to the corresponding focna : then W : FP^ :: PK : P,/{, or PK 
bisects the exterior angle between PF and PiF prodnced (Euc. 
vr. prop. A). Hence, exactly as in the case of the ellipse (p. 103), 
when P^ moves up to and coincides with I', so that the chnrd 
PP^ becomes the tangent at P, the line FK becomes pei-pendicular 
to the line FP drawn from the focus to the point of contact of 
the tangent. Tfte taitgent at any point P of an hyperbola mat/ 
therefore be drawn by drawing a lino from P to either focus, 
erecting a jwrpendicular to this line at the fociia meeting the 
directrix, and drawing the tangent thi'otigh this point and tlie 
proposed point of contact. It may also be drawn by making nse 
of the known property that it bisects t/te angle between t/te focal 
distances. For in the two triangles PFK, PFJ{^ 

FP : PK :: F,P : FK„ 
and the angle PFK= the angle PF,K^, each being a right angle, 

.-. the angle FPK=.F,PK,. (Enc, vi. 7.) 
Hence the normal bisects the exterior angle between the focal 



Pkoblem 90, To describe an hyperbola, an asymptole CD, 
a focus F, and a point P being given (Fig. 88). 

From F draw FB perpendicular to CD, then D will be a point 
ori the directrix as has been previously proved. Through P draw 
iy parallel to CJ) and make Ff= PF, then / will be a second 
point in the directrix, which is therefore determined. Draw CF 
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perpendicular to Zy meeting the given, asymptote in. G, which will 
eridently be the centre of the curve. Make CA, CA^ on CF each 
equal OH and AA, will be the transverse axis, and the curve is 
completely determined. 

Since i^oan be measured on either side of P there are gene- 
rally two solutioi s. 

Proof. The only step m the consti iction wl ich is not obvioun 
istatingy as & \ otnt on the diiectrix It can easily be shewn to 
hold in the hypetbola for draw Art (aiallel to the asymptote 
meeting the dii'ettiix in ji t) en m the 1 yperbola 
FP : FA :: PM : AZ 
:: Pf lA^a, 
where PJI is a perpendicular on the directiix. 

But Am = I>l = AF, .: FP = Pf: 

and conversely, if iy be made =PF, y will be a point o!i the 
.directrix. 

PeOBLEU 91. To describe an hyperbola, an asijTnptote CT, 
a tangent Tt, and a focus F being given (Fig. 89), 

From F draw FJ) perpendicular to CT meeting it in D, and 
FY perpendicular to Tt meeting in Y. Then D and Y are points 
on the auxiliary circle. Bisect DY ia. E and draw KC perpen- 
dicular to DY meeting CD in C. C will be the centre of the 
curve, CF the direction of the transverse asis, and CI> or OT its 
semi-length. 

Pkoblem 92. To describe an hyperbola, an asymptote CX>, 
a dii-ectrix DD^ and a point P being given (Fig. 89). 

From -D draw DF perpendicular to CD. DF will be a locus of 
the focus. Through P draw iy parallel to CD meeting DD^ in/, 
and with centre P and radius iy describe an arc cutting DF in F. 
F will be a focus, and FC drawn perpendicuhir to DD^ will inter- 
sect CD VA C, the centre of the curve; which is therefore com- 
pletely determined, 

[The problem is exactly the converse of Prob. 90.] 
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?EOBLEM 93. To describe an liyj-j^rbola^ the asymptotes CD, CD^ 
and a point P on tlie curve being given, (Fig. 89). 

Bisect the angles between the asymptotes by tlie lines AC'A^, 
BCB^; then AGA, in the angle in which P lies ia the position of 



the ti-aiisvei-se axis. Through P draw QPq perpeiidicular to AA^ 
and meeting tlie asymptotes in Q and q. Take » mean propor- 
tional, as Pb, between PQ and Pq. Pb will be the length CB of 
tie coDJngate aemi-asis. 

Draw BE parallel to AA^ meeting the asymptote in E ; then 
BE is the length CA of the transverse semi-axis and C£ = CF, tlie 
distaace of either focus from C. 

Proof. The only step in the construction requiring demon- 
stration is that in the hyperbola BG^ — PQ . Pq. 

Let iV be the foot of the double ordinate Pp ; by similar 
triangles CAE, CNQ. 

QN^ : AE' :: CV : AC^ and AE^BG, 

.: QN^-BC : BC :: GB'-AC' : AC; 

bat C'1V'-AC'=-AN:N'A^ and (p. 156) P2f' : ^if.iVOi, :: BC -.AC', 

,-, QN-'-BG' : BC :: PN' : BC ; 
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.-. qN^-BG'-=PN' or QN'-PN'^BC, 
i.e. {QN-rPN){QN-PI}-) = BC'^PQ.rq, 
for by the symmetry of the curve Nq ~ JVQ. 

If qp be made equal to QP, p will evidently be a poiut on the 

Peoblei! 94. To describe an hyperbola, tlte asymptotes CT, Ct, 
(Mid a tangent Tt to the curve being given {Fig. S9). 

Bisect Tt in P. P will be the point of contact of Tt, i, e. will 
be a point on the curve, and the problem therefore reduces to 
Pi-oblem 93. 

The proof will be found on p. 163. 

Defikition. Any straight line drawn thi-ough the centre and 
terminated both ways either by the original curve or by the con- 
jugate hyperbola is called a diameter, and by the symmetiy of the 
curve every diameter is bisected by the centre. A diameter CD 
parallel to the tangent at the extremity of a diameter OP is said 
to he conjugate to CP. 

The following important properties of the hyperbola should he 
carefully noticed. 

Prop. 1, If from any point Q in wn asymptote QPpq be 
drawn meeting tlie curve in P, p and the other asymptote in q, 
and if CD be the semi-diameter parallel to Qq, 

QP . Pq =CD' and QP =^ pq (Fig. 90). 

Through P and D draw jRPr, DTt perpendicular to the trans- 
verse axis, and meeting the asymptotes in R, r and T, t ; let Rr 
meet the axis iu If. 

Then QP: HP :: CD : DT] , ... . . , 

y by similar triangles, 
and Pq : Pr :: CD : Dt i ^ ^ 

.: QP.Pq : RP.Pr :: CD' : DT.Dt. 

But RP.Pr = RC'^DF.Dt(p. 159), 

.-, QP.Pq = CD\ 
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Similarly qp-pQ= CD' = QP . Pq ; 

f, if Fbe the middle point of Qq, 

QV'-PV'=QV'-pV'. 
Hence FV=pV, and therefore PQ=-pq. 




Cor, Jf a straight line PFjp,p ineet the hyperbola in P, p, 
and the conjugate hyperbola in P„ p^, PP^ —PPi- 
For if the line meet the asymptote in Q, q, 

QF, = p,g and PQ-^qp, .: PPi^pp^. 
Piiop. 2. A diameter bisects all chords pa/ralkl to l/ie tangents 
at its extremities, i. e. all chords parallel to its conjugate. 

This can be proved exactly as in the analogous proposition for 
the ellipse. 

Let ^^1 (fig- 91) l>e ^'^y chord of an hyperbola meeting the 
directrix in B, and let be the centre point of QQ^ and F the 
focus. 

Join FQ, PQi, and draw ^Z perpendicular to QQ,. 
Then FQ' - FQ,' ^QT'-Q^T" 

= {QY+Q,T){QY-QJ) 

= 2.QQ^.0Y (1); 

but since Q and Q, are on the hyperbola, 

PQ : PQ, ■■■ QJi : Q,R; 
E. 11 
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CONJUGATE 


DIAMETERS. 






FCf~FQ; 
FQ- 
from (I) «„U (5), 
OY 
OS' 


FQ- FA- 
QR-" aW 


5W,. 

QR 


Oli 


therefore 






where AW is drawn throtigli tlie vertex parallel to QH meeting 
tho directrix in W. 

I.e. OT : OM in a constant ratio. 

Take any second chord qq^ parallel to QQ^ loeeting FY in Y^ 
and the directrix in Bi. Let 0, be its centre point ; then, since 

OT o,r, ., ,„ ,^ _^ ,. ^„ ^ .u ^ ., 



it follows that the line 00, must p 



OR 0,i?i ' 

point T in which ,^r meets the directrix, and is therefore 
fixed for aU chords parallel to QQ,. This lino will evidently pass 
through the centre (i.e. will he a diameter), for by the last pro- 
position it bisects all chords of the conjugate hyperbola parallel 
to QQ,, i.e- it bisects the diameter Dd, which is also bisected by C. 
Let TO meet the hyperbola in P aad suppose qq^ to move 
parallel to itself till it approaches and ultimately coincides with P. 
Since 0^q=0,q^ throughout the motion, the points q, 5, will evidently 
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approach F simultaneously, and in the limiting position, gq^ will 
he the fangent at P. It follows that if P, be the other extremity 
of the diameter through 1', the tangent at P, is parallel to QQ^., 
and therefore to the tangent at F. 

CoROLLAKY 1. The perpendicular on the tangent at any point 
from the locus meets the corresponding diameter in the directrix 

Cor. 2, If the tangent at P meet the asymptotes in S and e, 
PM'^Pe, for by the last proposition the intercept between q and 
one asymptote is always equal to the intercept between y, and the 
other asymptote, and when q and q^ ultimately coincide with P 
these intercepts become PE and Pe respectively, i.e. the portion 
of any tangent between the asymptotes is bisected at the point of 
contact. 

CoE. 3. If PE be the tangent at P meeting the asymptote 
in^, PE^ = OD', where CD is the semi-diameter conjugate toCP. 
h'or taking a parallel chord very near the tangent meeting the 
curve in^, p^ and the asymptote in e, we have, by Prop. 1, 

ep . ep, = 0D\ 
and therefore when p and j)j coincide in P, 
EP' = CD\ 

Cor. 4. The asymptotes are the diagonals of the parallelogram 
formed by the tangents at the extremities of a pair of conjugate 
diameters. For E and e, which are on the asymptotes, are also 
angular points of such a paraileiogram. 

Prop. 3, Tangents dravyn. at ilie extremities of any chord nub- 
tend equal omglea at thefoaus. 

Let PQ (fig. 92) be any chord of' an hyperbola and let the 
tangents at P and Q meet in B. Let F be the focus, and from R 
draw RN, RM perpendicular respectively to FP, FQ ; draw EW 
perpendicular to the directrix and let the tangent at P meet the 
directrix in E. 

Then EF is perpendicular to FP (p. 157), and therefore 
parallel to RN'. 

11—2 
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Therefore FN : ffP :: ER : EP 




Therefore 



FN : RW :: FP : PK 



; EA ■ 



AX. 
AX; 



Simiki-ly EM : RW :: FA : 

therefore FA'' ^ FM. 

Hence in the rightangled triaoglcs RFN, EFM, FN= Fil, 
and FB is common. 

Therefore the two triangles are equal in all respects, i.e. the 
angle RFP=t)ie angle BFQ, and RJf^RM. 

Peop. 4. I/PCPj le a diameter and QVQ^ a chord parallel 
to the tangent at P and meeting PP, produced in V, omd if the 
tamgentatQineetFP^ in T, then OV.CT^CF' {Fig. d2). 

Let TQ meet the tangents at P and P^ in R and r, and F being 
a focus draw liN perpendicular to the focal distance EP meeting 
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it ill Jf, ]-n, perpendicular to -FP, meeting it in n, and HM, rm 
perpendicular to the focal distance FQ. Let -F, be the other 
locus, and join F^P, F^P^. 

Since CF^CF,, CP^CF,, and the angle FOP = th& angle 
F,CF,, therefore the triangles FGP, FfiP, are eqnal in all re- 
spects ; and therefore the angle CPF = the angle CP^F^. 

Similarly the angle OFF, = the angle CP,F. 

Therefore the whole angle -FP^, = the whole angle /'.P,^; but 
the tangents bisect the angles between the focal distances, there- 
fore the angle FFR = the angle FP^r; i.e. the right-angled tri- 



angles EPJV, rP{a : 


Lire similar, and therefore 




RP : rP, ■.: FN ■ m; 


hntBN^PMaJid 


m = rin (Prop, 3), therefore 




MP : rP^ :; KM : rm 




:: liQ : tQ. 


But 


TR : Tr :: EP : rP^ 




:: RQ ■ rQ; 


therefore 


TP ■ TP, :: PV : P,V 


by similar triangles 





or CP-CT : CT+CP :: CV-CP : CV+CP, 

i.e. CT : CP :: CP : CV; 

therefore CT.CV^Cr. 

Cob. 1. Since CF and CF are the same for the point Q„ the 
tangent at Q^ passes through T, or the tangents at the extremities 
of any chord intersect on the diameter which bisects that chord. 

Peop. 5. I/PCF^, DOD, he conjugate diameters, and QV be 
drawn parallel to CD meeling the hyperbola in Q and CP in V, then 
QV : PV.PJ :■. GD^ : CP". 

Let the tangent at Q (fig. 92) meet CP and CD in ^ and < 
I'especttvely, and draw QU parallel to CP meeting CD ia U. 

Ttien Cr.CT=CP' BiiiGlI.Ct = GD^(Fvop. i) ■ 
but CV^QV, 

therefore CD' : CP" :: QV.Ct : GY.CT; 

but Cl : QV :: CT : VT, 

.-. CD'' : CP" :: QV : CV. VT, 
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and Cr. yT=OV{CV^GT)^CV'-CP' = PV.PJ; 
tJierefore QV : FV . F,r l: CD' : CP'. 

Pkoblem 95. To describe an hyperbola, the transverse axis 
AA^ and a point P on the curve being given (Fig. 88). 

Bisect AA, ia 0, which will of course be the centre of the 
cui-ve. Draw the conjugate axis BCB^. Let PA^, PA cut BB, 
in 6, and b respectively. Take a mean proportional CH between 
Gb and C6„ which will be the length {GB or GB,) of the semi- 
conjugate axis. The foci can then he determined, since GF=AB. 

Proof. Let FIf be the ordinate at P. 

Then PN : hfi r. TfA, : GA,, 

and PIf : bC :: IfA : GA, 

or i'.V : IfA.WA, :: bC.bfi : CA'; 

therefore bC . bfi = BG' (p. 156). 

Peoblem 96. To describe an hyperbola, tJt,e transverse axis 
ATA^ and a tangent FT being given (Kg. 88). 

Bisect AA^ in G, the centi-e. of the curve. On CA towards 
GT take GN a third proportional to GT and GA. N will be the 
foot of the ordinate of the point of contact of the given tangent ; 
i.e. if SP be drawn perpendicular to AA^ meeting TF in F, F 
will be a point on the curve, and tlio problem therefore reduces 
to the preceding. 

It may also be completed by Prob. 19, p. 23, determining 
two lines PF, FF^ making equal angles with FT and meeting 
AA^ in points equidistant from G ; since it has been already 
shewn (p. 157) that the tangent bisects the angle between the 
focal distances. 

The proof follows from Prop. 4, p. 164, which of course applies 
to the principal axes. 

Problem 97. To describe an hyperbola, a pair of conjugate 
diameters being gicen (Fig. S3). 

PGF^, DGD^ are the given corjugiite diameters. 
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First Method. Complete the parallelc^rani QtqT formed hy the 
tangents at their extremities; then the diagonals of this parallelo- 




gram are the asymptotes (p. 133), and the axes therefore bisect 
the angles between them, 'i'hns CA and OB are determined in 
direction, 

Frsm i* draw two lines PF, PF^ making equal angles with 
PT, tte tangent at P, and meeting AA, in points jPand F^ equi- 
distart from C (Prob. 19, p. 23). Then F and F^ are the foci, 
and (he vertices can be determined by dropping perpendiculars 
on AA^ from the points in which the circle on FF^ as diameter 
inteisects the asymptotes. 

The curve can therefore bo drawn hy the general method. 

Second Metliod. Points on the curve can also be determined 
without finding the foci thus : 

Complete the parallelogram QtqT as before. 

Divide QD into any number of equal parts as at 1, 2, 3. 
LHvide CD^ into the same number of equal parts as at 1,, 2^, 3^; 
then i"! andP,l, will, when produced, intersect in a point on 
;he curve, and similarly with the other corresponding points. 
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This method can also of course be applied to the princijKil 
axes; it cannot however be recommended, because a. slight in- 
acciiracy in the position of either line makes a considerahlo 
alteration in the position of the point on the curve, since in 
producing the lines the error is magnified, and the lines must 
often be produced to a considerable distance. 

Problem 98. To describe an hyperbola, the cerdre C, the direc- 
tions of a pair of conjugate diameters CA, OB, and troo pohUe on 
the curve P and Q being given (Fig. 9i). 

Draw PJf, Qn parallel to GB meeting CA in S and n. (Let 
^JTbe less than Qn; then CN must be less than C'n.) Produce 




Qn to q and draw FMP, parallel to CA, meeting CB in M. 
Make MP^=-.MP and nq = nQ. Then P^ and q are points on 
the curve. Let PP, meet Qq in B. Through n draw nx pardlel 
to QP, meeting PP^ in x,- and through n draw ny parallel to Pq 
meeting PP, in p. Take ^d a mean proportional between ^x 
and Sp. On C^f describe a semi-circle CD^ and make N^D = Ed. 
CD will be the length CA of the diameter parallel to PP^. On 
CA make GC = Ed, and through A draw BA parallel to MG. Gil 
will be the diameter conjugate to CA, and the problem reduces 
to the preceding. 
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Proof. The construction, as in tlie similai: problem for the 
ellipse, depends on, the property of the curve, that "the rectangles 
contained by the segments of any two chords which intersect eacl» 
other are in the ratio of the squares on the parallel diameters," 

ie. EP.EF^ : F.Q . Mq ;: GA' : CB', 
which may be thus proved : 

Through E draw the diameter EER^, and di-aw the ordinate 
,/;P parallel to (^9 or to C5;then, by Prop. 5, p. 165, 
JiV : GU'-CA' :: CB' : C'A% 
.-. CB'^JiU' : CB' :: CU' : CA', 
and qn" ; Cn'-CA' :: CB" : CA"; 

.: CB' + qn' : CB' :: Cn' : CA\ 
HO that CH' + liU' : GU' :: CB' + qn' : Gn\ 

But BU' : GU' :: En' : Cn\ 

.: CB' : CU' :: GB'+qn'-En' : Gn\ 
or CU' : CB'+qn^-En' :: CU' : Gn' 

:■ CE' : CE'; 
.-. CB' : qn'-En' :: CB' : CE'-C^, 
or GB' : EQ . Eq :: CE' : EH.ER^. 

Similarly GA' : EF . EI\ :: CE' : ER.ER^, 

.-. EP.EP^ : EQ.Eq :: CA' : CB\ 
But by construction EQ : EP^ :: En : Ex, 
and Eq : EP :: En : Ey, 

EQ.Eq : EP . EP, :: En^ : Ex.Ey; 
hut Ex. Ey^Ed'^^^iy-=CN'-GA'=^AI<r.]ifA,, 

.-. En' or PN' : AN.NA, :: EQ.Eq ■ EP.EP^, 
which proves that AA, is the diameter conjugate to PS. 
Also by construction 

CB : CA :: CM : GG :: PN : ND, 
.: CB' : GA' :: PW : AJV.I^A,, 
or GB is the semi-diameter conjugate to GA, 
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Problem 99. To desa'ihe an hyperbola, the centre C, the 
directiona of a pair of conjugate diameters CT, Ct, a tangeni Tt, 
and a point P on the curve being given (Fig. 95). 

[If a line he drawn parallel to Tt and at an equal distance 
from C, it will of course be a second tangent, and F must not 




lie between these liaes.] Draw FVp parallel to Ci cutting C2' 
in V, and make Vp= VP. p will be a poiot of the curve. One 
of the two diameters C'P or Cp (in the figure Cp) will always 
intersect Tt in a point (i) outside Tt; draw such diameter and 
on it make CP, = Cp. P, will be a point oa the curve. 

Take Lm. a mean proportional between Zp and ZP,. On Tt 
as diameter describe a circle; through L draw L/C perpendicular 
to Lt and on it take a point X such that Cp : Lm : : ^Tt : LK, 
i.e. on LK mek.% Lm^=Lm,, and on.Lt make Lo = \Tt EadLp^^Cj}. 
Through o draw o£ parallel to m^p^, K will be the point required ; 
then tangents KQM, Q^KM^ from if to the circle on Tt will inter- 
sect Tt in points (§, and Q^ either of which may be taten for its 
point of contact with the cui-ve. There are therefore two solutions. 

Through C draw DCd parallel to Tt, make CD = Cd = QM, 
the tangent from Q to the circle. CQ and CD will be conjugate 
semi-diameters, and the problem reduces to Problem 1)7, 
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Problem 100. 3'o describe an hyperbola, the centre C, two 
lanyeiila PT, QT and a point on the curve (R) heing given 
(Fig. 96). 

Through G draw TCT^ and make CT, = CT. Draw l\t parallel 
to PT meeting QT in i, and draw T^t^ parallel to QT meeting PT 




in t^. tT^ and (,2' will be tangents to tho curve and TCT^, tCt^ 
will be the directions of a pair of conjugate diameters; and the 
problem therefore reduces to the preceding. 

[Tho point R must lie outside the parallelogram TtT^t^ and 
within one of the exterior angles, such as PTQ.~\ 

In the figure RC^CS^ and RG meets Tt in L; Lm is a mean 
pmportional between LR and LR^; and LK : Lm :: OT : Cll, 
where OT=\Tt, and LKis perpendicular to Tt. Then a tangent 
KM from K to the circle on Tt as diameter cuts Tt in its point 
of contact {Q) with the cuiTe, and CI) drawn through C parallel 
to QT &n.<i equal %aQMvii\\ be the semi-diameter conjugate to C^. 

There are two solutions, as two tangents can be drawn from 
K to the circle on Tt. 
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Problem 101. To describe an hyperbola, ilia centre C, two 
points (A and B) of the curve and a tangent Tt being given. 
(Fig. 97). 

[A second tangeat can at once be drawn parallel to Tt on the 
other side of and at the same distance from it; the points A 
and B must not lie between fcliese lines.] If the given points lie 
on opposite branches of the curve, as e.g. A and jB,, i.e. if they 
are on opposite sides ot.Tt, draw B^CB and make CJ1 = CB,, then 
J) will bo ou the same branch as A. 



Draw AB and bisect it in V. Draw CV meeting the given 
tangent in T, and Ct parallel to AB meeting it in t. Then CT, 
Ct are the directions of a pair of conjugate diameters, and the 
problem reduces to Prob. 99. 

In the figure CA^ = CA and ACA, meets Ti in L; Lm i^ a 
mean proportional between LA and LA^; LK : Lm ;; OT ; CA, 
where LK is perpendicular to Tt and OT- \Tt. 

Then a tangent {Eq) fram K to the circle on Tt as diameter 
cuts Tt in Q, its point of contact with the carve. CD parallel 
to Tt and equal to Qq is the semi- diameter conjugate to CQ. 
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Problem 102. To describe an hypet-bola-, the centre (. 
three tangents {SY, VW, WS) heing giiwii (Fig. 98). 

Through draw TCT^ meeting SV in T and SW in 2",, s 
TG^CT^ (Prob. 14, p, 19). CT wiU be conjugate to Ci'. 




7',» parallel to GV meetiag Fir in v, Tw parallel to CW meeting 
VW in V), and draw vT, wT, meeting in ^. Then £S will cut 
VW in i*, its point of contact with the curve. Also PQ parallel to 
vT will cut VS in Q, its point of contact, and QR parallel to CT or 
FJi pai-allel to T^w will cut WS in B, its point of contact. The proh- 
!era can be completed by several of those previously given or thus ; 

Draw QX parallel to OT meeting CS in lif. QN is an ordinate 
of the diameter CS', and therefore GA, the leagth of the semi- 
diameter, is a mean proportional between CS and CN (Prop. 4, 
p, 164). Similarly, if Qn be drawn parallel to t'lS meeting CT in 
n, CB must be taken as a mean proportional between Gn and CT. 

Peoblem 105. To describe an hyperbola, the centre G and 
three points P, Q, R being given (Fig. 99). 

[Each of the points must lie either between both pairs of lines 
furnished by the remaining points and their corresponding points, 
or outside both these pairs of lines.] 
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■, aBfJ draw Cp, Gq and 
double ordinate of the 




diameter Gp, and therefore the tangents at P and Q will intersect 
on Cp; similarly the tangents at Q and B will interBeot on Cq, and 
at B and P on Cr. If therefore a triangle be drawn (Prob. 15, 
p, 20), the sides of which pass through P, Q and £, and the 
vertices of which lie on Cp, Cq and Cr respectively, the sides of 
this triangle will be the tangeats at P, Q and B. Take any 
point a on. Cr; draw Pa, Pa catting Cp, Cq in 6 and c respectively; 
join be cutting PB in x, and draw xQ cutting Cb m T. QT, FT 
wUl he the tangents at Q and P respectively; and if PT meet Cr 
in i, Bt will be the tangent at B. The problem inny be completed 
by preceding problems. 

PeOblbm 104. To desei-ibe an hyperbola, tlw. focA F, F^ and a 
point P on t7i£ curve being given (Fig. 100). 

It has been shewn already that the dificrence between the 
focal distances of any point on the curve is equal to the transvei'se 
axis (p. 153). 

Let F,P be greater than FP. On PF^ make Pf=PF. Draw 
FF^, bisect it in C and make CA = CA^ = ^FJ. AA^ will there- 
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vertices of the curve, and tlie problem recUncea to 




PuOBLEM lOo. To describe an hyperhola, the foci F, F^ and a 
tangent Tt being given (Fig. 100). 

[The tangent must lie between F and 1<\ .] 

Bisect FF, in C, the centre of the curve. From F or F^ droj) 
a perpendicular (as FY) on the tangent On CF, CF^ make 
GA = C^i = CY. A and A^ will be the vet-tices of the cnrve, and 
the problem reduces to Prob, 89, 

Problem 106. To desorihe an hyperbola, a focus F, a tangent 
FT with its point of contact P, and a second point Q on the cn/rve, 
being given (Fig. 100). 

If Fa.iiA Q are on tbe same side of FT, the solution has already 
been given in the corresponding problem for the ellipse (Prob. 76). 
Hence the case of F and Q lying on opposite sides of FT need 
alone be considered here. 

From F draw FY perpendicular to FT meeting it in Y, on 
.FT produced mate Yf^ YF; then Pf will be a locus of the 
second focus. From / on fP, on either side of f make fq = FQ. 
Bisect Qq in r, and draw rF^ perpendicidar to Qq meeting Ff in 
F , which will be the second focus, Heace, both foci being known, 
the problem may be completed by Probs. 104 or 105. 

Since q may be taken on either side of _^, there are in general 
two solutions. 
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Proof. That/P is a locua of the second focus has beea shewn 
in p. 157; that the second focua is at the intersection of ft 
and rF^ is evident thus ;— it must be so situated that 

F,P~FP^FQ~F,Q; 
but fQ = FQ and F^q = F^Q, 

.-. FQ~F,Q^fq~F,<i=fF„ 
and FP=fP, .:F^P~FP = F^P~fP=fF^, 

i.e. F^ is the second focus. 

If F and Q are on opposite sides of FT, two hyperbolas can in 
geneval be drawn. 

If F and Q are on the same side o! FT, and the distance of Q 
from F is greater than its distance from the line drawn through _/ 
perpendicular to Pf, two hyperbolas can in general he drawn. 

If F and Q are on the same side of PF, hut the distance of 
Q from F is less than its distance from the above perpendicular, 
one hyperbola only can in genei'ai be drawn, but an ellipse can 
also be drawn. 

If F and Q are on the same side of FT, and the distance of Q 
from F is equal to its distance from the above perpendicular, a 
parabola can be drawn fulfilling the required conditions, b«t no 
hyperbola or ellipse, since the second focus removes to an infinite 
distance. 

Peoblem 107. To describe an hyperbola, a focus F, a tangent 
RT and two points P and Q of the curve being given (Fig. 101). 

If F, P and Q are all on the same side of BT, the solution 
has already been given in Prob. 77, the corresponding problem 
for the ellipse. Hence the cases of one or both of the points P, Q 
lying on the opposite side of FT to F need be considered. 

Case 1. Let F and P be on the same aide o£ ET, and Q on 
the opposite side. Produce PF to q, make Fq = FQ, and witli 
centre P and radius Fq describe a circle qG. From F draw FY 
perpendicular to FT, produce it tof, and maJre Yf= YF. With 
centre /and radius FQ describe a circle GH, and find the centre 
(i'',) of a circle touching the circles qG and GB internally and 
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passing through Q (Prob. 32). F, \vill be the second focas. Tlio 
problem is always possible, since the circles must necessarily cut 
each other and the poiat Q be inside both. 
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Proof. The second focus F^ must be equidistant from Q and 
from the circle qG, since F,P-FF must he equal to FQ-F^Q. 
But F,P by construction = Pg-i*',© and Pq --= FP+Fq = FP^FQ. 

Also fF^ must be equal to the transveree axis, p. 153, 
i.e. to FQ — FiQ or to /& — F^Q, i.e. the second focus must be 
equidistant from the point Q and from the circle 6ff. 

Case 2. Let P and Q he on the opposite side of ST to F, as 
/>, and Q. Let FP, be gi-eater tlian FQ. On FP, make Fq, = FQ, 
and with, centre /', and radius P^q^ describe the circle q^ll. Deter- 
mine the point / as in Case 1, and with centre / and radius FQ 
E. 12 
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(Ira.'w the circle GFf. Determuie F^, the centre of a circle touching 
q^U externally and GH internally. F^ will be the second focus. 

Proof. FP^ - Fj\ = Fq^ + qA- ^A = -^?, - (K^, - ?A) 

^FQ-F,Q 
=//",, as in Case 1. 

Problem 108. To describe an hyperbola, a/ocus F, a point P 
on the curve, and two tangents TQ, TR being given (Fig. 102). 




\_F and P must be either hoth on the same side or both on 
opposite sides of each tangent.] 

If F and P are on the same side o£ each tangent, the necessary 
condition for a possible solution has been esplained in the corre- 
sponding problem for the el3ipse, Prob. 78, p. 127, and the solu- 
tion given. If they are on opposite sides, as in. fig., draw FYf 
perpendicular to QT meeting it in Y, and FY,/^ perpendicular 
to BT meeting it in F, , and make Yf= YF and F,/ = Y^F. 

With centre P and radius PF describe a circle FG, and find 
F the centre of a circle to towch FG and to pass through/ and _/]. 
Prob. 27. Since/ and /, will necessarily lie within the circle FG, 
two solutions can generally be obtained. 

Proof. If .^1 is tlie second focus, fF^=fF^ the transverse 
axis = FP — F P, which by construction it does. 
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Peoelew 109. To describe an hyperhola, a focus F and three 
tangents FT, QT aiid ItS being given (Fig. 103). 




[# must not lie within the triangle formed by the tangents.] 
Erom F drop perpendiculars FY/, FYJ^, FYJ^ on the given 
tangents, meeting them respectively in Y, F, and Y^, and make 
37= ZF, r,/,=r,J', and ry, = y/'; then, as//, and /^ must all 
l>e equidistant from the second focus (p. 153), and the pi-ohlem 
therefore reduces to finding the centre {F^ of a circle passing 
through three given points (Prob. 30), .f, will be the second 
focus, and tho transverse axis is of conrae known, since it is equal 
to FJ. 

Problem 110. To describe an hyperhola, a focuB F and three 
•points P, Q, E on the civrve being given (Fig. 104), 

[With two of the points as centres describe circles passing 
through F. Tlie three given points cannot lie on the same branch 
of an hyperbola, unless 

(1) /■ Ues in one of the three angles PQE, QRP, and MPQ; 
and (2) tfie third point is more distant from F than it is from 
1 tangent to the above circles remote from F. 

12—2 
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Whatever the relative position of the points and focus three 
hyperbolas can always be drawn.] 




The points being as in ths figure, the above conditions for the 
points lying on the same branch are not complied with; an ellipse 
and three hyperbolas can be drawn by the first solution of the 
corresponding problem in the preceding Chapter, Problem 80. 

The second solution there given can be adapted to the present 
case thus: Let P and Q lie on one branch of the required hyper- 
bola and £ on the other. 

Bisect the angle PFQ by the line FG, bisect the angle between 
FF and BF produced by FD, and the angle between QF and EF 
produced by FJS. 

Determine the triangle whose sides pass through P termi- 
nating on FC and FB, through Q terminating on FE, FC, and 
through P terminating on FD and FE (Problem 15), The sides 
of this triangle will be tangents to the required curve at F, Q 
and R respectively. 
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To determine the triangle. Take any point G on FG, draw 
GP, CQ cutting GD, CE in 1) and E, and di-aw MD, QF intersect- 
ing in X. RX will be the tangent at R, and if it meets FJB in T, 
QT will be the tangent at Q ; similarly, if QT meets FC in T, , 
PTj wiil be the tangent at P, passing also through the intersection 
of Hr and DF. 

The construction depends on the well-known pi-operty of the 
hyperbola, that the angles subtended at the focus by a pair of 
tangents are equal or supplementaiy according as the tangents 
touch tiie same or opposite branches of the curve. 

Peoblem 111. To describe <m hyperbola, two Umgenfs TQ, TR, 
iifitk tJieir points of contact Q and £, and a point P oij the curve 
behig given (Fig. 105). 

[The point P must lie outside the parabola which can be do- 
scribed touching TQ, TR at Q and R.] 



The construction is exactly similar to the correspondin 
problem for the ellipse. Prob. 81. 

Eisect QR in V and through T draw TB V. Through P dra' 
PLL^ parallel to QB meeting QT in L and RT in L^ . 
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Find a mean proportional (Lk) between PL and PL^. (If 
i*iii be made equal to PL, P^ -will be a point on the curve.) On 
Pi*, make PK= Lk, then QK will intersect TVinl}, the extremity 
of the diameter TV. 

On TV take a point C such thai TC : CD :: CD : CV ; and if, 
as in tiie figure, Q and M are on opposite branches of the hyper- 
bola, G must be taken between T and V ; i.e. on TV as diiuneter 
describe a semi-circle; draw DM maldng an angle of 45° witli 
D V and meeting the semi-circle in M, and from M draw MC per- 
pendicular to TV. Evidently MG is a mean proportional between 
GT and GV, and is equal to GI>. C will he the centre of the 
hyperbola, and the asymptotes can easily be determined and the 
curre completed by preceding problems. 

The proof is identical with that for the ellipse. 



nilte 



Problem 112. To describe an hyperbola, two points A and B 
and three tangents PQ, QJi, liP being given (Fig. 106). 
[Either no one of the three tangents must pa,sa. between the 




points or all three must do so, and the points must not lie withi: 
the triangle formed by the taugente.] 

Draw a line through AB cutting the tangents through P i 
L and M and the remaining tangent in i\'. 
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Find X the centre and D, D^ tte foci of the involution A, 1! 
imd L, M (Prob. 13). B or D^ will be a point on the chord of 
contact of the tangeota FL, J'M. 

[In the figure La oa PQ =--LA, and Bm on a parallel to FQ^BJil- 
am cuts AB in X, the required centre, and XD = XJ)^ = a mean 
pi-oportional between XM and X£.] 

Similarly, find X, the centre and S, B^ the foci of the in- 
volution A, B and M, N (Prob. 13), and E or E^ will be a point 
on the choi-d of contact of the tangents BM and EN. 

Find MV the harmonic mean between ME and MD, M being 
the point of intersection of AB with the given tangents which has 
appeared in each of the above involutions, then QV {Q being the 
intersection of tangents through JV and L) will meet the tangent 
through M in its point of contact (q) with the curve. 

Therefore qDr will he the chord of contact of the tangents 
I'Q, PS, and Eqp the chord of contact of the tangents RP, RQ. 

The pi'oof is identical with that for the ellipse, p, 135. 

Problem 113. 2'o describe an hyperbola, two tangents TP, TQ 
and tliree points A, B, C on the curve being given (Pig. 107). 

[The points A, B, C being taken together in pairs, each pair 
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184 GIVEN TWO POINTS AND THREE TANGENTS. 

of points miist be either both on the same side or both on oppositw 
sides of both tangents. In the figure A and £ are both on the 
same side, and B and G oa opposite sides of both 2'P and TQ, 
as also and A.^ 

Draw the line AB cutting the given tangents in F and Q. 
Find X the centre and E, S, the foci of the involution A, B and 
r, Q (Problem 13). 

[In the figure Pa = JM and BQ^ parallelto Pa=.£0. Q^a cuts 
AB i\i.X, the required centi-e. XB = XE^ = a mean proportional 
between XA and XB.~\ 

M or E^ will be a point on the chord of contact of the given 
tangents. 

Again, draw BG cutting the given tangents in p and q, and 
find X, the centre and G, G^ the foci of the involution B, G and 
p, q. G or 6^, will be a second point on the chord of contact of the 
given tangents, the points of contact of which R, E, are therefore 
determined, and the problem reduces to several preceding. 

Since E and E, can be joined to either G or G^ four chords 
of contact can in general be drawn, ao that there are four solutions. 

The construction depends on Prop. 7, p. 143. 

Peoblem 114. To describe an hyperbola, five tangents AB, BG, 
CD, DE, EA being given {Fig. 108). 

[The pentagon formed by the given tangents must contain 
a re-entering angle.] 

Draw jiC, BD intersecting in F ; and through tlie remaining 
angular point E of the pentagon draw EF meeting BC in P. 
F will be the point of contact of the given tangent BG. Similarly, 
if BD and CE intersect in G, AG will intersect DG in Q, the 
point of contact of the given tangent GD ; and if GE and DA 
intersect in H, BII will intersect ED in R, its point of contact. 

The problem therefore reduces to Problem 111, or the points 
of contact S and 2' of the remaining tangeute can easily be deter- 
mined. 
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The constcuction depends (as in the corresponding [iroblem 
for the ellipse, p. 136) on Brianchon's theorem. 




Problem 115, To describe an hyperbola, five i^oints ABODE 
being given (Fig. 109). 

Draw AB, DE intersecting in F, and BG, EA intersecting in G; 
then, it FG meet CD inll, II will be a point on the taJigent at jJ, 



which can therefore be dj 
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If a line be drawn through G and the intersection, of AB and 
DO, meeting ED in K, K will be a point on tte tangent at IL 
Hence two tangents with their points of coutact being known 
and also (at least) one other point on the cnrye, the problem may- 
be completed by Prob. Ill, or the tangents at C, D and E may 
also be found by a similar construction to the above. 

[If CD and EA intersect in L, and throiigh L a line LM 
be drawn passing also through the intersection of BO and I)E 
and meeting BD in M, M. will be a point on the tangent at C; 
and if LM. meet AB in jV, N will be a point on the tangent at jD.] 

Tlie construction of the tangent at E is left as an exercise 
for the student. 

The construction {as in the corresponding problem for the 
elHpae, p. 138) is an adaptation of Pascal's theofem. 



Problem 116. To descrihe a: 
BC, CD, DA and a point E on t!t. 

Join £0 and ED, cutting AB 
X the centre and F and F, the foci of the involntion A, 



four tangents AB, 
irve being given (Fig. 110). 
c and 2), respectively. Find 




(Prob. 13); F or F^ will be a point oo t}ie tangent at B, which 
can therefore be drawn and the problem completed by Prob, 114. 
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[In tiie figure Ba on BC = BA, and cil ou a parallel to BC 
— cD ; tken ad meets AB in X, tke required centre of the in- 
volution, and XF~XF^ = Vi mean proportional between XD^ and 
XB. 

If FE meets DA in tf, the points of contact of the given tan- 
gents may be determined by drawing GG, DB interaecting in H, 
when FH will meet CD in P, the point of contact of CD ; 
GG, DF intersecting in K, when BK will meet GD in C, its point 
of contact; CF and GB intersecting in L, when DL will meet 
,JS ia B, its point of contact; the determination of the point of 
contact of CB is left as an exercise for the stndent.] 

Problem 117. To desoribe an hyperbola,, four points A, B, C, D 
of the curve and a tangent ad being given i^'iQ. 111). 

Lot AB meet the given tangent in a, and BG, CD, DA meet 
it in 6, c, and d respectively. Find X the centre and F, P, th^ 




foci of the involution a, c and b,d; P or P^ will be the point of 
contact of the given tangent, so that five points being known the 
problem reduces to Prob. 115. 
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CENTEE OF CURVATURE. 



[In t}ie figiti-e bt:^ on S5 = 6o, and ad^ on a parallel to bB = ad; 
then Ci<?, meets ad in X, the centre of the re<juirecl involution, 
and ^P is a mean proportional between Xci and Xb; /*,, t!i6 other 
focus, of course lies outside the limits of the figure. 

ItAF and DC meet in E, and AD, OB in F, EF will meet 
FB in (/, a point on the tangent at i?,] 

Phoblem 118. To find the centre and radius of curvature at 
any point P of a given hyperbola (Fig. 112). 

The construction is identical with that for the ellipse (Prob. 




Draw PG the normal meeting the axis in G, GH perpendicular 
to PG meeting the focal chord PFin H, andJ?0 perpendicular to 
PF meeting the normal in 0, the required centre of curvature. 
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THE RECTANGULAR HYPERBOLA. 

?s of an hyperbola be equal, the angle between the 
a right angle, and the curve is called equilateral or 
rectangular. 

If ia the centre, A a vertex, and J' the corresponding focus, 
it follows that CF^^2A<y, for it has been shewn (p. 15i) that 
CF^ = CA' + US', and in the rectangular hyperbok CB^CA. 

Similarly FA'^iAX', where X is the foot of the directrix, 
i.e. iihe eccentricity is always ^2 : 1. 

Conjugate diameters are equal to one another and are equally 
inclined to either asymptote, for in any hyperbola 

CF'-GD'^GA'-GS' and .-. CP^CJ). 
Also CPLD (fig. 113) ia a rhombus and therefore CL bisects tlio 
angle PCD. 

Diameters at right angles to one another are equal, for if CB 
be pei-pendicular to OP the angle _SC-S' = the angle PCA = the^ 
angle BCD, and therefore by symmetry GE— CD. 

COEOLLARY. The rectangles contained by the segments of chords 
which intersect at right angles are equal since they are in the 
ratio of the squares of the parallel diameters {p. 169). 

Given three points on an equilateral hyperbola, a fourth is 
also given, for if the curve pass through the three points A, B, O it 
will also pass through the orihocentre of the triangle ABC, i.e. 
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through the intersection of the perpendiculars from A, B, G on 
the opposite sides. 

This fol]o\YS at once from tlie above corollary, for if ABC be 
a triangle, and the orthocentro, and if CO meets j1.BC in /-*, 
the triangles DOA and DEC are similar, and 
DO : DA :: DB : DC; 
.: DO.DC^DA.DB, 
so that must be a point on the curve. 

If P, Q, li are three points on. the curve, the conti-e must lie 
oil the circle passing through tlie middle points of the sides of 
the triangle PQE. For (fig. 113) let an asymptote meet the sides 

, \ F(B.I(3. y 



PQ, PR in I and l^, and let d, e, f be tlio middle points of QP, 
RP and PQ respectively. Let C be the centre of the hyperbola. 
Then (7/is conjugate to PQ and Ge to PR, 
.: themgleJVe=/Cl + l,Ce 

= e\C + Cl/ 

= Pl^l + PU, 

=/Pe 

=/de, 
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nliioe fdeP is a parallel ogram, La the circle through _/He passes 
iilao through C (Euclid in. 21). 

Four points are therefore in general sufBcient to determine a 
rectangular hyperbola, for the orthooenti-e o£ the triangle formed 
liy any three is necessarily a fifth point on the curve, which can 
then be completed by the general method of Prob, 115, p. 185 ; 
or the centre can at once be determined as one of the points 
of intersection of the two circles which can be described tlirough 
the centre points of the sides of the triangles formed by taking 
any three of the four given points in succession. 

Similarly a rectangular hyperbola can generally be determined 
from four conditions, and the curve cannot in genei-al be described 
to satisfy a greater number. 

If §Fbe an ordinate of adiameterPCi',, QV-^PV. VI\. 

For in any hyperbola (Prop. 5, p. 165) 

QY" : Pr.yi\ :: GD' : Ci"; 
but ill the rectangular hyperbola CD --= CP, 

.-. qv'^pr . VF,. 

Hints for the solution of particular cases are given in the 
following examples, but as they aie usually simple it has not been 
considered necessary to illustrate thira by figures. 

Given the following data, consti net rectangular hyperbolas ful- 
filling them. 

a. An asymptote and Iolus 

[A lino through flie focus nuking 45" with the asymptote 
meets it in the centre.] 

6. An asymptote LC, a tangent PL and its point of contact 1'. 

[Let the given tangent PL meet the asymptote in L; on it 
make PL^-PL, and draw Lfi perpendicidar to the asymptote 
meeting it in 0, the centre of the curve.] 

c. The centre C, a tangent PT and its point of contact P. 

[From C draw CY perpendicular to PT meeting it in T. 
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Tho transverse axis bisects the angle PCI', and its semi-length C'A 
is a mean proportional between CI" and C'Y.^ 

(I. The centre C and two points F, Q on the cui-ve. 

[Produce PC to p and make Cp = CP, so that Pp is a diameter. 
Describe a circle through the three points P, Q, p. The tangent 
to this circle at Q is parallel to the tangent to tho curve at P, 
which is therefore known.] 

e. The centre C, a tangent iT an 1 a i nt O of the cm-ve, 

[From Q drop a perpendicular (?T on the „ivcii tangent, 
meeting it in JV: bisect QIV in n, and di\ if pirallel to PT. 
A circle passing through C and \ an 1 to clung nt will meet 
PT again in its point of contact.] 

/ Tte centi-e and two tangents PT, QT. 

[Produce TO tit T^ and make OT^^GT; through T, draw 
7"/ parallel to QT and meeting PT in t. CT and Ct will bo the 
directions of a pair of conjugate diameters, which determine the 
asymptotes.] 

ff. A focus F and two points P, Q. 

|_With centre P describe a circle, the radius of which 
■.FP::1: J% 
and with ccatre Q describe a circle, the radius of which 

■.FQ -.-.l : JX 
The directrix will be a common tangent to these two circles.] 

h. A focus F, a tangent PT and its point of contact P. 

[With centre P describe a circle, the radius of which 
: FP ■.■1:J2; 
draw 7'TperpendicnIar to PT meeting it in T. A tangent from 
T to the circle will be the directrix.] 

i. A focus F and two tangents PT, QT. 

[From F draw GY perpendicular to iT meeting it in F; pro- 
duce FY to f, and make Yf= YF. Draw the circle which is the 
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locus of tlie vertex of the triangle on base Ff, and with tlic 
Hides terminating in F and / respectively iu the I'atio of J'2 : 1, 
(Prob. 17, p. 21). This circle is a locus of the second focus. 
Similaily the tangent QT will furnish a second locus, so that the 
second focus must be at ono of the points of intersectioo of the 
two circular loci.] 

h A focuH F, a tangent QT, and a point F. 

[Ftom F draw FY perpendicular to QT, produce it to /, 
and malie Yf 1 F, B, circular locus of the second focus can be 
determined from Ff as in the last example. With P and / as foci 
and with distance between the vertices = ^Z", describe an hyper- 
bola which wiU be a second locus of the second focus, which is 
theiefoie at one of the intersections of the hyperbola and circle.] 

I Ttto tin^ent9 rT,QT s.nA their points of contact P and (?. 

[Bisect PQ in r then TT" is a locus of the centre. On PQ 
desonbe a ie^ment of a circle containing an angle equal to the 
supplement of the angle PTQ ; the segment must be on the same 
side of PQ as 1\ and is then a second locus of the centre, which 
is therefore known.] 

m. Given three points and a tangent. 

[From the three points a fourth can. he determined (p. 189), 
and the curve can be drawn by the general method. Piob. 117, 
p. 187.] 

n. Given four tangents, AB, BG, CD, DA. 

[Draw the circle to which the triangle formed by some three 
of the four tangents is self conjugate (Ex. 18, p. 55); it is a 
locus of the centre. A second locus is the straight line joining 
the points of bisection of the diagonals of the quadrilateral formed 
by the tangents. The centre is therefore known.] 

0. Given two points A, B and two tangents PT, QT. (Fig. 
114.) 

[Let AB meet PT in a and QT in b. Find X tlie centre, 
and 0, Oj the foci of the involution A, B and a, b. The chord of 
E. 13 
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contact of PT and QT will pass through or 0^ , and i£ it p 
tlii-OQgh 0, TO^ will be the polar of and coQvereely, Thr 




draw 02)q perpendicular to AB. On AB make 0A,= OA, and 
Bad OS an harmonic mean between OA^ and OB, let Oq and TO^ 
meet in ^ and join S5. A circle described with its centre on 
OE perpendicular to SK and to pass through A^ and B will cut 
Opq in points f, q of the required curve.] 

p. Given three tangents j15, ^(7, CjI and a points. (Fig, 115.) 
[The circle (centre S, radius SO) to which the given triangle 
ABC is self-conjugate (Ex. IS, p. 55) ia one locus of the centre. 
Bisect AB, BC, CA in e, a, 6 respectively, aud draw BA cutting 
be in L, PB cutting ea in M, and PG cutting ab in N. The conic 
described to touch the sides of the triangle aho in the points 
i.l/iV" (Probs, 81 or HI) is a second locus of the centre. In the 
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fignrfi, the required conic is an ellipse and the circular locus cuts 




it in. the points and 0,, either of which may be talcen as the 
centre. The paints of contact of tlie given tangents are fi, q, r.~\ 



Examples on Chaptees V. akd VI. 

I. Draw an hyperbola, the centre (C), one aaymjitote (_CL) 
and a directrix LL^ being given. 

[Draw the axis GF perpendicular to LL,, meeting it in X. 
The vertex ^ is at a distance CL from 6'.] 

■ 2. Draw an hyperbola, the asymptotes CL, CL^ and the 
(liatance CF of a focus JF being given. 

3. Given the base AB of a triangle and point of contact, F, 
with base of the inscribed circle ; shew that the locus of vertex 
of triangle is an hjjperbola with foci A and B and vertex F. 

4. Shew that the tangent at any point P of an hyperbola 
bisects any straight line perjiendicular to the axis AA , and 
terminated by AP, A^P. 

13—2 
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5. Draw tlie locus of the foci of parabolas passing ttrough 
two fixed points P and. P^ and having their axes parallel to a, 
fixed line AB. 

[The hyperbola de.ierihed with P and P^ as foci and with 
length of transverse axis = Pi/; the side parallel to AB of a 
right-aogled triangle on PP^ as hypotenuse.] 

6. Given the centre C, vertex A, and a tangent PT meeting 
CA in T, describe the hjperlDola, 

[The foot. N of the ordinate o£ the point of contact {P) may- 
be determined from CT -.CA :: CA : CN. F is then known. 
The asymptotes cat off equal distances on PT on each side of P 
and make equal angles with CA (Prob. 19).] 

7. Given the centre G, the axis CT, a tangent PT and its 
point of contact P, draw the hyperbola. (See last example.) 

8. Determine the locus of the intersection of the bisectors of 
the sides of tlie triangle formed by the asymptotes and any 
tangent to a hyperbola. 

[A similar and similarly placed hyperbola with axes reduced 
in ratio 2 : 3.] 

9. Given a focus F, tangent PT and point Q on an hyperbola, 
draw the locus of the second focus. 

[From F draw FY perpendicular to PT meeting it in Y: 
produce FY to / and make Yf= FY. The required locus is the 
hyperbola with foci/and Q, and transverse axis = FQ,^ 

10. Given a line QT and two points P and F. From P draw 
a perpendicular FY to ^2" meeting it in Y, and produce FY to/, 
making Y/= YF. With 2* and / as foci and with PF as the 
distance between the vertices describe an hyperbola. With F 
and any point on this hyperbola as foci describe an ellipse to pass 
through P, and shew that it will touch QT : 

i.e. Given a focus, tangent and point of a conic, the locus of 
the second focus is an hyperbola. 
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n. Given two tangents FT, QT to a i-ectangolar hyperbola 
and tlieir points of contact F, Q. Shew that if QR bo drawn 
perpendicular to FT, and PR to QF, R will be a point on the 



12. la a given ellipse determine the pair of equal conjugate 
diameters. 

[They coincide with asymptotes of hyperbola having the same 



13. Draw tbe loci of tlie points of triscction of a series of 
circular arcs described on the straight line AB. 

[Branches of two hyperbolas having their centres at tlie in- 
ternal points of triaection of AB and asymptotes inclined 60" to 
.xi..] 

14. Given the asymptotes and a point on a directrix, draw 
the hyperbola. 

15. From a given point /* in an hyperbola draw a straight 
line, such that tlie segment intercepted between the other inter- 
section with the hyperbola and a given asymptote shall bo equal 
to a given line. 

[With F aa centre and the length of the given lino as radius 
describe a circle cutting the other asymptote. Either point of 
intersection joined to F gives the line required.] 

16. Given a focus F, and tangent FY to an hyperbola and 
the length 2a of the transverse axis, shew that the locus of the 
Hecoud focus is a circle. 

[From F draw FY perpendicular to FY meeting it in Y ; 
produce FY to / and make Yf= FY. / is the centre and 2a 
the radius of the required circle.] 

17. Shew that any point on the cii-cle through the middle 
points of tlie sides of a triangle AUG may be taken as the centre 
of an equilateral hyperbola passing through A, £ and C. 
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18. If four tangents to an equilateral hyperbola be given, 
shew that either of the limiting points (p. 46) of the system of 
oircles described on the diagonals of the quadrilateral as diameters 
may be taken as the centre of the hyperbola. 

19. Given a focus F, a tangent FT, its point of contact P, 
and the eccentricity, draw tlie conic. 

[From F draw FT perpendicular to FP and meeting FT in T 
which will be a point on the directrix. With P as centre and 

with radius r such that ^— =the given eccentricity, describe a 

circle. Tangents from T to this circle will he positions of the 
directrix. Two solutions are generally possible.] 

30. Draw normals to an ellipse, from a given point P. 

[The normals pass through the intersections of the ellipse with 
the rectangular hyperbola passing through F and the centre of 
the ellipse, and having its asymptotes parallel to the major and 
minor asee at distances respectively 

^^ and-"'" 

a'-¥' a- - b' ' 

whore a and b are the semi-axes and a, (3 the co-ordinates of F.J 

21, Draw normals to an ellipse from a point on the minor 
axis. 

[They will pass through the intersections of the ellipse with 
the circle described through the foci and point.] 
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CHAPTEB Vir. 

RECIPROCAL POLARS AND THE PRINCIPLE OF DUALITY. 

In page 31, it lias been sbewn how fco find the pole of n. 
given line and the polar o£ a given point with regard to a given 
circle, and the principal properties of poles and polars have been 
explained. 

In pages 140 et seq. an extension has heen made to the case of 
an ellipse, and the properties tlieire noticed are applicable to all 



The pole of a hue with legard to any conic heing a point and 
the polai" of a point a line, it follows that any system of points 
and lines can be tiansfoimed into a system of lines and points. 

This pi-oces5 la called j-p iprocation, and it is clear that any 
theorem relating to the original system will have its aniilogue in 
the system foimed by leciprocation. 

Dee. Being given a fixed conic section (2) and any curve (5), 
we can generate another cui-ve (s) as follows; draw any tangent 
to S, and take its pole with regard to 2; the locus of thig pole 
will be a oiirve s, which is called the reciprocal polar of i'^ with 
regard to 2. The conic S with regard to which the pole ifa taken 
is called the auaMiary conic. 

A point (of the reciprocal polar curve s) is said to correspond 
to a line (of the reciprocated figure S) when we mean that the 
point is the pole of the line with regard to the auxUiary conic 2; 
and since it appears from the definition that every point of » is 
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200 EXPLANATION OF METHOD. 

the pole with regard to 2 of some tangent to S, this is brieliy 
expressed by saying that every [joint of s corresponds to some 
tangent of iS". 

Theorem. T/ie point of intersection of two tangents to S will 
correspond to the line joi'mng the corresponding poinlg of e. 

This follows from the property of the conic 2, that the point 
of intersection of any two lines is the pole of the line joining the 
poles of these two lines, (p. 141.) 

Now if the two tangents to S be indefinitely near, then the 
two corresponding points of s will also be indefinitely near, and 
the line joining them will therefore be a tangent to s; and since 
any tangent to -S" intersects the consecutive tangent at its point 
of contact, the above theorem becomes : If any tav^ent to &' cor- 
respond to a point on a, tlie point of contact of tliat tangent to S 
mil correspond to the tangent through the point on s. 

Hence we see that the relation between the curves is reci- 
procal, that is to say, that the curve S might be generated from s 
(through the auxiliary conic) in precisely the same manner tliat 
8 was generated from S. Hence the name "reciprocal polars*." 

Being given then any theorem of position concerning any 

curve 5 (i.e. one not involving tlie magnitudes of lines or angles), 

an th can I d 1 1 concerning the curve s. For example, if 

e tn thAt a nun b r of points connected with tlie figure S 

1 n a h 1 n w know also that the coi-responding lines 

nne ted w tl th fig e s meet in a point (the pole of the line 

tl d t ) and 'ice versd. 

F n ny n h theorem another can be derived by suitably 

interchanging the words "point" and "line," "inscribed" and 
"circumscribed," "locus" acd "envelope," (fee, understanding by 
the term envelope " the curve to which a series of lines drawn 
according to any given rule are tangents." 

The evohUe of a curve, e.g. is the envelope of normals to tiie 
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41tho ^i the a m1 aiy c i c 2 hi liitheito b^eii sj oken ft 
13 aij cimo wiuteve it is mo^t common to make thia conic a 
circle considerable aimphficatiTn being therebj introduced and 
j,eDPra!ly unless the contrary n bpecially mentioned reciprocal 
polais may be nnderetood to be poliia with lejird to i circl" 
It has been shewn ] 31 that the polar of any p>int -with regard 
to a circle is a line perpendiculai to the line jommg the point 
to the centre and conveisely that the pole of any gi%en line with 
I eg id to a irclc IS on the line through the centie perj endicnlai 
tf the gnen line m either c<tee the product of the dis.tancea cf 
the pole AM 1 polar from the centie ben g equal to the squup ot 
the radius so that the polii of a gi^en point i the jole ot a 
giien line with le^aid to a given ciicle may alviys be found 
by meiely dtawmg tangents t that citcle The centie ot thp 
auxiliary circle is frequently called the oriffin. 

The advantage of using a circle for the auxiliary conic chiefly 
arises from the two following theorems, which enahle us to traii!!- 
form by thia method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles. 

Theorem. T/ie distance of any point P from the origin 
is the reovprocal of the iMsta/nce Ot from the origin of iJie cor- 
responding line pt ; 

j.a OP.Ot^^, 
where Ot is perpendicular to pt and r is the radius of the auxiliary 
circle. 

Theorem; Tlie angle TQT^ between any two lines TQ, T^Q 
is equal to the angle subtended at t/ie origiM hy tlie corresponding 
poinis p, p^ ; for Op is perpendicular to TQ and Op, to T, Q. 

Problem 119. To find the polar reciprocal of one circle, 
centre C, radius OA, with regard to another, centre 0, radius OM, 
i.e. to find the locus of the pole p with regard to the circle (0) 
of any tangent PT to the circle C. (Fig. 116.) 

Find MM^ the polar with respect to the auxiliary circle 
(centre 0) of C, the centre of the circle to be reciprocated ; i. e. if 
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S2 ItEGIPROCAL POLAR OF CIRCLE. 

is, as in tlio figure, outside the auxiliary circle, draw CM a 
mgeiit to that circle and draw MM^ perpciidienlar to OC, meet- 




ing it ia X, Draw any tangent PT to (0) ; draw OT perpen- 
dicular to PT, and find the pole p with respect to the auxiliarj' 
circle of FT. Then by definition, 00. OX=r^ = Op.OT, where r 
is the radius of the auxiliary circle, 

i.e. Op : OG :: OX ; OT. 

Trora p draw pN perpendicular to MM^ meeting it in N, and j;)?. 

perpendicular to 00 meeting it in n. Also di-aw OY perpen- 

Then by 



die alar to 


CP meeting it ii 


Y, 


so that OT 


^FY. 


similar triangles Opn, OCT, 










Op : 00 : 


On. 


: CY, 






.-. Op : 00 : 


OX 
nX 


+ 0n : PY-, 
: CP. 


CY 


But 




x=pir. 






.: Op : p 


V :: 


OC : CP; 




but the ratio , is constant 


sine 


« both OC and CI 


distances. 
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HECIPROOAL POLARS AND THE PRINCIPLE OF DUALITY. 203 

Therefore the point f moves so that its distance {Op) frniQ a 
fixed point is in a constant ratio to ita distance (?)iV) from 
a fixed right line MM^; ie. the locus of ^ is a conic section 
of which is a focus, MM^ the corresponding directrix, and 

the eccentricity of which is -^ . The eccentricity is evidently 

greater, less than, or eiiual to unity according as is outside, 
inside, or on the circumference of the reciprocated circle. 

Hence, the polar reciprocal of a circle is a conic section, of 
which the origin is the focus, tlie line con-espondinff to the centre 
is the directrix, and which is an hyperbola, an ellipse, or a pa/ra- 
hola, according as the origin is outside, inside, or on tlie circle. 

The tangents at A and A^, the extremities of the diameter 
through 0, correspond to the verticea at a and a, of the reciprocal 
polar. [In the figure At touches the auxiliary circle and at is 
perpendicular to 0G\ 

The extremities of the latus rectum Z£, correspond to the 
tangents parallel to OC. Therefore OL .CP = r',^l\&ra r is the 
radius of the auxiliary circle. 

The centre of the reciprocal conic i** the pole with respect to 
(0) of the polir of with respect to (t7) i e if is outside ((?) 
it IS the 1. le of the chord of contact of tai gents fiom to the 
circle {C) and m that case the asymptotes aie perpendiLulai to 
these tangents. Of couise if is insile (' ) leal tangents fioni 
it U (C) cannot be diawn, and consequently the ellii^e hds no 



Conversely of couise the leupiocal of a (onic ecticn ■«ith 
regard to a circle whicli has one of the t ci toi its centie is ■* 
circle with its centiu at the pole of the coirespondm^j dutctii\ 
and (jf ladiiia (JS) such that the i itio H di tance betw cen ita 
centip aa 1 the focus is the eccentricity of the conic 

The above important property enables us to deduce fmm any 
property of a circle, a corresponding jiroperty of a conic, and 
since the proof of the existence of the relation in the circle will 
usually be much simpler than a direct jiruof of the corresponding 
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204 PROPERTIES OF CONICS FROM CIRCLE. 

relation in the conic, the metliod is frequently of great value. It 
■will Eooii be found that the operation of forming the reciprocal 
theorem will reduce itself to a mere mechanical process of inter- 
changing the words "point" and " liae," "inscribed" and "cir- 
cumscribed," "locus" and "envelope," &c., as has been already 
noticed ; b\rt the raethud also furnishes admirable examples and 
tests of draughtsmanship, and the actual construction of reciprocal 
figures should I think be much more largely practised than it is. 

Of course a little care is required in taking the original circles 
so that the resulting conic may be of convenient proportions, but 
a very little practice will enable this to be done and there ia no 
real difficulty in tlie construction itself. 

A convenient ratio for the eccentricity of an ellipse is one not 

yliff tfmSiwh'h til i bt,k '1 

f th t f tl -adi f tl 1 to b 1 t d t th 

d ta f th 21 f t t and th 1 1 



h Id tl b tak 
1 tw th p 1 f th 
m te tl h th 

nt Tl PI 
t any as m d i 
d p d t ly 


f h adi 
ta ^ t t th 
th 1 gth 
mt p t 
ly Th 
th d f tl 


to 1 g th 1 oil 
t mit f th dia 
f th m J XI 
f thes p ! 1 t ly 
f tl pi 
I y irl 


1 W ] ^ th 


n 


tl h 


11 t t tl f 1 


The 
If 1 1 f 1 




If t 





th t tl te 1 1 1 1 

i 1 t a t bte 1 

gl t th foe th 1 

ters t f th m Tl g 

,. a CO 10 haying the same ; 



C is the ccntip of the ciiole, M the fixed point on it, and I'F, 
the chord which nioM.'i so that the iiigle FMP^ is constant, and 
which theicfore alftxjs touches a cin-le described with centre C. 
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RECIPROCAL POLAES AND THE PEINCIPLE OF DUALITY. 205 

F is the centre of the auxiliary circle, and since it is taken inside 
the circle ((7) the reciprocal polar of this circle will be an ellipse. 
Find K the point corresponding to the line MP, i.e. the pole 




of MP with respect to the auxiliary circle, (ia other words draw 
Fm. perpendicular to MP meeting it in m,, dravj mt a tangent to 
the auxiliary circle touching it in t and draw tK perpendicular to 
Fm, meeting it in K); find L the poiat con'esponding to MP^, 
i.e. the pole of MP^ with respect to the auxiliary circle, (iii other 
words, since MP^ cuts the auxiliary circle, draw a tangent at one 
of the points of intersection meeting FL drawn perpendicular to 
MP^ in L); then the line KL corresponds to the point M, and will 
therefore be a fixed tangent to the reciprocal conic. 

Find Q the point corresponding to the line -P/*,, then the line 
KQ corresponds to the moving point P, and the line LQ to the 
moving point P,, and these lines are therefore moving tangeats 
to the reciprocal coaic, intercepting on the fixed tangent a length 
KL which subtends a constaat angle at F, for since FK is per- 
pendicular to MP and FL to MP^ , the angle EFL is equal to 
the angle PMP^ which by supposition is constant. 
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EXAJrPLES. 



Lastly, since Q corresponds to PF^ which is a tangent to a 
circle centre C, the locus o£ Q must be the polar reciprocal of this 
circle, and is therefore a conic with focus F and the polar of C 
for directrix, i.e. a conic with the same focus and directrix as the 
polar reciprocal of the circle MPP^ . 

Aa in the figure F lies outside the circle to which FP^ is a 
tangent, the locus of § ia a hyperbola, the vertices of which are 
the poles of the tangents at A and jIj, the ends of tlio diameter 
through the origin F. 



Examples on 


Chapter VII. 


Bolow are given in paijllelcolunjui some exiniplos of lecipio al 
theorems : 


1. The angles in Iho ham« 'e^ 


If a, mo^eablB tangent of a come 


meat oi a circle are eiuil 


meet two fiied tanf^ents the mtm 




ccitf-J poition Eubleuds a constant 




angln at thn foous 


9. Two of the common iaagents 


If two comes lia^e the ■lame 


o£ two eiiual oiroles are panlld 


foous and equal laiura recti, tbe 




Btriiijlit hue jominK two of their 




commoG pomts passes through the 



3. If a. circle be msenbea m a 
triangle, the lines joining the Tfirticea 
with the points of contact meet m a 

i. If twoohordsliedra'i'n &oma 
fiaed point on a circle at right angles 
to each other, the line joining their 
ends passes through the centre. 

5. Any two tangents to a circle 
make equal angles with their chord 
of contact. 

6. If two chords at right angles 
to each other ba drawn Ihtoagii a 
fixed point on a circle, the line join- 
ing their extremities passes through 
the centre. 



If a tnangle be inscnbed m a 
eonio the tangents at the vertices 
meet the opposite sides in thrta 
points lying in a straight Ime 

It two tangents of a come move 
so that the intercepted portion of a 
fixed tangent subtends a right angle 
at the foous, the two moveable tan- 
gents meet in the direotris. 

The Una drawn from the foous to 
the intersection of two tangents bi- 
sects the angle snhtended at the focns 
by their chord of contanit. 

The locus of the intersection of 
tangents to a parabola which cut at 
tight angles is the directrix. 
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[Take tlio fixed point on. the circle as the centre of the auxiliary 
circle, and the circle reciprocates into a parabola.] 



7. The envelope of a ctord of a 
cirele wMch Bubtends a given angle 
at a given point on tlie circle is a 

8. The rectangle under the seg- 
ments of any chord of 
through a fixetl point is eoi 

p k th h Ip 



TliB loous of the intersection of 

tangenta to a parabola, which cat 

at a given angle, is a eonio having 

the same fosus and the same directrix. 

The rectangle under the perpen- 

lircle dicnlars let fall from the foeua on 

t. ttvo parallel tangents is constant. 



f 



! 



1 ] 



qusl ql ^ th 9 ed t 
Irn th pi f th ircl 

h 1 bt d d by th «e 1 
1 HI 

10 Th 1 t f yt 1 
t ir 1 mt ceptel b t 



1 hn d t g t Jit hn 

fix d tra ght 1 p 
li fch th f ifl 



Th po t 
oept i b tw 



fth d t 
h 1 1 V 
fOL 1 h 

t f th or 
gl tth f 



11. Shew that the polar reciprocal of a parabola with respect 
to a circle having any point (S) of the directrix as centre is an 
eqiiilateral hyperbola. 

[Draw the tangents to the parabola from the point S, which 
will be at right angles to each other since S is on the directrix. 
The reciprocals of their points of contact will be asymptotes to 
the reciprocal curve, because their points of contact (the poles 
of the taugeuts) are at an infinite diatanca The tangents at the 
vertices can easily be drawn, since they are the polars of the 
points in which a line through S parallel to the bisector of the 
angle between the asymptotes meets the parabola.] 

12. Given three points A, B and C, on a pai'abola, and a 
point L on the directrix, draw the curve. 

[If the three points are reciprocated with inspect to a circle 
Jesci-ibed with cootvo L, and a rectangular hyperbola described 
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passing through L and having the polara nf A, B and C for 
tangents (Ex, p, p. 194), any point on the liypei-bola when reci- 
procated with respect to the same circle becomea a tangent to 
the parabola.] 

13. If a conic be inscribed in a qnadrUateral, shew that the 
angles subtended at a focus by the pairs of opposite sides ai-e 
together equal to two right angles. 

[Keciprocate the weU-koown theorem : Tho opposite angles of 
any quadrilateral inscribed in a circle aie equal to two right 
angles.] 

14. With the centre of perpendiculara of a triangle as fomia 
are described two conies, one touching the sides and the other 
passing through the feet of the pei-pendicnlars; prove that these 
conies will touch each other, and that their point of contact will 
lie on the conic which touches the sides of the triangle at the 
feet of the perpendiculars. 

15. An hyperbola is its own reciprocal with I'espect to either 
circle which touches both branches of the hyperbola and inter- 
cepts on tlie transverse axis a length ei[ual to the conjugate 
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CHAPTER VIII. 

ANHAEMONIC KATIO AND ANHAEMONIC PROPERTIES 
OP COMICS. 

Application of the stjni + and — to determine tJie direction of 
segnients of a right line 

If A, B are two points a stra f,ht line and it ia necessary to 
discriminate ■whether tl 1 tl iB s to be measured from A 
to B or from j5 to J, it may b d n Ly calling the one direction 
positive and tho other n g,at th tarting point in. each case 
being called the origin. 

Regard being paid to this convention we may evidently say 

AB-^-BA or AB + BA^O, 

and an obvious interpretation of this equation is tliat if we go 

from A to B and back agaia from B to A we are finally at aero 

distance from the starting point. 

The same thing is evidently true of any number o£ segments; 
for if we take three points A, B, C in any order in a straight line 
and travel from A to B, then from B to C, and finally fi-om to A, 
we arrive at the point we started from, and really perform the 
operation expressed by the equation 

AB + BC + CA^. 0. 
Since — CA =AC, this may also be written 
AB + BG = AC. 

When the position of a point A is determined by its distance 
from an origin 0, if wo wish' to refer it to another origin 0, 
anywhere on the line through and A, we caa always take 
OA = 0,A-0,0, 
i:. 14 
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for this is identical witli the equation 

OA-O^A + 0^0 = 0, 
and, since -O^A=AO^, with 

OA+A0^ + Ofi = 0. 

TJie diff&rew^ of trmo segments OA, OB of a straight line with 
a common origin is always equal to BA, wliatever may he the 
■magnitudes <md directions of the segments. 

I'or the equation OA-OB = BA 
is identical with OA+AB-\-BO = 0. 

If a is t/ie middle point of a segment Aa and M any point on 
the line tlvroiigh Aa, 

for between tlic three points M, a, A the relation holds 
Ma + aA + AM = 0, 
Mu. + aA= MA. 
Similarly Ma + a« = 3fa ; 

therefore, adding these equations and remembering that aA=- aa, 
since a is midway between A and a, 

, r MA + Ma 

*"— 2— ; 

also, multiplying together the right and left-liand members, we get 
MA .Ma = lKV + Mo. {aA + aa) + o.A.ati. 

Let A, B, C, D be four points in a straight line, then the ratio 
of the distances of one point A from two others B and D, divided 
by the ratio of the distances of the remaining point from the 
same two (B and B), is called the Anharmonio Eatio of the range 
A, B, C, I)\ i.e. the anharmonic ratio of the range ABGB is the 
numerical value of the expression — y. -^ -^, which may also bo 
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ANHARMONIC PROPERTIES OF CONICS. 

' -tt;- 77^ v'- ^-S-CiJ : CB.AD. The sign of 
AD CJi ° 

will depend on the aigna of the segments of ■which it ia 

those which are measured in, one direction being considered poai 

tive and those measured in the opposite direction negative. 

Thus, if the four points are in the order from left to righ 

ABCD, the thi'ee tei-ms AB, CD and AD in the above ratio ar 

positive and the term CB is negative; and the ratio itself i 



Since four points in a straight line taken in paira give six 
segments, there are really six anharmonii: ratios corresponding to 
any range, three of which however are merely the inverse values 
of the remaining three. Thus instead of taking the ratio of the 
distances of A from B and D and dividing by the ratio of the 
distances of G from B and D, we might take the ratio of the dis- 
tances of A from C and D and divide by tlie ratio of the distances 
of B from C and D, giving the expression 

AC_ _BC_ AC BD 

AB'^ BU' °^ AD'~BC' 
and in this case if the points are in the order ABCD all the seg- 
ments are of the aame sign and the ratio ia positive. 

Again, we might take the ratio of the distances of A from B 
and C and divide by the ratio of the distances of D from B and C, 
giving the expression 

AB BB AB DC^ 

AC^'DC' *"^ AC' DB' 
where two of the segments are of the same sign and two of- oppo- 
site sign, so that the ratio is again positive. 

In the above ratios the same point A has been associated suc- 
cessively with the tJiree remaining C, B, D. In the first A and C 
may be said to be conjugate points, in the second A and B, and 
in the third A and D. 

Of the three fundamental ratios formed as above, two are 
always positive and one negative, whatever the order of the points. 

14—2 
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212 HATIO OF A PENCIL IS CONSTANT. 

Besides these tliere are the three inverse ratios 
AD ^GD AB BD -^^^ 
AB ' CM' AC '^ BV' AB DB' 
It is of coui«e necessary to retain throughout any investigH 
the particular order adopted at its commencement. 

The anharmonic ratio of the range A, B, C, D is denote 
{ABGD\. 

If the anharmonic ratio of a range =-1, the segments 
in harmonic progression; for i£ the points occui' in the c 



AGBJ) and . ,; ^-ttf, = -^1 '«'« ^^^.ve 
AD BD 

AC __BG ^CB 

AD ~ BD^ BD ' 
since BC and CB are measured in opposite directions, and there- 
fore of course the three segments AC, A3, AD are such that 
the first : the third : : difierence between first and second : difi'er- 
ence between second and third. If one of the points (D suppose) 

is at an infinite distance, the anhannonic ratio -r-fi"="^rr. reduces 
' AD BD 

to the simple ratio -^-=,, lor it may be written -=7-=^ -^ j,,^! s'"! -^D 

is ultimately equal to BD. 

!Prop. 1, If /our fixed straight lines which vieef in he cut 
by any trmisversal in tiie points A, B, C, D {fig. 118), then, will 
{ABCD} he constant 

Draw the straight line aBc parallel to OD, and meeting OA, 
OG in a and e. 

Then AB : AD :: aB : OD by similar triangles. 
Similarly, CD : GB :: OD : cB „ „ 

therefore AB .CD : AD .GB v. aB : cB, 

A3 CB aB 
°^ AD ■ CD ~ cB ' 

but — j; is a constant ratio for all positions of ac parallel to OD, 
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tlierofore -— n -^ ;ttt i wliich ia the anharm 
AJJ CI) 

points A, B, G, D, is also constant. 



; ratio of the foui- 




Def. a bundle of lines drawn, through one point is called 
a ji^ncil of rays, ox shortly a 'pencil. 

The anJiarmonio ratio of a pencil of four rays is the anhar- 
monic ratio of the range in which its rays are intersected by any 
transversal. 

Pencils and ranges are said to he eqtml when their anharmonio 
ratios are equal, corresponding lines and poicts being taken for 
the comparison. 

Equiangular pencils are evidently equal. 

The anharmonio ratio of a pencil is denoted by 0{ABCD}-, 
being the vertex and OA, OB, 00, OD the rays of the pencil. 

Prop. 3. The transversal ■may cut the rays of the pencil on 
eitlier aide of t!ie vertex. 

For if, in the preceding article a transversal is drawn throngh 
B, cutting OA in J„ 00 in 6',, and 01) in iJ„ where iJ, lies in 
DO produced, then, exactly as before, 

A^B : A^D^ :: aB : OB,, 
and Cfi^ : C,B :: OD^ : cB; 

therefore ^ : OJ)'cB~ AD ' CD' 
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PROPERTIES OF TRANSVERSALS. 

:, BO jii-oduced ii 



i5, 



If a transversa.1 meet AO produced 

CO produced in y, and DO in 8, 

{A£CJ)} = {a^y&\. 

If a transversal be drawn parallel to one of the rays of the 

pencil (OC) suppose, meeting the other raya in a, b, d, we have as 

inharmonic lutio of the range abed, where c is 

_- _„ ^'^^ 

™' ad ' """"' '" ""'"'"^"'^^'' - AD ' CD' 



befoi-e for the 



which is therefore = 

—1; therefore ah-- 






i i}i6 anhwrmonia ratio \ of fowf points, 
in in position, to determine the fourth 



the centre point of hd. 

Problem 120. Gim 
three of which are git 
(Fig- 119). 

Suppose that the three points A, C, and D of the anharmonic 

ratio -TT}'^ r'7)~^ *™ given and the point fi requii-ed. ThrongU 
A draw any line and on it set off from A segments Aa, An' which 




are to each other in the ratio X : the segments mnst be taken on 
the same side of j1 if A is positive, and on opposite sides (as in 
figure) if it is negative. Draw aC and a'D meeting in b, and 
draw bB parallel to Aa meeting the ImeAOB in £, which will he 
the required fourth point of the range ; for hy similar triangles we 



AG 






AD Aa' 



' AD ■ JW Aa' 
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the ratio being negative, since AC, AD and BD are measured in 
one direction and JIC in the opposite. 

The same construction determines the points C or iJ if the 
points A, B, D or A, B, C and the ratio xn"^ IJn = ^ ^^® given. 
To determine G, e.g. draw B!> parallel to Aa meeting a'D in b, and 
draw ab to meet AB in C. 

If the points B, G, D are given, the given anharmonic ratio 
may be written -^-^ 4- -— ^ = K ^^^ ^^^ construction may be made 
by substituting the point B for the point A ; by drawing, i.e. 
througL. the point B any line and setting off on it from B seg- 
ments Bb', Bb in the ratio A, and joining 6' to D and b to G. 

If X, instead of being a number positive or negative, is the 
ratio of two lines of given length, these lengths may themselves 
be set off from Ata a and a', on the same or on opposite sides of A 
according as the ratio is positive or negative. 

Pkop. 3. If A, B, G, D are four points in a etraiffht line, 
then AB .CD + AC .DB + AD .BC = 0, tlie general nth of signs 
being observed (Fig. 130). 

Divide by AB . CD, and the equation becomes 

•^£^ P^ ^^ 1^ - 
AB ■ I)B^ AJi ' VB~ ' 




lines OA, OB, DC, OB, being .iiiy point, and 
ersal parallel to OD meeting OA, OB, OG in a,b,c; 
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^^ AB ■ DJS~ab' 

MA ''DA.~ba.~Ali'' Cli' 
that the above equation may be ^vritteii 



ac cb 



or ac + cb-i-ha = 0, 

which is always tt'iie. 

The above equation ia formed by multiplying each teroi of the 
identity £0 + CD + DB^O by the distance of A from the re- 
maining point, the first term BO by AD, the second CD by AB, 
and the third DB by AC. 

Pkop. 4. /f the anharmonie ratios of two systems of four 
faints A, B, C, D cmd a, b, o, d ttdcen. on two straight lima and 
corresponding each to eaclt are equal, and (lie lines are so placed 
that two homologous points A amd a coincide, the three straight 
lines joining thn remaining pairs of /tornologous points mil meet in 
apoint (Fig. 121). 

For if not, let Bb and C'e meet in 0, and let OD meet the lino 
ao in d^ : the pencil 0,ABGD is met by two transversals AD 




and ad^f and therefore the imliarmonic ratio 
AB^DB _ah^d,h 
'AC ' DG "«c"^'(/'c ' 
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but by hypothesis 



AB DB ah db 



therefore 



db^dfi 



which ia 



sible unless d and d i 



Two lines divided so that the anharmonic ratio of any four 
points on tlie one is equal to the anharmonic ratio of the four 
corresponding pointe on the other are said to be divided honio- 
'jrwphieolly. 

Prop. 5. If the anharmonic ratios of two pencils of four ray-i, 
corresponding eaeh to each, are equal, am.d the panoils are so 'placed 
iJtat two corresponding lines coincide in directimi, the tlia-ee points 
of intersection of the reniaining homologous rays lie on a straight 
line (Fig. 122). 

Let and 0^ be the vertices of the pencils, the ray OA of the 
one coinciding in direction with tlie ray Oa of the other, and let the 




homologous raya OB, Ofi meet in h, and OC, O^c in c ; the straight 
line be will pass througJi the point d where OD intersects O^d, 
for if not, let it meet OD in D and O^d in d^ ; then, since the 
anhaiTHonic ratios of the two pencils are equal, we have 

ac ■ De^ac'^rf^ ' 
which is impossible unless rf, and D coincide. 

Two pencils such that the anharmonic ratio of any four rays 
of the one is equal to the anharmonic ratio of the corresi»onding 
four rajs of the other are said to be homogrophic. 
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Problem 121. Given any mimher of points A, B, C, D, E... 
on a straight Ujie, and any t}iree correspondirtg points (as a, b, e) 
on a second line, to complete tlie homogra^tic division of tlte second 
line (Fig. 121). 

Place the lines at any angle with each other and with two 
corresponding points (as A and a) coinciding. Let the lines 
joining the remaining pairs of corresponding points (Bb and Cc) 
meet in 0, then the lines OB, OB...&C. will meet the second 
line in d, c, Ac, the required points of homogr&|ihic division. 

The construction is obvious from the known property of the 
transversals of a pencil of rays. 

It follows conversely that if a pencil of rays intersect any two 

lines in points fi, 6; C,c the lines are divided homographically, 

and that the point A in which the two lines intersect is its own 
homologue in both divisions. 

Problem 122. Given, a pe^ieil of rays .ABODE. .. and 
any tJt/ree corresponding rays 0^ . aic of a second pencil, to com- 
plete tJie second pmicU so t/iat the two shall be }tom,ographic 
(Bg. 132). 

Place the pencils so that two corresponding rays (OA, O^a sup- 
pose) shall be coincident in direction, let the homologous rays in- 
tersect in 6 and c ; the straight line 6c will intersect the remaiuing 
rays of the given pencil in points on tlie required conipleting rays 
of the second. The coustmction is obvious from the known pro- 
perty of a transversal. 

Conversely, when the corresponding rays of two pencils inter- 
sect in points on a straight line, the pencils are horaographic, and 
the line 00, joining the centres is common to both pencils and is 
coincident with its own homologue. 

Prop. 6. If A, B, C, T) are four points on ilie circumference of 
a circle, and from any point on the circumference Uie pencil 
. ABC D is drawn, f/ie <mhar7fionic ratio of this pencil is constant. 

For if Oi is any other point on the eircumference the pencil 
0, . ABCD is equiangular with the pencil . ABCD. 
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Prop. 7. If four fixed ta-ngents to a circle are met by any 
vwriable tangent in A, B, C, D, tite ai Jtarmonic ratio of this rmtge 
ia constant. 

For the angles which the four points subtend at the centre are 
constant, and therefore the ranges are transversals of equiangular 
pencils. 

If we reciprocate these theorems (Prob. 119), the four fixed 
points in the first correspond to four fixed tangents to a conic, the 
variable point corresponds to a variable tangent, the lines OA , 
OB, &c. correspond to the points a, b, o, d in which the variable tan- 
gent cuts the fixed tangents; and since points corresponding to 
lines lie on lines through the centre of the auxiliary circle perpen- 
dicular to the lines to which they correspond, the pencil formed by 
joining «, b, c, d to the centre of the auxiliary circle is equjangulur 
with the pencil . ASCD, i.e. the anharmouic ratio of the range 
(Acd is constant. 

Prop, S. The reei^ocol theorem to Prop. 6 thtir^ore is "T/te 
anJiarmoiiie ratio of t/ie points in which four fixed tangents to a 
oonie cut any variable tangent is constant." 

Prop. 9. By exactly similoir reasoning the reeijjroeal theorem 
to Prop. 7m" The anharmonac ratio of the pencil fonned by joining 
any four fixed points on a eonio to a variahlefifth is constant," 

If the reciprocal figures be drawn, by observing the angles 
which correspond to the constant angles in the circle, it will 
be seen that the angles which the four points of the variable 
tangent in the first theorem subtend at either focus are constant ; 
and that the angles are constant which are subtended at the 
focus by the four points in which the inscribed pencil meets the 
director in the second theorem. 

HOH0OB*PHIC RANGES IN THE SAME STSAIGHT LINE. DOUBLE 
POINTS. 

"When two lines divided homographically are superposed, there 
exist, in general, two points, each of which considered aa he- 
longing to the first division coincides with its homologue in the 
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DOUBLE POIMTS. 



aecond divifiiou. They may be called double points, since each 
represents two coincident homologous points. The double points 
may become imaginary. 

Let A, B, C, D... (fig. 123) be any points on a etraigbt line, S 
any point, and AJ a line through A making any angle with 
AD, and meeting SB, SC, Ac. in §, y... respectively. 




The ranges AliCB... and A/3yi... are of course homogmphic, 
and if the second range be rotated round A till it coincides in 
direction with AD, the point A, considered as belonging to the 
lirst diyiaion, will evidently coincide with its own homologue in 
the second division, as will also the point L determined by drawing 
S£ perpendicular to the line bisecting the angle DAJ. 

Two homographic ranges in the same straight line formed as 
above possess therefore two double points. 

Instead however of the two ranges heing formed merely by 
the rotation of the second about A, the second may in addition 
be moved along AD into any position to the right or left, 
bringing (as in the figure) the point corresponding to il to «, 
ji to b, y to c... In this case also two double points in general 
exist, which may be thus found : — 

ProbIiEM 123. Giventwohomographic ranges ABCD..., ahcd... 
ill the same straight line, to detevmi/ie the double points (Fig. 124). 

Draw any circle whatever, and from any point M on it draw 
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MA, MB, MG cutting tlie circnmferenoe in A^, B^, C^, and dra 
Ma, Mb, Mo cutting the circumference in a,, 61, c^. 



Braw Afi,, Bfi-, intersecting in K^ and j1,c, , C,(i, intersecting 
in i, and draw KL cutting the circumference in P and /", . Tbc 
lines MP, MP^ will cut Aa, in the required double points J 

For {ABCJ\ 

= M{A,Bfi,P\ = a,{A,B,C,P) (Prop. 6.) 

= {NKLP\, 
where H' is the point of intersection of KL and Afi^ 
and \abcJ] ^ M {a,\c,P] = A, [a^c^P] 

= {NKLP\, 
i.e. the point /, considered aa belonging to the first range, coin- 
cides witik its own homologue in the second and is therefore a 
double point Similarly for the point >/, , 

It will be seen that the line PP^ is a Pascal line (Prob. 86) in 
the circle, for C,6, and B^e, intersect on it. 

The double points may also be determined thus: — On Ab, 
Ba, as chorda describe two circles passing also through any 
arbitrary point (r and intersecting again in 6^, on Ac, Co, as 
chords describe circles passing through G and intersecting again. 
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in (?„. The cii-cle tlirough ff, (?„ G^ passes also tlirougli the required 
double points of tlie ranges, 

A tliiixl construction for tte double points is sliewninfig. 123. 
TLroiigli A, any point of the first range, draw AJ, a line making 
any angle with the given line. On it make A^ = ab, Ay — ac, 
where a, h, c are tLe points of the second range corresponding to 
the points A, £, C of the first. Draw £I3, Cy intersecting in tf. 
Through S draw SJ parallel to AO meeting A J in J, so that J is 
the point on the range A^y ... corresponding to an infinitely dis- 
tant point on the range jlfiC... ; and draw 57 parallel to ji.7, so that 
7 is the point on the range ABC... corresponding to an infinitely 
distant point on tlie range ji/3y.... Make aJ-^ on the superposed 
ranges — AJ, so that the range A^y... 7" is identical with the range 
aba ... J,. Bisect 77, in 0, which will be equidistant from 
the required double points. Find the point 0, on the range ahc. . . 
corresponding to the i)oint considered as belonging to the range 
ABC-., [i.e. join SO cutting AJ in o, and make aO^~Ao]. 
Then the mean proportional between 00, and 0/, will be the 
distance from of the required double points F and Q. 

On page 17 a system of pairs of points on a straight line 
such that XA.Xa = JiB.J^b = XG..YG=...=XP' = XQ' was 
defined as a system in Involution, any two corresponding points 
such as A, a being called conjugate points, the point X the centre, 
and the points F and Q the foci of the involution. 

pEQp. 10. W/ten three pairs of conjiigate points are in invo- 
lution, the cm/iarmonic ratio of any four of the points is eqiMl to 
the ankarmonic ratio of tlieir four conjugates, i. e. faking any four 
A, B, C, a and their four coryugates a, b, e, A, 

AB aB _ ab Ab 

~AG^~aC~'^c^Ac' 
for if is the centre of the involution. 

OA : OB :: Ob : Oa, 
.-. OA-OB :0B :: Ob-Oa : Oa, 
or AB : ah :: OB : Oa, 
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and OA+Oh: Oh ■.-.OB + Oa: Oa ■ 

.: Ab : aB :: Oh : Oa, 
. AB.A b OB.Ob OA 
ab . aB Oa' Oa ' 

_,..,, ^ AC. Ac OA AB.Ab 

SiinilArly of course tt-= -7— = — , ,, , 

•' ac.aU Oa ah.aB 

• -AS.A b _ab.a71 

AG . Ao ab. a(J ' 

which may lie written 

£B_^«B_«S ^Ab 

AC'^^'m^Ac' 

ivliicli proves tiie proposition. 

A series of points in involution consists of two homographio 

ranges, the directions of which coincide, and in which to any 

point whatever M of the line the same point in corresponds, 

whether M he considered as belonging to the first or second system. 

For consider M as belonging to the range ABC..., 

and «» „ „ abc...; 

then, since the ranges are homographic, 

MA^GA^ma oa 

MB ' Vh ~ mb ' cb ' 

If they are also in involution we must be able to interchange m 

and j¥, i.e. considering M as belonging to the range abc... and 

m as belonging to the range ABC..., we mviab have 

3fa ^ca ^mA CA 

Mb "'^"mB'^ OB ' 

Dividing each term of the first eijiiation by the opposing term of 

the second, 

MA mA _ma ^ Ma 

MB'^mB~mb ' Mb' 

i.e. the aiihamionio ratio of the four points M, A, B, m is eqnal 

to the anharmonic ratio of their four conjugates m, a, h, M, or 

thy points are in involution. 
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Peop. n. It is always possible to superimpose two homogra2)hic 
ranges, so that the two divisions sJudl he in involution. 

For it has beea sbevra (p. 220) that two pairs of corres ponding 
points can be found equidistant from each other, by drawing viz. 
through S (fig, 123) a line LI perpendicular to the line bisecting 
the angle between the ranges when the second is placed at any 
angle with the first and with two corresponding points A, a at the 
intersection ■ the pairs of points A L and a I are then equidistant. 
Tinowthetw ran^eaaes ]e n poael w ththepomt aeo nciding 
V th tl e p nt Z ad the poi t J co nc ding v tl the joint A 
(iig l^S ) tl e two ranges wil! 1 e volut on 

Tl e foe {f 1 ) are p nts at wl cl pa rs of conj igate poinis 
CO nc de and their ex ^tence s only possible vhen tl e po nts of 
a y nj gate pa n tl n olut n are both o tl e t>a ue side of 
the centre 

Thus f the po nts e ii tl u or 1 r .Jfi i< the ce tre A" 
nusfc fall bet ee 5 anl a o ie tl afc the p od ctg Xi.Xa 
and \B \b may la e tie same s gn and th fc s gn will be 
pgat e ce the aeoment^ i ea h of the p o 1 ts ire n easured 
m opi o to lirect ons b t a sjuare lunle al ys positive, 
an 1 the -efo e no foe ex st 

If th ee segments Aa £6 r' are in in ol t and o e over- 
laps (as above) another, i.e. if the points are in the order ABab, 
it will also overlap the third. This is evident if we consider that 
if C lies to the left of X, and XC is greater than XA, a must be 
on the opposite side of X, and Xc must be less than Xa and vice 
versS, and similarly with regard to Bb. 

Conversely, if the segment Aa does not overlap Bb, it cannot 
overlap Ce, nor can Bb and Cc overlap. 

The centre X forms with any two pairs of points A, a and B, b 
an involution in which the conjugate to the centre is at an infinite 
distance, for if a; is conjugate to X, the anhannonic ratio of the 
four points XABx - the tmharmonic ratio of the four conjugate 
points xabX, 

XA xA axt Xa 
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, ^ XA Xh , ,, - a:5 ica 

but -— - = ^- , and tlierefore —,- ^r. 

An Xo, xA mo 

a osA . xa~ xB . xh (a). 

Now X caMtiot lie betweeo b and A because the segment Xx 
mnist overlap both Aa and Bh, Le. x must lie either to the right 
of 6 or to the left oi A ; it it lies to the right of h the segment xa 
is greater than the segment xb anil the segment xA is greater 
than the segment xB, and therefore the equation (a) cannot hold 
unless x is at an infinite distance, in which case the segments 
xA, xa, xB, xb are ultimately equal. 

Similarly x cannot lie to the left of A except at an infinite 
distance, and similar reasoning applies to points in the position 
shewn in figs. 12 and 13. 

PkOP. 12, If on two segments Aa, Bh of a right line as 
ehorda, any two arcs of ci/rcles are described, their cominon chord 
passes through t!ie centre X of the involution A, a and B, b (Fig. 
125). 

For XA . Xa = XG . Xg = XB . Xh. 



If the segments overlap as in the above figure, they may he 
taken as diampters of the intersecting circles, and the chord Qg 
will be peipendiculai to the line AaBb. If the points are situated 
as m hgs 12 ami 13 circles described on Aa and Bb as diameters 
will not interseut m leal points, but the centre Xwill lie on the 
radical axis of the two circles. 

E, 15 
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If a tliird circle be described passing tKroiigh the points Gy 
and cutting Ab in the points M, in (fig. 125) it follows, since 

XM . Xm = XG .Xg = XA.Xa= XB . Xb, 
tlint M and m are another pair of conjugate points in the in- 
volution. 

The same is evidently true of any line cutting the ciixjumfer- 
ences of alt three circles, and we have the important proposition : — 

If three circles pass through tioo given points, am/y straight line 
meeting tite droles does so in a series of points in involution, the 
two points on tJte same circle being conjugate. 

When the three cii-clea described on three segments in in- 
volution as diameters intersect, straight lines drawn froru either 
of the points of interaectioD to the ends of each segment are 
perpendicular to each other; it follows, that uihen three segments 
of a straight line are in involution, two points (real or imaginary) 
exist, at each of which each segment subtends a right angle ; and con- 
versely, that if a rig/U-angled triangle turns round f/iat angular 
point as centre, the segments wMch it intercepts on 'a fixed right 
lime in any three of its positions Jiave tlieir extremities in iweohttion. 

Pkobi^M 124. Given A, a a/nd B, h, two pairs of conjugate 
points, andC a fifth point oftheinvolviion, to determine c the point 
conjugate to C. 

Through any arbitrary point G describe segments of circles 
having Aa, M as chords ; they will intersect in a second point g. 
and a circle described through the three points G, g and C will 
intersect AG in c, the required conjugate point. 

Or thus : — Take any arbitrary point G and draw 6A, GB, GO; 
draw any triangle with its vertices on these lines and two of its sides 
passing through a, b. The remaining side will pass through c. 

If the point C he at infinity, the same method will give ns the 
centre of the system. 

The construction for this case is, "Through A, £ draiv any 
pair of pai-allels Ah, Bk, and through a, b &. different pair of 
parallels «A, bh; then !ik will pass through the centi-e of the 
i^ystem." 
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Prop. 13. Jf Aa, Bb, Cc are wny ilvem fixed segments of a 
straight line, and a, ^, -y their centre points, and if mis any point 
on the lirte, the function m,A .ma. fiy + viB . wh . ya + m.G . mc. a^fl 
is of eonstwnt v(diie whatever the position of m, t!ie general rule of 
signs being observed. 

Take M any other point on the line, then {p. 209) 

fiiA = MA — Mm., ma = Ma - Mm; 

.-. mA .ma- MA . Ma- {MA -^ Ma) Mm + Mm? 

= MA.Ma- 2Ma . Mm + Mm', 

and mB . 7ni ^ MB . Mb - 'IM^ . Mm + Mm', 

and mC.me=MO. Me - 2My . Mm + Mm\ 

Multiply tliese equations by ^Sy, ya and a^ respectively, then 
since (p. 209) (iy + ya + a^^ 0, 

and {prop. 3) Ma. ^y-i- M^ . ya + My .a^ = 0, 
we get mA .ma.^y + rnB .mh.ya+ mC .mc.a^ 

- MA . Ma .^y + MB. Mb . ya + MG . Me . o/3, 
"wliich proves the proposition. 

Prop. 14. If three conjugate pairs of points A, a; B, b; C, c 
are in involution, and a, ^, y tite aeittre points of t/te segmenia 
Aa, Bb, Cc; if any point m be taken on the same straight line, 

tnA . ma . fiy + m,B . mh . ya + mC . me . n/3 = 0, 
t!ie general rule of signs being observed. 

By the last proposition the value of the expression is constant 
whether the points are in involution or no. When they are in 
involution the value is zero when m coincides with the centre 
of the involution, since then 

mA . ma - mB . mh = mC . mc, 
so that the equation may then be written 

mA . ma (/3y + ya. + a/3) = 0, 
which is evidently true since (p. 209) 

is alwajs zero; and this proves tiie proposition. 

15—2 
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Peop. 15. Jf A, a; B, b; C, c are three pairs of conjugate 
points in involution, and a, j8, y tlie centre points of t/te segments 
Aa, Bb, Ce, 

AB .Ah _ a^ _ aB.ab 

AG . Ac ~ ay ^ aG.ac' 
MJit/t similarly formed equations for the remaining points. 

In tbe equation proved in the last proposition, suppose that 
the point m coincides with the point A. The first term then 
heconiea zero, since inA is zero, and the equation is 

AB . Ah . yo.^ AG . Ac . <xp = Q; 
or, since ya = - ay, 

A B.Ah a^ _ aB^._ah 

ACTTc " ^ " aCTac ' 
if we miike m, coincide with a. 

Pkoblem 125, Given two pairs of points A, a cmd B,h in a 

straight line, to find on iJie same line a fftA point sndi that Hie 

product of its distances from one pair shall be to the prodfuct of its 

distances from the oilier in a given ratio X, i.e. given A, a and 

MA Ma 
B,h, to determine a point M audt that if p ' i Tt ~ ^ (■^"■S- 1^5). 

Take any arbitrary point G and describe circles passuig 
through A, a, (? and B, b, Cf and intersecting again in g. Their 
centres wUl of course lie on lines perpendicular to Aa, Bh bisecting 
these segments; let a. and ^ be the points of bisection. Divide 

a/3 in the point /i, so that ^ = A, i e. on any parallel lines through 

a and j3 make a^ = tlie numerator, and ^?' = the denominator of 
the given ratio, the lengths id, pi' being set off on the same side 
of ojS i£ X is positive, and on opposite sides if it is negative. 

Describe a third circle to pass through G and g, and with its 
centre on a line through ;ii perpendicular to Ah. This circle will 
cut Ah in two points ^^ and m, either of which fulfils the required 
conditions of the problem.. 
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Proof. Hie points Mm, as found are evidently in involution 
witJi the points Aa and Bh (p. 226). 

MA , Ma iLQ. mA , ma , ^ . . 

■■■ MwrMb - ^ -;;srrf •''"i'- '"• ■ 

but f-=-.X by COQ sir action, 

which proves the construction. 

If the segments Aa, Bb overlap the problem is always pos- 
sible, but otherwise cases of impossibility may arise owing to the 
position of the point /i. The problem becomes impossible if fi. 
falls between P and Q, the foci of the involution A, a and B, h. 

1. If one of the segments falls entirely within the other (as 
in fig. 12) their centre points a and /3 lie outside the segment PQ 
and botli on the same side of it. If !>. falls within the t 



. In order tliat the problem may be possible in this case k 
must he negative or must not be between these limits. 

2. If the segments are entirely outside eacli other (as in 
fig. 13) their centre points lie outside the segment PQ, but on 

opposite sides of it. If /i falls on PQ the ratio ^^ is negative, and 



problem may be possible in this case X must be positive or must 
not be between these limits. 

PEOBLEa 138. Given, two straight lines AL, BL^, and a fixed 
pQvnt on each A and £. Through a given point R to draw a 
straight line meeting AL in a and BL, in b, eo tkat t/ie segments 
Aa a/nd Bb shall he to each other in a given ratio A, (Kg. 136). 

Imagine two variable points a^, 6i to move along Aa and Bb 
respectively, so that in corresponding positions — -'- = A. The points 
in corresponding different positions would form homographic ranges 
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on tte two lines, for if a^, a^, a./, b^, b^, b^ are corresponding posi^ 
tiona of tlie moving points, 

Aa. Aa Aa Aa —Aa an Aa ~ Aa an 



a II J. therefore the y-ntarmonie ratio 

Aa^ Ojft, _ B\ _ J^, 
~Aa^ " «3«, ~ Bb, ' \b^ ' 
and the question therefore is to draw through E a Sine which will 
meet the two ranges in homologous points. If the points hfifi^... 
are joined to R, and the joining lines cut AL in aaji^..., the 
ranges a^aji,^... and a^a^a^... are also homographic, since a^ajx^... 
is a traDSversal of the pencil R . hfifiy . . and the double points of 
the ranges afl^a,^... and aja^a^... are extremities of lines fulfilling 
the conditions of the problem. 

Determiae the positions of J and J^, the points which cor- 
respond to infinity. [Through H draw SI^ pai'allel to AL meeting 
£L^ in /i,and Ta&ke AI : £Ij — \; through iS draw ^KJ; parallel 
to JiZ^ meeting AL in ,/,.] 

Bisect IJi in 0, and on BL, take a point 0, such that 
A0:£O, = X. Dra.w JiO^ meeting AL in Q. Take a mean propor- 
tional (Op) between OJ", and OQ, and on AL make Oa — —Oa, = Op. 

Either of the lines aR, a^R fulfils the required conditions. 

In makiag use of the ratio -j-j^ — X, signs must be given to the 

segments, measured from tiie two fixed points A and -B; as other- 
wise to a point a, we might have corresponding points 6; on 
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either side of tho origin JS; so tLat if the directiona in which 
the segments are measiired is not prescribed, the problem admits 
of four solutions instead of two, 

Peoblem 127. Given two straight lines AL, BL, and a flxed 
point A, £ on each, to draw through a given point S a line meeting 
AL in a wnd £Li in b, so tJtat the rectangle Aa . Bb shall liave 
a given value v (Fig. 127). 

Esactly as in the last problem, if points a,a^a^... are taken on 
AD, aud points h^bj>^... on £L^, connected by the relation 
;==Aa,.Bb^Aa,.£L...-=u, 




these points will form itomographio ranges; and if the pencil 
^.5|i,Sj... b« drawn meeting AL in a^n^a^... respectii'ely, the 
double points of the homographic ranges a/i^a^..., "iijO,.-- will 
be points on the lines required. 

Corresponding to the point at infinity on the range a^ap^... 
Ave must evidently have the point £ on the range hfij>^..., and 
therefore the line BS meets AL in the required point Jj. Cor- 
responding to the point at infinity on the range ajOja^... we have 
the point /i oji BL, found by drawing lil^ parallel to AL, and 
then / is determined by making AI. BI, = v. Bisect IJ, in 
and determine 0, on BL^, so that AO.-BO, = v. Draw JiO, 
meeting AL in Q, and take a mean proportional (Op) between 
OJ^ and OQ. Make Oa = - Oa', = Op, and Jia, Jia, will be lines 
fulfilling the conditions of the problem. 
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Problem 128. To draw a ti-iangle having its vertices on thres 
g-vimt U/nes and its sides passing through three given points (Fig. 



Let JJ^, KK^, LL^ be the given lines, and A, JS, C tlie givei 
points. Tlirougii one of the points, us A, draw any three iinei 




meeting two of the tines, as LL, , KK,, in a, b, c, aJ>jC^ respectively. 
Draw the pencils B . ahe, C . afi,c, ciitting the third line JJ^ in 
1, 3, 3, 1', 2', 3' respectively, which will evidently be homographic 
ranges. Find the double points JJ, of the ranges (p. 221) and each 
will be the vertex of a triangle fulfilling the required condition, for 

{123^} = [abcL] = {1'2'3'/} = {a,b,e,K), 
and since the rays aa^, bb,, cc^ pass through A so also must the 

In the figure JKL, JJ^iL^ are the two triangles. 

Prop. 16. If a quadrilateral ABOD be inscribed in a conic, 
and a/ny transversal be drawn meeting tlie four mdea in a, b, c, d 
and the conic in e and g, then the tJvree pairs of points ac, bd, eg 
are in involution (Fig. 85.) 

Let ABGD be the angles of the quadriLiterai, A U, DC meeting 
in E, and BC, DA in F. 

Let a transversal cut AB in a, BG in 6, CD in c, DA in d, 
and the curve in e and g. 

The rectangles de . dg, dA . dD aro in the ratio o£ the squares 
on parallel diameters, as also are the rectangles be. bg and bB.bC; 
but the sqnai-es on the diameters parallel to AD and BC are in 
tlie ratio 

FA.FD: FC.FB; 
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de.d g dd.dP FB.FC 
■'■ be.bg'" iB.bG " FA.FD' 
Fig.as. 




dA.dD da.dc 


sin B sin C 


hB.hC' ba.ba- 


sin A sin D 


dii.de 


FA FD 


-'HTbe • 


FB ■ FC ' 


de.dg _da 


.do 


be . bg ba . 


.be' 



da ' ba be do ' 
i.e. tlie anhftrmoiiic ratio of the four points d, e, a, h is equa.! to 
that of their four conjugates 

b, g, c, d, 
or the three pairs of points are in involution. 

Since the diagonals of the quadrilateral form a particular case 
of a conic passing through the four jiointe, it follows that the 
points in which the tra isve sal uts the diagonals are another 
pair in involution witl o bf ^c 

Coa. If the trans ersal ! e a ta jjent to the curve {meets it, 
that is, in two coinc ci t ] t ) t follows that the point of 
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contact is a focus of the involution formed by the tlireo pairs of 

points in which the tangent cuts the opposite sides and diagonals. 

MaoLaurin's metliod of generating conic sections : — 

Trianglea are described, whose sides pasa through three fixed 

points A, B, C, and whose base angles move on two fised lines 

Oa, Ob : the vertices will lie on a conic section (fig. 129). 

FlK- 129. 




Suppose four such tiianglcs drawn, then since the pencils 
through A and B ate both homographic with the system through 
C, they are homographic with each other; therefore A, B, V, 
r,, Fj, V,^, lie on the same conic section {Prop. 9). Now if the 
first three triangles be fised, it is evident that the locus of F!, is 
the cooic section passing through 

A,B, 0, r„ r,. 

It follows of course that the locus of the intersection of 
homologous rays in two homographic pencils is a conic section. 

Newton's method of generating conic sections: — 

Two angles of constant magnitude move about fixed points 
P, Q ; the intersection of two of their sides traverses the right 
line AAj ; then the locus of V, the intersection of their other two 
sides, will be a cooic passing through P, Q (fig. 130). 

Take four positions of the angles, then 

F . {AA^AJ^} = Q . {AA^AJ^]; 
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but p . {AA^A,A^\ = p.{rr, r^Fj 

and Q. {AA^A^^\ ^Q.{YV, F/J, 

aince tlie angles of the pencils are the same; 

and therefore, as hefore, the locus of V, is a 
P> Q, y, r„ F,. 

Fig. 130. 




M. Ghoshs' extension of Newton's vnetlwd. 

I£ the point A instead of moving on a right line moves on 
any conic passing through the points P, Q, the locus of Fia still 
a conic section, since 

P . {AA,A^A^] = Q . {AA,A^A^}. 

Prop, 17. Jf there he any numher of points a, b, c, d, <&c. on a 
right line, and a homographic systeia a,, 6,, Cj, d^, &e. on another 
line, ike lines Joining corresponding points lailt envelope a conic. 

For if we construct the conic touched hy the two given lines 
and by three lines aa,, 66,, cCj, then, hy the anharmonic property 
of the tangents of a conic (Prop. 8), any other of the lines dd, 
must touch the same conic. 

Problem 129. Given two points A and B and a line L; given 
also two lines Sa, Sb, and a point ; to find on L a point, Q, such 
tltat if Om, On be drawn pa/raUel respectvvdy to AQ and BQ, meetiny 
Sa in in and Sb in n, the line mn shall 

(a) be parallel to a given direction B, 

(0) pass through a given point P {Fig. 131). 
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If two homographic pencils lie drawn, liaving 
vertex, tlie envelope of the lines formed by joining the points in 
which the rays of the one meet Sa to tho points in which the 
corresponding rays of tho other meet 56, is a conic section. 
(Prop. 17). 




Draw therefore any lines AX, A% AZ, &c., meeti 
li 2, 3,... and through draw parallels meeting Sa in c, d, e,... 
and parallels to Bl, B% BZ,... meeting Sb in c, d^ e,..,. The 
pencils 0(cde...), 0{C|rf/,...) are homographic because the pencils 
A (1, 2, 3...) and 5(1, 2, 3...) are so, atid therefore cc,, dd^, ee, 
are tangents to a conic touching So, and Sb, and which can there- 
fore be constrHcted (Probs. 84 and 114). 

In the figure the point d, is at an infinite distance (i.e. the tangent 
dd^ is parallel to Sb) because the line .52 is drawn parallel to Sb. 

A line through parallel to the given line L is evidently a 
tangent to the coaic to be constructed, so that it is only necessary 
to draw two pairs of lines A\, B\, A2, B2, since five tangents to 
the required conic are then known. 
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For tlie solution of the first part (a) draw mn, a tangent to 
this conic, parallel to the given direction R, and meeting Sa in w* 
and Sn in n. 

Then AQ drawn parallel to Om and BQ parallel to On will 
necessarily meet on the line L and determine the required point Q. 

For the solutioii of the second, part {fi) it is evidently only 
necoasary to draw a tangent from P to the conic cutting Sa in m, 
and Sb in m,, and to draw through A and B parallels to Om^ and 
OMj, which will meet in (^i on the given line L. 

This problem is sometimes of importance in questions of 
Graphic Statics. 

If A and B are on opposite aides of the line L, the conic is an 
hyperbola if is situated in the acute angle formed by the lines 
Sa and Sb ; and conversely if A and B are on the same side of L. 

The conic will be a parabola when parallels to Sa, Sb, through 
A and B, meet in the same point on L. 

ExAJiPLES o:* Chapter VIII. 

1. Given on a conic three points -i, B, G and three other points 
a, b, c, detemiioe on the conic apoint P such that {ABCP}=^[abeP}. 

[Either of the points in which the Pascal line (Prob. 85) meets 
the conic may be taken as the point P, i.e. draw Ac, Ua intersect- 
ing in K, Be, Cb intersecting in L, and KL will cut the curve in 
the required point. For if cC meets KL in M, the anharmonic 
i-atio oiABCP is that of the pencil c(ABCP), i.e. of the range 
KLMP, and the anharmonic ratio of abcP is that of the pencil 
C(abcP), i. e. again of the range KZMP.] 

2. Inscribe in a given conic a ttiangle with its sides passing 
through three given points ABO, 

[Draw any line through A meeting the conic in a and b, draw 
IiB meeting the curve in c, and draw Cc, which will not in general 
p^s through a but will meet the curve in d. Repeat this twice, 
giving a range aa^a, and a second aa,a^ Find a point P such 
that {aa^a^^P] = {aa^a^jP}. P will be a vertex of one such triangle.] 
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3. GivuR two straight lines A£, ML, draw a transversal 
meetLng them in F and /, so that Ff shall subtend given angles 
a and /3 at two given points J" and p. 

[From the point A draw AP, Ap and construct the angles 
APa — a. and Apb — ^, the points a and b being on BL. Imagine 
A to slide along AL and a and h will form two homographic 
divisions, and each of the double points gives a solution.] 

4. Given two straight Unes AL, BL, draw a transversal 
meeting them in F and / passing through a given point P, and 
sucli that Jiy^ subtends a given angle ;S at a second given point p. 

[Last example, the angle o being zero.] 

5. Determine on a given straight line a segment which sball 
subtend given angles at two given points. 

[The two lines of Ex. 3 coincide in direction.] 

6. Determine on a given straight line a segment of given 
length which shall subtend a given angle at a given point. 

7. Given two straight lines AL, BL and a point P, draw 
through. P transversals cutting AL in F, G and BL va. f, g, so 
that FG, fg are given lengths. 

[Draw AP meeting BL in a. On AL make AA, = FG, and 
on BL make aa.^ =fy\ draw Pit, cutting .^ i in a ; j1, and a. will 
form homographic ranges, the double points of which give solu- 
tions.] 

8. Given on two straight lines AL, BL, two homographic 
ranges; draw through two given points P and p, lines Pa, pa, 
Ijassing through homologous i>oint.<i a, w, of the i-anges and con- 
taining between them a given angle 0. 

[Take any point A on the first line and its homologous point 
B on the second. Draw pS and Pa meeting AL in a. and making 
an angle & with pB. Imagine A to slide along AL to A , and A^, 
giving corresponding positions a,, a^, of a. 

The range aa,a, is homographic with AA^A^ because the 
pencils p (£.S,5,) and P(a.a,a^ are equiangular. 

The double points of these ranges give two solutions.] 
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9. Given two lines Aa, M interaectiiig in J, tlie point a 
being fixed; given also a point S on the opposite side oi Ab 
irom a. Draw a line through S meeting Ah in P and Aa in p, 
and so that AF= ap. 

[Problem 126, the fixed points being A and a, and the ratio 
one of equality.] 

10. Two lines OAB, Oah meet in ; A, IS, a and 5 are fixed 
points on the lines. I£ OAB remains fixed and Oab turns round 
0, shew that the locus of the intersection (S) of Aa and i(6 is a 
circle having ita centre ((7) on AB, determined by drawing through 
any one position of fi a parallel SO to the corresponding position 
of Oa&. 

[The auharmonic ratio of A, B, 0, C is equal to the an- 
harmonie ratio of ahO and au infinitely distant point, so that G 

11. Given two homograpliic ranges ABC... oho... on two 
lines, determine two homologous segments KL, kl which shall 
subtend given angles KPL = a, Ap? " ^ at two given points P, p. 

[Take any point, as A, on the first range and construct the 
angle APF—a, and let a and f be the homologoiis points on the 
second range to A and F on the first. Construct the angle 
apf^ = /3, where /i is oa the second range. Suppose the point A to 
slide along the first range and the points / and /, will form on 
the second range two homographic divisions, the double points of 
which will evidently determine two solutions of the question. 
Three angles, such as APF, have to be drawn to furnish three 
pairs of points on the second range.] 

12. Given two homographic ranges ABC... ale... on two 
lines, determine two homologous segments KL and kl of given 
lengths. 

[The principle of the solution of the last example is evidently 
applicable.] 
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CHAPTER IX. 

PLANE SECTIONS OF THE CONE AND CYLINDER. 

Dff It uiy hxed jiomt Tbe taken on i straiglit li 
tlirougli the centre of i lU'cIe peipenJiculctr to the plane of 
the circle, and a stiaijjht line move ■so as always to pass through 
the circumference of the circle and thiou^h the point V, the 
surface geneiated by the moving line i^ called a Eight Circular 
Gone, and the line OV the axis of the cone If any solid be 
conceived. »s diMded into any two paits i>y any plane passing 
thi'OH^h the sohd the lesulting plane suitaces of the sohd m 
contact with the cutting plane are termed sections of the solid. 

The most convenient way of treating any question on the 
sections of any solid figure, is by obtaining the projections of the 
solid on two planes at right angles to each other, the projection 
of a figure on any plane being, as already explained, the area 
traced out on the plane by perpendiculars drawn from all points 
of the figure to the plane. 

The projection of any figure on a horizontal plane is called 
its plan, and on a vertical plane an elevation of the figure. In 
any given position therefore a solid can have but one plan but 
it may have any number of elevations, so that it is always possible 
to take the vertical plane on which an elevation is projected 
perpendicular to any plane of section of the solid. 

For simplicity, the circular base of the cone will be supposed 
to be horizontal, and the vertical plane of projection perpendicular 
to the plane cutting the cone. 
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In figure 132 (p. 242) let o be the centre, and aob a diameter of 
a, circle representing the base of a right circular cone resting on 
the plane of the paper ; draw any line xi/ parallel to aob, and 
imagine the part of the paper above ccy to be turned up along x'y 
so as to stand perpendicularly to the part in front of that line ; 
di'aw aa', oo'v', aiid hb' all perpendicular to te^ and meeting it in 
a', o' and b' respectively ; a' and 6' will be respectively the ele- 
vations of a and 6 the extremities of the circular base, o' will be 
the elevation of the centre, and o'v' 'will be the elevation of the 
axis of the cone. The plan of the axis is obviously the point o. 
Let the vertex of the cone be at the height o'v' above the circular 
base ab, then v' will be the elevation of the vcrtox; and if the 
lines a'v, b'v' be drawn and produced indefinitely the trifiQgle 
a'v'b' will be the elevation of the portion of the cone between the 
vertex and the horizontal plane of projection. The angle aV&' 
is called the vertical angle of the cone, and since the line v'o' 
evidently bisects this angle either of the angles a'v'o', b'v'o' will 
be the semi-vertical angle. 

It is evident that any section by a plane perpendicular to the 
axis, or parallel to the base of the cone, is a circle, the circle 
becoming infinitely small (i.e. the section being a point) when 
such plane passes through the vertex ; and that the section by 
any plane through the vertex which cuts the cone in any other 
point (i.e. which lies within the vertical angle of the cone) will be 
two straight lines, the angle between which is greatest when the 
plane passes through the axis, in which case the angle is equal to 
the Tert cal an^le anl th sect on s callel a Pi nc pal Sect n 

Prubllm 10 To dete mm the ae Hon of a co- ehj j ? « 
wh / d ot o i iJ e a I 1 s n t pass t! o qh (/ 

6 se I S pfo e the an^Ie h h the ]hne mak s tl tl 
hor zontal plane to be eij al to the angle v u the ba. e an^le ot 
the cone fig 13 L t the plane i te sect the base of tl e one 
n the 1 no / n. perj en 1 1 r to x / the \ o nta ? a 1 be j, on 
the bi:,e of the one e on the le b 1 let the 1 ue I 

E 10 
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meet -^y in V ; draw V'd parallel to o-V meeting Vv' in «,'. The 
line hn, is the horizontal fraae, and I'n' the vertical trace of the 




seoUon plane, those being the lines in ■which it cuts the planes of 
projection respectively. The plan of the point n' will evidently 
be on the line oh vertically below vi!, i.e. if nn be drawn perpen- 
dicular to xy meeting oh in n, n will be the plan of n'. 

Imagine a iorizontal piano to cut the solid at any height 
between the base and the point n, as at p'q' ; it will evidently 



cut the < 



I circle of diameter p'q', and which would 
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plan have o for its centre, and it will cub tte section plane in a 
horiiioiital line the elevation of wliicli is the point r', and the 
plan of which is the line rr^r perpendicular to osy. The points of 
intersection of the circle and line ■will evidently be points on the 
desired curve of intersection, and therefore if r, r, are the points in 
which the plan of the line cuts the cii'cle pq described with centre 
and radius equal to ^p'g', these will be points on the projected 
curve of intersection. Similarly any numher of additional points 
can be found by taking a series of planes parallel to p'g'. The 
curve h-^wrm will be of course the plan of the required curve. 

Now imagine the plane of section to be rotated round its 
horizontal tra«e Im until it coincides with the horizontal plane o£ 
projection, carrying with it the various points of intersection as 
found. In elevation they would of course travel over circular 
arcs described witli I' as centre and with radii equal to the 
distances between. I' and their respective elevations, while on 
plan they would travel along lines through their respective plana 
perpendicular to lin. 

The point n would therefore reach JT, the points r and r, 
would reach E and B, and so on, and the curve IR^NRw, would 
be the true form, of tiie section made by the given plane. 

Inscribe in the cone a sphere which will also touch the given 
plane of section. The elevation of such sphere will be the circle 
touching v'a', v'b' and nT; let it do so in the points ff', h' and /', 
and let the line g'h' meet I'n' in d'. 

d' wili he the elevation of the line of intersection of the given 
section plane and of the plane through the circle of contact of 
the cone and the inscribed sphere. On being turned down along 
with the plane of section this line would therefore come into the 
position J)X, while the pointy would come to F, 

The Inquired curve of intersection is a parabola having F for 
focus and DX for directrix. 

Proof. The line whose elevation is f'r\ is a tangent to the 
inscribed sphere, since it lies in a tangent plane to that sphere 
(the given section plane) and passes thi'ough tlie point of contact 
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of that plane. It is tl e efore eq lal 1 1 leHa^^' ^ my other tangent 
to the spiiere drawn itom the joint whose elevation is r', and 
since r' is really on the suiface of the cone the length of the 
tangents drawn fif m it to the sphpie mu tie equal to the line 
h'<i', which is ev dentlj ejual tj d / le FP — r'd' — the perpen- 
dicular distance i E from D X therefote ^ is a point on tbe 
parabola described with focus F and duectnx DX, aad the aame 
of course holds for any other point of the cur\e 

Case II, Let the angle which th jlaie of section makefi 
with the horizontal pime be leas than tte xngle v'a'o', the base 
angle of the cone {fig 13S) 

Proceeding exactly as before let tl o pin e intersect the plane 
of the bise of the cone in the line Im. peipendicular to icy ajid 
di iw In n makins, an'v ani,le less th in the base angle of the cone 
with (!/ and meeting va i b mn and » 

Tike iny honzontal pKne (ag pq) at "inj height between 
It and n meeting vamp vb in q ind It in r and diaw 
the phn <.f tie oiicle in -which this plane cut-i the cone (thp 
cucle desciibed with centre o anl radius 07 ri oj — i,pq) and 
of the line m which it cuts the secti n ;^]i,n6 {through r pei 
pendicuLir to an/) The points of intersection r and r of this 
ciicle and line will be the /'«» of two points on the roquiied 
curve of section Turning the pKne lounl its h rizontal tiace 
until it coincides with the horizontal j-lane the point « leaches 
A the point n leaches iV -ind •> and 1, me to .fl anl i? le 
Sfpctuelj Similarly -ini numiei f lomts can be fiunl md 
it will be found th*t theYlie on a closed cui\e 

Inscribe in the given cone spheres to touch also the given 
plane of section (two such can be drawn, one above and the other 
below the plane) ; let them touch the plane in/' and /", and v'a, 
v'b' in g', g", and ft', h" respectively; let g'Jil meet Id in rl\ and 
ij"U' meet it in d". 

d' and d" will be the elevations of the lines of intersection 
of the given plane of section with the planes of contact of the 
cone and its inscribed spheres. 
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e _/■' and y" and the lines through d' and d" to be 
turned down along with the plane of section so that /' comes to 
F, f" to F^ , ajid the lines to i>X and ^,^, respectively, and the 
curve of section will be an ellipse with foci F and F^ with 
directrices DX and -D.-^j. 

Fis. 133. 




Proof. The line whose elevation is f'r' is a tangent to the 
inscribed sphere, since it lies in a tangent plane to that sphere 
(the given section plane) and passes through the point of contact 
of that plane. It is therefore equal in length to any other 
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tangent to the sphere drawn from the point whose elevation is r'; 
and since / is really on the surface of the cone, the length of the 
tangents drawn from it to the sphere must be equal to the line 
Vq', which is always in a constant ratio to but is less than dV, 
since the angle iXr'q is less than A'^V, i. o. FR is always in 
a constant ratio, smaller than unity, to the perpendicular dis- 
tance of R from DX. 

Therefore iS is a point on the ellipse described with focus ¥ 
and directrix DX, and the same of course holds for auy other 
point on the curve. 

Cam III. Let the angle which the plane of section makes 
with the horizontal ]>lane be greater than the angle v'dd, the base 
angle of the cone (fig. 134). 

The description of the last case applies exactly to the present, 
and the figure ia lettered to correspond. The plane will neces- 
sarily cut both sheets of the cone, and the curve will consist of 
two infinite branches. 

It will be found to be an hyperbola with foci F and F ^ and 
with directrices DX and iJX, . 

Proof. In this case the line hq' is always in a constant ratio 
to but ia greater than the line d'r'. Hence the distance of any 
point on the curve from the focus F is always in a constant ratio, 
greater than unity, to its distance from the ditectnx DX 

The two stiai^ht lines in which a cone is mttt^ected by a 
plane through the vertex parallel to an hyperbolic section aie 
parallel to the asymptotes of the hypeibola 

The asymptotes ma> be thus found TTicy of course pass 
through the point C midway between X and X^ Draw the 
generators of the cone parallel to the gii en section plane, i e 
draw uto' paiallel to In, which will be the elevation of such 
generators, and project w' to to and Wj on the base of the cone 
The tangeat planes to the cone Jong the generatois whose plans 
are otc, o«i, and whose elevations are tiw will intersect the given 
plane ot section in the requiied isjmptotes If therefoie a 
tangeat at m to the ciiuilai b«o ot the lvw meet hn (tlic hnii 
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zonta,! trace of the given section plane) in W, W will be a point 
on one asymptote, whieli wiJl therefore be tJie lino GW. Similarly 
the second asymptote can. be obtained from the point iv, . 
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Problem 131. To cut a conic of given eccenfriciti/ from a 
ffiven cone (Fig. 135). 

Iiet i/a'h' be the elevation of the giyen. cone, and let tfie 
eccentricity be — given by two lines m and n. From o\ the foot 
of tlie axis of the cono, set ofT along the axis a length o'd = n and 




o'e = m; through d draw dh parallel to the base of the cone 
meeting the slant aide ia A; from e with radius lib' {the distance 
between h and the foot of the slant side) descnbe an arc cutting 
a'h' in g; the required section plane must be inclined to the hori- 
zontal plane at ihe angle ego', and all sections made by planes 
inclined at this angle will have the same eccentricity. 

Proof. Produce ge to meet the slant side of the cone in q, 
and in the cone inscribe a sphere touching the plane of section 
geg in the point / and the slant side v'b' in p : through f draw 
px parallel to the base of the cone meeting geq in ic 

In the triangle pqx, 

pq : qx ■.: sin pxq : sin qpx ; 
but pq -fq, the angle pxq = the angle ego', and the angle qpx = the 






3 eg-hb'; 
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butyis tlie focus, q the vertex, and a, the trace of tlie directi-ix of 
the section, made by tie plane ge.q. 

If the conic is to b« an hyperbola, i. a it ■m^n, there is a limit 
to the vertical angle of the cone in order that the problem may be 
possible. It will be observed that the length eg is — , where a 

is the semi-vertical angle of the cone, and eg must evidently be 
greater than eo' or m. 

Therefore — must be greater than cosa or a>cos~' — , i.e. a 

must be greater than the angle whose cosine is — , or in other 

words the i-atio of the height of the cone to length of slant aide 

must be less than — , 

Problem 132. From a, giaen cone to cut a emtio of given 
eceent'ncity mid having a given distance FX between focus amd 
direciriM (Fig. 135). 

As in the last problem, draw acme one plane of section of the 
required eccentricity, as geq, and determine its focus / and the 
trace (x) of its directrix. 

Draw v'x, v'f to the vertex of the cone ; on 3^ make ic/", = the 
given distance FX, and through /^ draw f^F parallel to xv' 
meeting fv' in F. Through F draw a line parallel to gq meeting 
the slant aides of the cone in A and A^ and x-d in X. This will 
be the trace of the required plane of section, A and A^ being the 
vertices, F a focus, and X the trace of one of the directrices. 

Def. If a straight line move so as to pass through the 
circumference of a given circle, and to be perpendicular to the 
plane of the circle, it traces out a surface called a Right Circular 
Cylinder. The straight line drawn through the centre of the 
circle perpendicular to its plane is the axis of the cylinder. 

The cylinder may evidently be regarded as a particular case of 
the cone, the vertex being at an infinite distance from the base 
so that the generators are ultimatulj parallel. 
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As with the right circnlai- cone, it is evident tliat a section of 
the surface by any plane porpendiculai: to tte axis is a circle, and 
that a section by any plane parallel to the axis (i.e. passing 
through the infinitely distant vertex) consists of two parallel 



Problem 133, To determine the section of a right eircular 
cylinder hy a plane inclined ai any given angle ($) to the axis 



Let fow be the line of intersection of the ^yen plane of section 
with the horizontal plane of the base of the cylinder, i.e. the 




horizontal trace of the plane of section. Draw any ground line 
xl-ij perpendicular to Im, and through I draw Id' making the angle 
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dly equal to the comploment tf the gnen. inglp 6 Let o he the 
pUn of the ixia of the coiie, and (hioiigh o Jnw ooo peipen- 
dicttlai to 3!y oo will be the elevation of the axis of the cone 
on the veitical plane of projection, and Id will be the tince on 
the same plane ot the gi^en section plane 

With centre o and radius equal to that of the tj Imdec 
describe a ciicle nh, ami diiw aob perpendiculai to Im, through 
n and b draw aaa , hhh peipendiuuhr to a^/ nifeting it in 
a and 6, and the lectangle a abb will be the elevatnn of the 
cj linder Let Id cut a a in « and hb in *t 

Imagine i horizontal plane to cat the solid it anj height 
between n ind re as at pg it will e\ilently cut the c>lmder 
in a cufle nf diametei pt/ and which would m pl^n haie o for 
its centie and it will cut the section plane m a honzcntal line 
the eieTation of which is the point > in which p q cuts Id and 
the plan of whnh is the line rr >■ peipendicuiar to ay The 
pouits of intersection of the ciicle and ime wdl evidently be 
points on the desiied curie of inteisection, and therefore if r, r^ 
are thp points m which the plan ot the line cuts the ciicle nb 
(which la of course thei plan ot the circle /» 5) these will be the 
jlans ot the points m i*bich the hoiizontil plane at the height 
ap above the base ot the cylmdei cuts the re ^uiied luho of 
iiiteraection 

Now imagine the plane of section to be rotated round its 
hotizoi tal tia«e Im until it coincides with the honzontai pKne of 
pioiection In elevation the point r would travel ovei the cir- 
culdi arc J if struck with I as centre, meeting the giound line in 
R , while on plin the pinnts r and ?, would tiavel along lines 
iB, r,E peij-enditulai to Jin reaching the hjuzontil plane of 
piojection in the joints S A, found by driwmg RB R ppipen- 
dicular to xy 

Similarly any number of additional points can he found by 
drawing a series ot phmes parallel to p j all of which will of 
couise cut the cylmdei m cirolee, the plan-, of which are the 
cnJt nb 
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The point tr U ele t on o er tlie arc n'lf, and the 
plan o£ iV' B 8 molcaneo sly o ab m I on iV'JV perpendicular to 
xt/; and the po t n the plin of which s b, similavly reackea 
the horizontal plane at A 

The required curve ot intersection la an, ellipse having ^JV, 
for major asia, and for minor axis a length equal to the dismieter 
of the cylinder. 

The minor axes of all ellipses which can be cut from the eame 
cylinder are consequently of eqiial length, but the length of the 
major axis depends jointly on the diameter of the cylinder and 
the inclination of the cutting plane to its axis, since 

Just aa in. the case of the cone, if spheres be inscribed in the 
cylinder touching the plane of section they will do so in the foci 
of the curve of intersection. The elevations of these spheres are 
the circles shewn in the figure touching the line Id' in the points 
f and^i', and also touching a'a", b'b". f travels over the circular 
arc f'F', and F'F perpendicular to xy, meeting oh in F, deter- 
mines F, one of the foci. 

The horizontal planea through the circles of contact of the 
spheres and cylinder intersect the plane of section in the direo- 
tricra of the curva d' is therefore the elevation of one of them, 
which after rotation of the section plane round Im, comes into the 
position BS. 

Proof. The line whose elevation is f^r' is a tangent to the 
inscribed sphere, since it lies in a. tangent plane to that sphere 
(the given section plane) and passes through the point // in 
which the sphere touches the plane. It is therefore equal in 
length to any other tangent to the sphere drawn from the point 
whose elevation is r', and since r' is really on the surface of the 
cylinder, the length of the tangents drawn from it to the sphere 
must be r'k', where r'K is parallel to the axis of the cylinder, and 
k' is on the circle of contact of sphere and cylinder. Butr'A' : r'd! 
d a constant ratio -cos 6, and rt' - F^R ; r'd' = EM, where BM 
} perpendicular to DX meeting it in M, therefore F^B : RM 
a. a constant i-atio, or the locus of E is an ellipse. 
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IRP CBLIQUE llLIhDLE 

Def It B. striiglit Imo wtich is not peipen^iculai to the 
plauf oi a givrii ciii-Ie, mo've paiallel to itself and always pass 
tliiough the eircu.mtHtein,e ot the circle, the surface ^cneiated it 
cdlled an obhque ojhnder 

The line thiough the centre of the lucuIii bi^ic pai illcl to 
the generating lines is the axis of the ijlmdei 

The section of the cylinder made by a plane containing the 
axis and petpendiculu- to the bise is called the pniietpat section 

The section of the cylindei by a plane peippnhcular to the 
principal sei,tioii, and inclined to the axis at the same \iif^e hs 
the base, is called a snh contra/iy beitum 

It IS evident that any section by a pline piiillel to tl e ixis 
consists of two piiallel hnes, vad that juy SLCtion b\ i plane 
parallel to the base is a wide 

Problem 134. To determine the syi-contra/fy seation of an 
oblique cylinder. 

Let o {fig. 137) he the centre of the circular base, and the 
circle on ab as diameter the base of the cylinder; let ob be the 
plan of the axis. Draw isy parallel to ah, so that the elevation on 
xy as ground line will be parallel to the principal section of the 
cylinder; draw aa', oo', W perpendicular to a^y meeting it in 
a', o', V , which will be the elevations of tlie corresponding points 
of the base. Since the elevation is parallel to the principal section, 
the angle which the elevation of the axis (i. e. the line de") makes 
with the ground line will be the real angle which the axis itself 
makes with the horizontal plane. Draw a'a,', 6'6/ parallel to oV, 
these lines are the elevations of the bounding lines of the solid 
projected on the vertical plane standing on mj. Draw any line 
dj'fi/i making the same angle 6 with oV aa o'c' makes with xy, 
meeting «y in I, and draw Vm, perpendicular to a^, 

hn will be the horizontal trace and la^ the vertical trace of a 
plane of sub-contrary section; and if this plane be rotated round 
Im till it coincides with the horizontal plane, every point on the 
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surf'a^ie of the cyliuder between a,' and 6,' will evidently reach 
a point on the circle on ah as diameter, i. e. the true form of the 
suVcontrary section is a circle. 

The horizontal projection of the sub-contrary section is the 
ellipse having ce, projected from c', the point in which a/fi,' inter- 
sects the axis of the cylinder aa major axis, and afi^ the projec- 
tion of a/Sj' as minor. 

Problem 135. To determine tJus section of an obUqtie oylinder 
hy a plane not parallel to the oicis, to the base, or to a suh-cordravy 
section. 

Case I. Let the plane of section be perpendicular to tlie 
principal section (fig. 137). 




The horizontal trace (de) of the plane of section innst be drawn 
perpendicular to ah, the plan of the axis. If the plane of section 
makes an angle (</>) with the horizontal plane, the vertical trace 
must be drawn through d making this angle with xy. Let it 
meet a'a^ in h' and 6'6/ in h'. 

Draw any circular section, as p'q, between h' and h' meeting 
dh: in j-j'; tlie plan is of course the circle on pq as diameter pro- 
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jected from p' and q' ou ab, and if the projection of the point r' 
cuts this circle in r anci t^ these will be fciie plans of two points 
on the required curve. If rr, meet pq in n we have rw' = pn . nq. 
If now the plane of section be rotated round de till it coincides 
with the horizontal plane, A' travels in elevation to H' aud in 
plan to H, if travels in elevation to K' and in plan to K, and 
r and r^ reach K and E^ respectively. Therefore if RB^ meet ah 
in N, EN' =pn . nq ~p'r' . r'q' ; 

but p'r" : AV in a constant ratio, 

and r'q' ; r'k' in the same ratio, 

. ■. p'r' . r'q' : h'r' . r'k' in a constant ratio ; 

butAV.r'A' = ifiV.iV^, 

. ■. BN' : HN . NE in a constant ratio, 

or the locus of fi ia an ellipse (Prop. 4, p, 108). 

frtse II. Let the plane cut the cylinder in any manner 
(% 138). 

Let ah be the diameter of the base perpendicular to the hori- 
zontal trace of proposed section plane. 

The circle on ab is the plan of the base of the cylinder, ov the 
plan, and o'v' the elevation of its axis, the elevation being projected 
on a plane perpendicular to the proposed section plane. Lines 
through a and b parallel to ov are of course the plans of the 
generators through a and b, and if a and b are projected on to the 
ground line at a' and h' lines through these poiuts parallel to o'v' 
■will be the elevat ona of these "enerato s and will be the boun ling 
lines of the s 1 1 a seen n the propo ed ele at o 

Im is the h onta! t "a e i d ^ the e t oil t ■ace of the 
section plane let n \ irallel to o u meet In aud b w,' 

meet it in « n and a e e dently jont on the rejiiied 
curve of inte e t on and the r flans ?j, ai 1 « a e foun I by pro- 
jecting Ji' and » on to the plan's of the gene ato s th o ^ a and 
b. Take any ho izontal ect on ol the 1 nder 1 et vee m a 1 ra,', 
as p'q'; the jla s of co se a c cle f 1 anete j q a d its 
position can ledten lby|rj tng^ and i t tl j 1 ns 
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of the generators through, a and h, as at p, q. TJiis horizontal 
section and the jiroposed section plane intersect in a line the 




elevation of which is t\ tlio point in which p'q' cuts In', and the 
plan of this line cuts the circle pq in points r and r^ projected 
from, r', which are plans of points on the required curve of inter- 
section. 

Now rotate the section plane round hn, its horizontal trace, till 
it coincides with the horizontal plane : in eleyation the points 
it', r', n^ travel over circular arcs to N',B', N^; in plan «, r, r^, n^ 
travel over lines perpendicular to hn to y, M, R^, N^, obtained 
by projecting N', B' and JV^'. 

These are points situated on the true outline of the curve of 
intersection, and any additional number of points can be obtained 
in precisely the same manner. The curve is an ellipse having 
NN^ as a diameter and Eli^ as a corresponding double ordinate, 
so tha,t DD^, the diameter conjugate to XN^, can at once be drawn 
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by bisecting jV^^ in C, drawing fchrougli C a parallel to RR^ or 
to Im, and maJdng on it CD = CD^ = ao the radius of circular base 
of cylinder. That the curve ia an ellipse rany be proved similarly 



THE OBLIQUE CONE. 

Def. If a straight line pass always through a fixed point 
and the circumference of a fixed circle, and if the fixed point be 
not in the straight line through the centre of the circle at right 
angles to it3 plane, the surface generated is called an oblique cone. 

The fixed point ia called the vertex and the line joining the 
vertex to the centre of the circle tbe (ttcis of the cone. 

The section of the cone made by a plane containing this axis 
and perpendicular to the circular base, is called tlie principal 
section. 

The section made by a plane not parallel to the base, but 
perpendicular to the principal section, and inclined to tho gene- 
rating lines in that section at the same angles as the base, is 
called a avb-contrai-y section. 

Problem 136. To determine tlie suh-contranj section of an 
oblique cone (Fig. 139). 

Let o be the centre and oa the radius of the cii-cular base, 
and let ov be the plan of the axis. Draw a ground line xy 
parallel to ov, and let v' be the elevation of the vertex on a 
vertical plane standing on xy. Project o to o', and the circular 
base to a'h', so that o'v' wilt be the elevation of the axis, and 
a'v'h' the outline of the cone; o'i''h' is evidently also identical 
with the principal section. 

Draw any line e'd'l making the angle w'e7=the angle v'b'y, 
and meeting v'h' in d' and xi; in I; the angle e'd'v' is evidently 
equal to the angle v'a'h', so that e'l waj be taken as the vertical 
trace of the plane of a sub-contrary section, the horiaontal trace 
of which must be the line fm jierppndicular to 'j:i/. 

E. 17 
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2^8 SUB-CONTBABY SECTIOiir. 

Take any horizontal section as p'g" hetwGon d' ami e', the 
plan of which will he a circle on pq as diameter, p and j being 




the projections of p' and q' on the plan o£ the axis or central 
plane o£ the cone. The plane of this section intersects the plane 
of aah-contrary section in a straight line, the elevation of which 
is the poiat / in which p'q' intersects le', and the plan of which 
is rr, projected from r'. If rr, meet the circle on pq in r and 
r„ these will be plans of two points on the required curve of 
sub-contrary section, and if rr, meet pq in n, 



since a circle t 



m =np ,7iq = rq .r } 
II be described round e 



r'd- . r 



Rotate the plane of section round it« horizontal trace till it 
coincides with the horizontal plane of projection, and e', r' and 
(? travel to E', R' and 1/ the corresponding positions in plan being 
JE, R and fij and D theii- projections. These are of course points 
on the real outline of the required curve, and if BR^ meet ED 
in N, since 

BN^rn, EN'=eV, ND^r'd', 
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wo have HJV' = £iV. iVU, 

or the locus of ^ ia a circle on £!JJ as diameter, 

i.e. the sub-contrary section of an oblique cone is a circle. 

It is evident that all sections parallel to the base or to the 
plane e'lni are also circles. 

Planes pai'allcl to the base, or to a sub-contrary section, are 
called also Cyclic Planes. 

Problem 137. To determine the section of <m oblique cone by 
a plane not parallel to a cyclic plane and not passing tJvrougk tlm 
vertex (Pig. 140). 

Case I. Let the plane he parallel to a tangent plane of the 



cone, i.e. let it be parallel to a generator and perpendicular to 
the plane containing tliat generator and the axis. 
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Lot i^v'V be tlie elevation of tlie cone, v tlie plan, of tlie 
vertex tlie elevation of whicli 13 v', and ah the diameter of the 
circular base parallel to the plane of the elevation. 

It is convenient to take the plane of section perpendicular to 
tlie plane of tlie elevation; so that ita horizontal trace Im may be 
drawn perpendicular to xy, and its TCrtical trace must then be 
drawn parallel either to oV or to 5'd', since the plane itself must 
be parallel to one or other of these generators — let Zra' parallel to 
a'w' be ita vertical trace. If hn cuts the circle on afc as diameter 
in d and d„ these will be points on the required curve of inter- 
section, and if fe' meets 6V in !i', w' will be the elevation of 
another point, the plan of which will be n, the intersection of 
611 and the projection of «'. 

Draw any horizontal plane as />5 1 etween I ind 11 meeting 
aV iu p 5 i in y and In in r this plane cuts the tonf in i 
circle the elevation of which is pq , ind the plan of which is n. 
circle on pq as diametei obtained by projecting p and q on at 
and bv respectively It meets the se(,tn>n plane in a line the 
elevation of which is the point j , and the plan ot which is the 
line jTi projected Jiom r , if this line meeth the ciiole on pq m r 
and r,, these are the plans ot two points on the requiieii cur^e 
of interse*,tion and similarly the plan? of any idiiitional number 
of points can be obtained 

Rotate the section jlaue lonnd its limzontd tiace till it 
coincides with the hoiizontal pi me of pr jei,li3n the jjiint / 
travels in elevation to iV and the point r to S m plan n, r, ind 
r, travel along )iiV, iB and 1 ^B, perpendiculai to Im till they meet 
the projections of N and B" respectively, and d It -N", B^ ind d 
will be points on the leal outline of the lequired cuiie of inter 
section. It is * puaboli Laving the tangent at ^ pariillel to BB, 

Proof. liEh\sQQisBB„KR^=p'r' .r'q'. 
Through n' di'aw k'n' parallel to p'q' meeting a'v' in h', then 
k'n'^^p'r', 
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.-. p'r' .r'q' ; h'71! . r'n' :: h'n' : h'v', 
,\ KR^ ; /iV .r'«.' in a constant ratio, 

bub r'n =KN w,%d, where 6 is the angle between KSf and pq, 
and is constant ; 

.-. KS'-KN^ multiplied by some constant, or the locun of K 
is a parabola. 

Case II. Let the plane of section meet all the generating 
lines on the same side of the vertex (T'ig. 141). 

Let a'v'h' be the elevation of the cone, v the plan of v the 
vertex, and ah the diameter o£ the circular haso paraUel to the 




ground Hue and therefore the i)liiu of (ilU. Let the plane of 
section he perpendicular to the vertical plane of projection, and 
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draw its horizontal trace Im perpendicular to xy and its vertical 
trace cutting a'v' in h', and b'v' in A'. Project A' to h on av and 
jt' to A on bv, then A and k are the plans of the points in which 
the generators through a and 5 meet the section plane, i. e. are 
the plana of two points on the required curve of intersection. 

Imagine the cone cut by any horizontal plane as p'q' between 
?i and k', the elevation of the curve of intersection will be the 
line p'q', meeting a'v' in p' and b'v' in g' and W in r' ; and the 
plan will be the circle on pq as diameter, obtained by projecting 
p' on av and 5' on bv. The required plane of section cuts this 
plane of circular section in a line the elevation of which is r', and 
the plan of which is rr, projected from r'. If rr^ meets the circle 
on pq in the points r and *•,, these are the plans of two points of 
the required curve of intersection. Similarly the plans of any 
additional number of points can be obtained. 

Kotate the plane of section round its horizontal trace till it 
coincides with the horizontal plane of projection ; in elevation 
A', r" and k' travel to 3', IC, and K', and on plan A, r, r, and k 
travel along hll, rR, r^fi^, kK, perpendicular to Im till they meet 
the projections of H', R' and K'. The points H, B, K, R, are 
points on the real outline of the required curve of intersection. It 
is an ellipse having UK as a diameter, and RR^ as corresponding 
double oidinate. 

Case III. Let the section plane cut botli sheets of the cone 
(Fig. 1*2). 

Iiet a'v'h' be the elevation of the cnne, v the plan of v' the 
vertex, and ab the diameter of the circular base parallel to the 
ground line, and therefore the plan of a'b'. Let the plane of 
section be perpendicular to the vertical plane of projection, and 
draw its hoiizontal trace Im perpendicular to xi/, and its vertical 
trace Ik' cutting b'v' in /*', and aV in k'. Project A' to 7* on bv, 
and A' to A on av, then h and k are the plans of the points in 
which the generators through a and b meet the section plane, 
i.e. are the plans of two points on the requiied ciiive of interaec- 
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tion. Imagine the cone cut by any horizontal plane as jfq ; tte 
elovatioa of the circle in which this piano meets tho cone will be 



the line ji'y' meeting aV in j)', Vv in 5', and W in r\ and the 
plan will be the circle on fq as diameter obtained by projecting 
■p' and 2' on am and 611 respectively. The required piano of section 
cuts this plane of circular section in a line, the elevation of which 
is •/, and the plan of which is tt^ projected from /. If rr, meets 
the circle on fq in the points r and j-,, these are the plans of two 
points of tte required curve of intersection. Similarly the plans 
of any additional number of points can be obtained. 

Rotate the plane of section round its horizontal trace Im till 
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it coincides with the horizontal plane of projection ; in elevation 
/(', r and k' travel to H', S' and A'', and on plan k, T, r^ and k 
travel along Aff, rit, v^R^, kK perpendicular to Im till they meet 
the projections of H', if and K'. The points H, B, R^ and K 
are points on tho real outline of the required curve of intersection. 
It is an hyperbola having HK as a diameter, and RR^ as corre- 
sponding double ordinate of the branch through H. 

The asymptotes are parallel to the generators of the cone 
which are parallel to the plane of section. If therefore v'w be 
drawn parallel to lU meeting xy in wf, and w' be projected to 
meet the circular base ab in w andwj,, tha^^ajis of the asymptotes 
■will be parallel to oic, vw^. Bisect kh in c, and draw oW, cW, 
parallel respectively to jiio and vio^, and meeting Itii in IT, W^ 
which will be points on the asymptotes, and they can therefoi-e 
be drawn through C the point of bisection oi HK. 



Examples on Ohaptrr IX. 

1. AVA^, an isosceles triangle, obtuse angled at V, is the 
elevation of a cone. Shew that if YB be drawn meeting AA^ in 
B, and such that 0'= iB Bi (Ex 15 CUp ii ) ani any 
plane be drawn haMug its ^ertlcal trace parallel to 1 5 and 
horizontal trace peipendiculoi to AA it will c t the coi e in a 
rectangular hyperbola 

2. Given a con a d a j on t i i le it letei i e tl e conies 
which have the gi\ e i j nt I'i tocus 

[Draw an elevation i 6 on i plane parallel to the plane 
containing the axis ot the i,one and the given point and let/' be 
the elevation of the gi^eu point The ■veiticil tracer of the re- 
quired places of section must be tangents at/ to the circles 
touching aV and b and passing thto igh/ Two soluti na are 
generally possible.] 
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3, Shew that all sectiun^ of i ii^ht c ne, ir'ido Ij plaiief, 
parallel to tangent plane'5 of tho cone iiP piiiLtlis, and thit 
the foci lie on a cone having i\ith the fiist a common vertex and 

[Shew tliat the foci of parallel section? lie on a straight line 
through the vertex.] 

4, Find the least angle of a cone from which it is possihle to cut 
an hyperbola, whose eccentricity shuU. be the ratio of two to one. 

5.- Cut from a right cylinder an ellipse whose eccentricity 
shall be the ratio of the side of a square to its diagonal. 

[In the cylinder inscribe a sphere, centre C ; detervnino a 
point X in the horizontal plane through the centre such that 

-^^-=.= the above ratio, where )■ is the radius of the sphere. The 

required plane of section must be a tangent piano to the sphere 
through the point X.] 

6. Shew how to cut from a given cone a hyperbola whoae 
asymptotes shall contain the greatest possible angle. 

[The plane of section must be parallel to the axis, pp. 246 and 
241.] 

7. Cut from a given cone the hyperbola of greatest eccen- 

[The plane of section must be parallel to tlie axis, p. 248.] 

8. Different elliptic sections of a nght cone arc taken Laving 
equal major axes ; shew that the locus of the centres of the 
sections is a spheroid, oblate or prolate, according as tiie vertical 
angle of the cone is greater or less than 90°. 

[Consider a series of sections perpendicular to a principal 
section of the cone. The centre is a fixed point on a line of 
constant length (the major axis), sliding between two fixed lines 
(the two generators of that section). It therefore traces out an 
ellipse which by revolution round the axis of the cone generates a 
spheroid.] 
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9. Different elliptic sections of a right cone are taken such 
that their minor axes are eq^ual; sliew that tlje locus of tlieir 
centres is the surface formed by the revolution of an hyperbola 
about the axis of the cone 

[Consider a series of actions perpendicuHi to a piincipal 
section of the cone T'lke any section parallel to the 1 ase and 
divide the diametei of that section, so that the product of the 
two parts — h' whei e 6 is the semi length ^f the constant mmoi 
axis; the correapondiui; elliptic, section m I'll pisa thtoUj,h this 
point of division, and all the^e points he on a hypeibola the 
asymptotes of which arp the geiit,iatDrs ct the principal section 
taken (Prop. 1, p. 160).] 

10. Shew how to cut a right cone so that the section may be 
an ellipse whose axes are of given lengths. 

[The centre of the section made by the plane perpendiciilar to 
any principal section must be the intersection of the ellipse and 
hyperbola in which such principal section cuts the surfaces re- 
ferred to in examples 8 and 9.] 

11. Shew how to cut from a right cone a section of given 
latus rectum. 

[Any point /" on a hyperbola described as in Ex. 9 may be 
taken as focus, and the plane of section must he a tangent 
plane at F to the sphere inscribed in the cone, and j 
through F.'\ 
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CHAPTER X. 

CYCLOIDAL CURVES. 

When one curve rolls -without sliding upou another, any point 
invariably connected with the rolling curve describes another 
curve, called a roulette. The curve which rolls is called the 
generating curve, and the curve on which it rolls is called the 
directing curve, or the base. 

Only a few of the simpler examples of roulettes are here 
given, the first being the most simple of all, viz. the cycloid. 

Dbf. The cycloid is the path described by a point on the 
circumference of a circie, rolling upon a iixed right line, in one 
plane passing through the line. 

In the construction this plane coincides with the plane of the 
paper. 

Peoblem 138. To describe a cycloid, tlm diameter of the circle 
being given (Kg. 143). 

Let AH be the diameter of the given circle, C its centre, and 
suppose that the tracing point is the point £, and that at the 
momeni; A is the point of contact of the circle with tlie directing 
line. Draw the directing line XA Y a tangent at A to the circle. 
The tracing point B will evidently reach the guiding line at points 
A" and Y on opposite sides of A such that AX— A 7"= the semi- 
circumference AB, since each point of the semi-circumference 
comes down suceessively on a corresponding' point of the line. 

The following geometrical consti-uction gives an exc«edingly 
close approximation to the length of the circumference of a 
circle : — From G, the centre, draw a radius Cff making an angle of 
30° with the radius GB, and draw ZTff perpendicular to ^5 nieeting 
it in K. At A, the extremity of the diameter through B, draw a 
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teiigeut to tho circle and on it jmt.'ke AL = 3 . AB. KL will be 




very nearly the circumfereoce of the circle and its semi-length 
may be taken for the length AX or A Y. 

[In the figure L does not fall within the limits of tho paper, 
hut if AK is bisected in h and Jik on a parallel to the tangent at A 
be made = 3 times the radius of the circle, Kh may be taken as the 
semi-cifcunifer ence. ] 

Divide up AX into any number of eijual parts (say 8) as at 
a', b', c',... and divide the semi-circumference AB into the same 
number as at a, h, c,... Draw a line through C parallel to XAT, 
whicli will evidently be the path of the centre of the circle, i. e, as 
the circle rolls along AX the centre will always be on this line; 
anddrawa'l, &'2, c'3... perpendicular to .iX, the points 1, 2,3, &c., 
being on the path of the centre. The point a will evidently come 
down to a', b to 6', and so on; and when a has come to a', the 
centre of the circle will be at 1 and the tracing point will be on ft 
line mating an angle with a'l equal to the angle aCJB, which is of 
course equal to AGg, since Aa = gB. Draw IG parallel to Gg 3.nd 
make Iff ~ Gg, the radius of the rolling circle. 6 will be a point 
on the required curve. 

Similarly, when h has rolled down to h\ the centre of the circle 
will be at 3 vertically above h', the tracing point will be on a line 
making with b'2 an angle = the angle bCB, i.e. =the angle ACf, or 
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it will be on a line 2^parallel to (J/" and at a, distance from 2 equal 
to the radius of tlie circle. 

Similarly for the remaining points c', ()!, ha. 

It will be noticed that the lengths Iff, ^F, &c., may be deter- 
mined without actual measurement by drawing through g,/, &o., 
parallels to AX meeting the corresponding lines through I, 2, .fee, 
in the pointa (?, F, &6., the figures ICgG, '2C/F are parallelo- 
grams and therefore in each caae lG = Cg, 2F= Cf, and so on. 

The curve should be drawn free-hand through the series of 
points thus found, and tlie half loop corresponding to the circle 
rolling on J r may be found by tlie same construction or may be 
pnt in by symmetiy. The line X8 is a tangent to the curve at 
the point X. 

The length AX may be determined arithmetically by multi- 
plying the length of the radius AC by 3. 14... and may then be 
laid down by scale : the diagonal scales usually supplied with 
cases of mathematical instruments can conveniently be nsed for 
the purpose. In many works on geometry the length AX ia 
determined by dividing up the semi-circle into any number of 
equal parts (say n) and laying otf along AX the length of the 
chord of one of the parts repeated m times. This method is radi- 
cally bad and should never be adopted : if the number of equal 
parts into which the semi-circle is divided is small it gives only a 
very rough approximation to the truth, while if the number is 
increased it is almost impossible to measure the length of the 
chord so accurately but that in repeating it n times an appreciable 
error will be introduced, A long length should in fact never 
be determined as the sum of a series of short ones. 
To draw the noniml at any point of a cydoid. 

In all roulettes the normal at any point passes through the 
coi-responding point of contact of the rolling and guiding curves. 
This point is called tlie ItiatanUtJiemis Centre. The direction of 
motion of the tracing point will evidently at any moment be 
perpendiculat to the line between it and the point about which 
the rolling cui^e is turning, i e the corresponding instantaneous 
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centre, and since the direction of motion at any point must co- 
incide with, the tangent at that point, the normal must pass 
through the instantaneous centra 

In the figure, when the tracing point is at ^ the centre is at 3 
and c' is the instantaneoua centre, so that Ed is the normal at E; 
this is evidently parallel to eA, e being tJio point in which a 
parallel to AX through E meets the circle on AB as diameter, so 
that the normal at any point F may he thus constructed ;— 

Through P draw a parallel to the directing lino A Y meeting 
the circle ou AB in the point Q. The normal at P will be parallel 
to AQ, and since the angle AQB ia a right angle the tangent at P 
will be parallel to QB. 

If the normal at P meet tho directing line in M and PM. be 
produced to ,5 so that PS~ 1PM, S will be the centre of curvature 
at the point P. The evolute of the cycloid ia two equal semi- 
cycloids, the vertices being at X and Y and the cusp on BA 
prodiiced at a distance from A =AB. 

Let the tangent at P meet the tangent at the vertex in T, 
then the length of the arc BP of the cycloid is double the intercept 
TP of the tangent, i. e. double the chord BQ of the circle. Henco 
the whole length of the cycloid is 4 times the diameter of the 
generating circle, 

Dbp. If, as in tlie cycloid, a circle rolls along a straight line, 
any point in the plane of the circle hut not on its circumference 
traces out a curve called a Troc7u>id. 

Pkoblem 139. To desm-ihe a trochoid, the dicmieter of the 
circle and the distance of t/ie tra^ng pomt from Us centre being 
given (Fig. lii). 

Let AB be the diameter of the given circle, C its centre, and 
CP the distance of the tracing point from the centre. 

Draw XA Y a tangent to the circle, and aa in the last problem 
determine the length AX or ^ T equal to the semi-circumference 
of the circle AB. Draw C&, the path of the centre, through G 
parallel to XAY, and tliroiigh X draw A'8 perpendicular to XA. 



y Google 



CTCLOIDAL CURVES. 271 

Divide C8 into any number of equal parts (8 in the fig,), and with 
centre C and radius CP draw a circle. The point F in which this 



circle cuts AB produeocl will be the vertex o£ the required curve. 
Divide the semi-circumferenco of the circle into the same Dumber 
of equal parts Pff^ gf, &c., as has been chosen for the division of 
the path of the centre. 

Draw 1 G parallel to Cg and gG parallel to AX : their intersec- 
tion G will he a point on the required curve. Similarly 2F paral- 
lel to ty (ind _/^ parallel to jiA' will intei-sect in a point on the 
curve, and so on in succession. When £ has corae down to X the 
tracing point will evidently be at P^ vertically helow X on 8.Y 
produced so that 8/*,= CP; the tangent at P, is parallel to AX. 

The construction is obvious from that of the cycloid. 

In the figure a second trochoid is drawn generated by a point 
Q inside tho rolling circle, to which the foregoing description 
applies exactly by the eubatitution of Q for P. 

To draw Che normal at any point of a trochoid. 

Consider for a moment the point F. When the tracing point 
ie at F the centre of the rolling circle will be at 2 and the point 
of contact of the rolling circle and directing line will be Zf on ^ A" 
vertically below 2 ; \.e. S will he the instantaueous centre, and 
tlierefore FII will be tho normal at F, since the direction of motion 
of F must be pei'pendicular to FH. But FH is parallel tofA, 
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Kince the triangles FitI,fCA are in all respects equal and are 
similarly situated, and therefore the normal at any point II may 
be tLua constructed ;— 

Through R draw a parallel to the directing line meeting the 
circle described with C as centre and C'F as radius in the point r, 
and the normal BM will be parallel to the line joining r to J, the 
lowest point of the rolling circle when its centre is C. 

To find the centre of eurvatv/re at any point B*. 

Find K, the position of the centre of the rolling circle corre- 
sponding to B. (^will of course he vei-ticaliy above M.) Join 
BK aud draw 3{2f perpendicular to BM meeting BS in #. Draw 
JVS perpendicular to the guiding line meeting BM in S. S will 
be the required centre of curvature. 

Def. The Epicycloid is the path described by » fixed point 
on the circumference of a circle rolling on the convex side of a 
fixed circle, both circles lying in the same plane. 

Problem 140. To describe an epiepohid, the radii of the 
roUing and di/reclAng cirelea being given (Fig. 145). 

Let be the centre of the directing circle, OA its radius, 
AC the radius of the rolling circle, C, on OA produced, its centre, 
and let Ji be the other extremity of the diameter through A. 
Suppose £ to be one position of the tracing point. As the one 
circle rolls round the other let the point B come down to X on 
the one side of A and to Y on the other, X and Y being on the 
directing circle. The arc AX will necessarily be equal to the 
arc AY, and equal to the semi-circumi'erence of the rolling 

These points may be thus determined : — 
Let the length of the semi-oircumfereuce AS be S, then 
S = -K.AG, 
IT being the circular measure of two right angles. 



a for the centre of curvature of this anci the following 
roulettes was given by M. Savary in Ma iefons des Machines a I'Ecole 
Poiytsclmique, aud isiiuoted Ijy WHliatQSon, Diferential Caiodus, 3rd ed., 
p. 345, where its proof is given. 
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Let 6 be tiie circular measure of the angle subtended by the 

Fig. I4B. 




arc AX (the length of which is 5), at the centre of the directing 
cii'cle ; tlien 

S = e.AO = -:r.AC; 



s the number of degri 
n : 180° 



!s in the angle AOX, 

: AC : AO, 



or ^=180°- 
■which determines ti. 

[In the figure A0 — 3AC so that the angle AOX contains 
60°.] 

Draw the path of the centre of the i-olling circle, i.e. an are 
with centre 0, and radius OC, and let OX produced meet it in 8. 
Divide up the arc C8 into any convenient number of equal parts 
(8 in the fig.) and draw the radii 01, 02... cutting the directing 
circle in a' b'.... Divide up the semi-circumference of the rolling 
circle into the same number of equal parts Aa, ah... . 

E. IS 
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As the one circle rolls oil. the other, the point tt will ovidoiitly 
come down to the point a, 6 to &' and BO on : when a Las come to 
a', the centre of the rolling circle will be at the point 1, and 
the tracing point will evidently be on a lino making with a'\ 
an. angle equal to the angle aCB which ia equal to the angle ACg. 
Hence an arc described with centre 1, and radius CB, will inter- 
sect an arc describee! with centre 0, and radius Og, in a point 
G of the required curve, for the trianglea G\0 and gCO are 
equal in all respects : — i.e. G ia the position of the tracing point 
corresponding to a, being the point of contact of the rolling and 
directing circles. 

Similarly an arc described with centre 2, and radhis GB will 
intersect an arc described with centre 0, and radius Of in. a point 
F of the required curve, and so on in succession for the points 
3, 4, etc. 

The area gG,fF, ifec. will cut the corresponding arcs described 
with the successive centres 1, 2, &c. in two points, but it is 
evident by inspection which of the points must be taken, viz. 
that oa the side of the corresponding radius 01, 02, &e. remote 
from OA. 

The radius 0X8 is a tangent to the curve at the point X. 

To draw the normal at any point P of an epircycloid. From 
P with the radius AC oi the rolling circle describe an arc cutting 
the path of the centre in K. [It will do so in two points but 
the one lying within the angle POB must be taken.] This will 
be the position of the centre of the rolling circle when the tracing 
point is at P. Draw KO cutting the directing circle in M, the 
point of contact between the circles when the tracing point is at 
P: i.e. M is the inatantmieous centre corresponding to P. 

Therefore PMis, the normal at P. 

To find the centre and radius of eurvature at any point P. 
From M tfie inatantaneoita cenbre draw MN perpendicular to 
PM meeting PK, the radius of the rolling circle when the tracing 
point ia at P, in N. Then NO (0 being the centre of the guiding 
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circle) will out I'M produced in S the required centre o£ cur- 

Def, The Hypo- cycloid is the path described by a iixed 
point on the civcumference of a circle rolling on the concave side 
of a fixed circle, both circles lying in the same plane. 

Pkoblbu lil. To describe a hyfo-eycloid Hie radii of the 
rolling and directing circles being given (Kg, 145), 

OA is the radius of the directing circle, and its centre, AC 
is the radius of the rolling circle, and B' the tracing point when 
tlie centre is at C". The construction ia identical with that for 
the epi-cycloid. In the figure the radius AC is equal to AG the 
radius of the epi-cycloid, and B' of course reaches the directing 
line at X and Y — the points F' and D' are the positions of the 
tracing point when the points h^ and d^ are the points of contact 
of the rolling and directing circles. 

Def, When, as in the epi-cycloid, a circle rolls on the convex 
side of another, any point in the plane of the rolling circle, 
but not on its cicciimference traces out a curve called an Mpi- 
trocltoid. 

Pboblem 142. To describe an ^-trochoid, the rolling and 
guiding circles, and the position of the tracing point being given 
(Fig. 146), 

[In the figure the tracing point ia assumed outside the rolling 
circle; it might be inside it.] 

Let be the centre of the directing circle, OA its radius, 
AC the radius of the rolling circle; G, on OA produced, its centre; 
let B be the other extremity of the diameter through j1, and P on 
CS produced be one position of the tracing point. As in the 
epi-cycloid determine an arc .4 X or .^ F of the guiding circle equal 
in length to the aemi-oircumference of the rolling circle, so that 
B comes down to X and Y as the circle rolls round; i.e. construct 
angles AOX laid AOY enoh containing n degrees where 

[In the figure AG = 3 AC so that n = 60.] 
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the piitli of the centre of the rolling circle, i,e, the 
arc with centre 0, and radius OC, and produce the 




radius OX to meet it in 8, Divide up (78 into any convenient 
number of eqiial parts CI, 12, &C. — (8 in the figure), and divide 
up the semi circle drawn through P witJi centre G into the same 
numbe Pg gf \. W th c ntre 1 anl ril s equ \ to CP 

le&e be in aic and tl ce t e ad 1 us Oj? de cr 1 e a 
second arc cutt n^, t C & all he a i nt on the ere 
& mila ly vitl cent e a il aJ u^ eq al to ' P lese ibe an arc 
an I V th cent e an 1 ■vims 0/ descr be a second arc c tt ng 

t n P r U be a po nt ou the ur e and so on in succeBS on 
fo the po nts 3 4 Xc 

The a cs (/C ;i^ Ic v 11 c t tl e c r espon In ar s lescnhe 1 

vitl the success ve center 1 " \ ntvo jonts lut it s 
ev dent by nspect o h I ot the j ou ts m st 1 e taken v z 
th t on the a de of tl e o espond g lad us 01 0'' Lo remote 
from OA 

Tl e 1 rS a no n 1 to tl e v t tl e i o nt P 
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To dram the normal at any point E of an ejti-trocJioid. 

Find ^the corresiionding position of the centre of tiie rolling 
circle, le. with centre R, and radius equal to GP, describe an arc 
cutting the path of the centre in K. [It will do so in two points, 
bttt the one must be taken lying within the angle BOS.^ 

Draw KO cutting the directing circle ixi M. M will he the 
instantwneous centre corresponding to S. Therefore EM is the 
normal at E. 

To find tJm centre and radma of curvature at any point E. 

"From M the inetantaneoiis centre draw MN perpendicular to 
EM meeting RK {K being as above) in N. Then, if is the 
centre of the directing circle, ON will cut the normal EM pro- 
duced in S, the required centre of curvature. 

Def. The Rypo-troehoid is the curve traced out by any point 
in the plane, but not on the oircumferenoe of a circle, rolling 
on the concave side of a fixed circle, both circles Jying in the 
™e pkn.. 

Problem 143. To describe a hypo-trocJwld,, the directing and 
rolUng circles, and ths position of tJie tracing poinl being given 
{Fig. 146). 

[In the figure the tracing point is inside the rolling circle, 
but by the above definition this is not a necessary condition."] 

OA is the radius of the directing circle, and its centre, AC 
is the radius of the rolling circle, and Q the tracing point when 
the centre is at C. The construction is identical with that for 
the epi-trochoid. 

Companion to the cycloid. 

Def. If a line NE (Fig. 147) be drawn perpendicular to a 
fixed diameter AB of a circle, meeting it in N, and the circle 
itself in e, and if JVM be made equal to the arc £e, the locus of 
the point £ is called the Companion to the Cycloid. 

Problem 144. To describe the companion to the cycloid, the 
generating circle heing given {Fig. 147). 

(7 is the centre, andiiBa diameter of the given circle. Through 
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278 COMPANION TO CYCLOID. 

A draw J^AY a tangent to tte given circle, and on it make 
AX = AY=t}ie semi-circumference. (Prob. 138.) D'l-vide AY 



into any convenient number of equal parts as at a', b', o'.., and 
divide the semi-circumference A£ into tlie same number of equal 
parts aa at a, 6, c... 

It will be observed that the lettering proceeds from A in the 
one case, and from B in the other. 

Through a', b', e'... rule perpendioulai^ to AY, and through 
a, b, c... rule parallels to A T. The intersections of corresponding 
lines as D, JS, F ... are points on the required curve. 

The construction is obvious. 

To draw the iang&nt at any point P. 

Draw PM parallel to AX meeting the circle in p, and the 
diameter AB in M. Make Cm on CB = Mp, and join m to K 
the extremity of the diameter perpendicular to AC. The tangent 
at P is parallel to 'mK. The curve has parallel tangents at 
points equi-diatant from C'K. 

To find the radius of curvature at any point P. 
^° 
.CM'' 
radius of curvature, m and M are points corr&spoi 
above, and a is the radius of the generating circle. 



y Google 



CYCLOIDAL CUEVES. 279 

Maie Km^ on KG = Em, and draw m^B perpendicnlar to KO 
meeting Em ii\ B, also make Ek on EG^GM. Through m, 
draw w*,s parallel to hB meeting KB in s, and Es will be tke 
length of the reijnired radius of curvature. Make PS on the 
normal at P — Es, and S will be the centre of curvatiire at 7*. 

Evidently 
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<-M Chaptek 


X. 



1. Sliow that if the diameter of the rolling circle be half 
that of the directing cucIp, the hypo-cycloid "becomes a straight 

2. Shew that if the diameter of the rolling circle be half that 
of the directing circle any hypo-trochoid becomes an ellipse. 

3. Skew that if AOB be a diameter of the guiding circle, and 
P any point on it, the hypo-cycloids described by the circles 
having AP and BP as diameters, and P as tracing point, are 
identical. 

4. -i is a fixed point on the circumference of a circle of 
radius B. The points L and M are taken on the same side of 
A such that are AL = 'm.aj:e AM, where m is a constant. Shew 
that BM will always touch the epi-cycloid described with a circle 

of radius r (=^ — ;) rolling on a circle of radius p = Ji-2'i; the 

point A being the centre of the loop, and the centre of tlie 
guiding circle coinciding with tliat of the given one. 
[As a numerical example take B= 3j, m= 4.] 
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5. j1 is a fixed point on the circmnfeience ot a cucle vi 
radius S, The points L and M are taken on opposite sides of A, 
each that arc AL ~ m . arc AM, where w. is a iflnstant hhew that 
IiM" will always touch the hypo-cycloid described witli a circle of 

radios r — ^ rolliDg tinder a circle of radius p = Ji + ^r, the 

point A being the centre of tlie loop and the centre of the guiding 
circle coinciding with that of the given one. 

6. Shew that the radius of curvature of an epi-cydoid at 
any point varies as the perpendicular on the tangent at the point, 
from the centre of the fixed circle. 

7. Shew that the evolute of the cpi-cyeloid described witli 
guiding circle of radius a and rolling circle of radius 5 is a similar 

figure, the radii of the fixed and generating circles being ^ and 



5 respectively. 



' that the evoliLto of the hypo-cycloid is a similar 



, the radii of the fixed and generating circles being - 
■ — -J respectively. 



[To make a practicable figure & must be much smaller 

9. If a parabola rolls on another equal parabola shew that 
the locus of the focus of the rolling one ia the directrix of the 
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Whes a line rotates ia a plane about a fixed point of its 
length, and a point travels continuously in the same direction 
along the line according to some fixed law, the path of the moving 
point is called a spiral. The fixed point is called the pole; a fixed 
line in the plane passing through the pole from which the position 
angle of the moving line may be measured is called the mitial 
line, and the line drawn from the pole to any point o£ the curve is 
called the radius vector of that point. 

After rotating through four right angles tlie revolving line 
conies back to the position it occupied at starting, but there is of 
course a different value for the length of the radius vector, and since 
the position angle may inci-ease without limit, so too does the value 
of the radius vector. Spirals consequently extend to an infinite 
distance from the pole, and consist of a aeries of convolutions 
round it. 

Cases of mathematical instruments usually contain a diagonal 
scale, the unit of which is half-an-inch, and on which lengths can 
be read to two places of decimals. In the numeiical examples 
which follow, this scale is intended to be used. 

Def. In the Sjnral of Arehimedes the length of the radius 
vector is directly proportional to its position angle. 

Let T he the length of the radius vector of any point, 6 the 
angle which it makes with the initial line ; the above definition is 
expressed symboHcally by the equation r = a6, where a is any 
numerical constant. 
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In tins equation is the circular ineasui'e of tlie position angle, 
and therefore r = a when 6 is nnitj, i.e. when the nnmber of 
degrees in the position angle i8 57'2957... i.e. corresponding to this 
angle measured from the initial line, the tracing point is at a 
distance of a units (inch or any otiiev that may be chosen) from 
the pole; when j- = 0, 6 = 0, ov the initial line is the position of the 
revolving line when the travelling point is at the pole. 

Problem 145, To describe the spiral of Archimedes, the pole, 
two points on the curve, and tlie v,nit of the curve being giiten 
(Fig. 148). 

Let be the pole, P and Q the two points on the curve which 
we will suppose to be on. the same convolution; and let OQ be 




greater than OP; let 6 be the angle between OP and the initial 
line, and the length L the given unit. 

OP = a$ 

OQ = a{&-vQOF); 
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therefore OQ- i9i* = axcirc. meas. of QOP 

OQ-OP 
°^ "'^ circ. meas. of QOP ' 

OQ — OP can be meiisured by scale, tlie number of degrees in 
the angle QOP caa be measured hy a protractor and ita circtilar 
ineasnre can be obtained from a table of the circular measures of 

OP 
angles, and the numerical value of a thus calculated; then^ = — , 

the length OP being of course measured on the same scale aa that 
used for determiuiug OQ - OP, which gives the circular measure 
of the angle between OP and the initial line, and the correspond- 
ing number of degrees can be obtained from the table. 

To take a numerical example; 

Let the unit of length be ^ an inch. Suppose 



OP =1-5, 
and the angle QOP = 60", the circular 

2-1-5 -5 



then 6=——='S-U 

the number of degrees corresponding to which may be taken 180". 

The initial line will tlierefore he the line OA. If the tracing 
point after one complete revolution of the generating line euis OP 
again in F we have. 

0P = a9 
and 0P' = a(9+ 2-rr), 

therefore OP' - OP=27ra. 

Successive points on tbe curve may at once bo found thus : — 
Construct an angle QOB -Rnglo QOP; with centre and radius 
OP describe an avo cutting OQ in ^ ; on OQ produced make 
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284 TANGENT AND RADIUS OF CURVATURE. 

Qr=Qp and -witli centre and radius Or describe an arc cutting 
OH in 5 a point of the curve. 

Similarly if ROS = FOQ, and Qs on OQ produced = IQp, an arc 
described with centre and radius Os -will cut OS in S a point of 
tlie curve. (In the figure S coincides with A on the initial line.) 

In like manner points can be found nearer the pole than P by 
constructing angles on the side of OP remote from Q equal respec- 
tirely to POQ, 2P0Q, 3P0Q, &c., and diminishing the radii 
veotores by the constant difference pQ. 

To draw ike tangent at any point ofilw curve. 

A known expression for the angle which the tangont at any 
point makes with the radius vector is ^ = tan~'— , i.e. the tangent 
of the angle is tlie radius vector divided by the given constant of 
the curve. 

Therefore to draw the normal at any point Q, on the radius 
OG at right angles to OQ measure a length OG - a, the constajit 
of the curve, and QG will be the noiinal at Q, for evidently 

tan 06Q = -^ = ^ = tan 4,. 

Hence if a circle be drawn with centre 0, and radius = a, nor- 
mals at all the points on the curve can at once he drawn by merely 
joining them to the corresponding points in which such circle cuts 
the perpendicular radii. 

The initial line is a tangent at the pole. 

If p is the radius of ourvatui'e at any point 

p : J'^T? :■ a' + r" : Sa^+r', 
so that p can be calculated without much difficulty. 

Pkoblbm 146. To describe the spirai of Archimedes, tlw pah, 
the initial line and Hie oimstaM of the curve being given (Fig. 149). 

Here a is given in the equation r = a&. Let be the pole, 
and OA the initial line. In the figure, the xinit being the length 
L, a ='239. 
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Determine soino convenient length, of radius corresponding to 
multiple (m) of 4 right angles ; say the greatest distance to which 




it is proposed to draw thecurva In the figure e.g. A is taken at 
angular distances of 8 right angles from the initial line (i.e. n — 2), 
so that 0^ = -239x4x 

= -239x4x31'I159... 
= 3-60 units. 
Draw OD at right angles to OA and divide up the quadrants 
formed at into any niimber (i;*) of equal parts (in the figure m- 3) 
and draw the radii OS, 00, &e. through the points of division. 
Divide OA into i . in .n equal parts. In the figure therefore 
OA is divided into 24 equal parts. Then arcs drawn through the 
successive points on OA with centre will intei-sect the corres- 
ponding radii in points on the curve. Tlie point P in the figure of 
course bisecia OA, and after one complete convolution has been 
found the curve can be completed by measuring from £, C, &c. 
on the Buccessive radii a constant distance BQ, OB, &e. =AP. 

THE EECIPEOCAL OH HYPBEBOLIC SPIRAL , 

Dep. In this curve the length of the radiua vector is inversely 
proportional to its position angle. 
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RECIPROCAL SPIRAL. 



The equatioa to the c 



Y therefore bo "written - 



where r is the length of any radius vectoi", 6 the circular a 

of the angle it makes with the initial line, and a a numerical 



When: 0-0,r is therefore infinite, and r diminislies as in- 
creases, bat the curve does not reach the pole for any finite value 

; to the value = 1, r = -- i.e. the radius 



vector making 57-2957... degrees with the initial line is - wnits 
long. 

A line parallel to the initial line and - units distant from it, is 
an asymptote to the curve. 

PeOBLEM 147. Fo draw the recij^rocal spiral, the pole, Hie 
initial line and the unit and constant of the curve being given 
(Fig. 150). 

Let he the pole and OA the initial lino. In the figure « = ^ 
the unit being the length L. 
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Draw Oi perpendicular to OA and witli as centre, and - 

(ts radius describe a circle 4, 8, 12,... and divide it up into any 
number of equal parts, as at 1, 2, 3... 

Draw the line OB making 57-2957... degrees with OA and 
cutting the circle in 5; .5 will be a point on the curve. 

Determine the length of radius vector corresponding to any 
convenient division of the circle^say the i-adius making 45" with 
the initial line— i.e. determine 

Draw the line 02, and produce it to C making 00 ■- 7*63 units. 
G will be a point on the curve. As the angle doubles the radius 
diminishes one half; so that if OG is bisected in d, the length Od 
wiU be the length of radius vector making a right angle with tlie 
initial line, i.e. D on the line Oi, OD being equal to Od, is another 
point on the curve. 

Bisect OD in e and make OE on OS = Oe ; E will be a point 
on the curve. 

OS is also of course =iOC. 

Similarly OF the radius corresponding to C = 2t is \0E or 
\0G. 

G the point on the curve corresponding to S = | . -^ is at a 

distance ^ of OG from 0. OH the radius corresponding to = 3 . -. 
ia of course JOff or ^ of OG. OK the radius corresponding to 
^ - 6 . J is lOH. 

OM the radius corresponding to f* = f ■ 7 is -fOC, and Ol!f the 

radius corresponding to 6 = 5 . j is \0M or ^OC. 
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ZSH THE LITIJUS. 

In the second convolution 

OF on 0C\ i.e. conesponcUng to $ = O.'^is ^00, 

OQ on OD „ „ „ "10.^ is^\OC, 

OJi OIL on „ „ „ =11.'^ h^\OC, 

4, 11 ' 

OS on OB „ „ ,, =12.^isAO(7, 

and si> on, and sivuilarly any additional number of points can be 
obtained. 

In the figure OFbisecta the angle AOG and therefore 
0V^2.0C, 

OlFbisects the angle JOC and (3 IF- 2, OC. 

To draw tJie tang&nt at any point -p. 

Draw the radius Oq o£ the circle described witii centre and 
radius - perpendicular to Op. pq will be the tangent at p. 

To determine the eeiitre and radiu$ of cv/rvatwe at any point p. 

Draw the normal pm perpendicular to the tangent pq and 

meeting qO in m. On pq make pr = Oq = - , and p'n/= mq. Then 

ns drawn through n parallel to rvii, meeting pm, in s, determines s 
the required centre. 

THE LITUUS. 
In this curve the radius is inversely proportional to the square- 
root of tlie angle tbrough which it has revolved. Its equation 
is therefore 

or as it may also be written 
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SPIRALS. 289 

The radius therefore diminisliea as the angle increases and 
is of infinite length when 6 = 0: it never vanishes however large 
6 may he, so that the spiral never reaches the pole, but makes an 
infinite series of convolutions round it. 

Problem 148, To draw the Lituus, ihe pole, the initial line 
and the unit and constant of the curve being given (Fig. 151), 

Let be the pole, and OA the initial line. In the figure a = | , 
the unit being the length L, Draw 00 perpendicular to OA, 
and determine the value of r corresponding to 6 = ^, i.e. to 
beiQg the circular measure of a right angle. 
In the figure 

_1 _1 ^ 
Oq = ^ 9 ■ 2 ' 

Make Oe on OA equal to this length, and make OB on AG 
produced equal to unity on the scale adopted, A mean pro- 
portional between OB and On will evidently be the required 
length OG, i.e. a semi-circle on Be will cut OC in C, a point on 
the curve. 

Draw radii OG, OE bisecting the quadrants GOD, DOB. 

Trisect Oc in e and g, and take two parts measured from 
as Og. A mean proportional between OB and Og will be equal 
to the length 00 at which the curve cuts the bisector OQ of the 
right angle COB. 

Bisect Oc in rf. A mean proportional between OB and Od 
will give the length of the radius vector OD coiTesponding to 

Divide Oe into five equal parts, and tahe two of them from 
as Oh. A mean proportional between OB and Oh will give 
the length OH of the radius vector corresponding to 
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290 THE LITUUS. 

A mean proportional between OB and Oe (itd of 06) gives 
OE t!ie length correapondiug to 6 = 7,- . 




Similarly a mean proportional between OB and yOn wonld 
ve O^" tlie radius corresponding to 6 = \-!^, and a mean pro- 
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portional between OB and \0g would give OF corresponding to 
6 = 2;r, but tliis is more easily determined by making it equal 
^OG, for since the square of the radius is inversely proportional 
to the angle, the radius diminishes J as the angle incresBea four 

Por the same reason the length OJ on HO produced will be 
SOU since tlio angle AOJ-^ of two right angles. 

Draw the angle AOP to contain 57. 29... degrees; the arc 
subtending this angle is equal to the radius, i.e. corresponding 
to it, ^ = 1, and therefore OP the corresponding radius must 

contain units (in the figure OF — 3). 

Bisect the angle AOP by OQ, and make OQ^ = ", (in the figure 

Oe = v'l8-i-24...}. 

Qisa. point o£ contrai'y flexure in the curve, Le. at that point 
it becomes convex towai-ds the initial line, the radius of curvature 
being infinite. 

Bisect the angle A OQ by OE, and make OB -■ twice OP ; Jt 
will be a point on the curve. 

Bisect JO^K by OS, and make OA'-twice OQ ; S will be a 
point on the curve. 

In the second convolution the following table gives the values 
of r corresponding to successive values of d differing by 45", and 
similarly for the third convolution. 

If 3 be taken as the numerator of all the fractions the suc- 
cessive denominators evidently difi'er by unity. 

Hie values of )■ may of course all be calculated arithmetically, 
instead of being obtained geometrically from the calculated value 
of one of them. 

19—2 
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TANGENT TO LITUUS. 
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To draw tite tangent at any point 

A known expression for the angle whick the tangent at any 
point makes witli the radius vector is 



■(-^■)^ 



.-. tim<;. = --— , =-20. 

The value of tan ^ for any point can therefore easily bo 
calculated numericaliy, and the corresponding number of degrees 
obtained from a set o£ tables ; the angle then being plotted by 
means of a protractor. The minus sign in the above expressions 
denotes that ^ ia always greater than a right angle when measured 
on the 6 side of the radius. It becomes more and more nearly a 
right angle as the angle increases. At the point Q corresponding to 
6 = \, ^«135". 

The tangent may be constructed geometrically, though not 
very conveniently, thus -.-^ 

*'""t"~iv r' 
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where OP is tiie radius corresponding to unit angle. Determine 
a length I such that 

OB : OP :: 20P : I, 

so that I = 20P\ since OB is unity on the scale adopted ; 
I 



The value of )■' is known, because it is some definite fraction of 
Aa. At (? on the ciirve for example it is the length Og. From 
the poiut at which, the tangent ifi required measure any convenient 
fraction of the length r' along the radius vector, from the ex- 
tremity dmw a line perpendicular to the radius, and measure on 
it the same fraction of the length I, and the required tangent will 
pass through the point thus obtained. 

In the figure Gm is |0j, and vtn is II, then Gn is the 
tangent. 

Owing to the rapid diminution of r' as the angle increases 
the method vary soon becomes impracticable. 

If p is the radius of curvature at any point, and r the corre- 
sponding radius vector, 

p : JIT^:-. T{ltaV) : 2 (4 - „V). 

The Logwriili/mic 01 Equuinqulnr Spiral 

In this spiral the ladius mcieise? in a geometric while the 
angle increases in an aiithmetic latio Th« angle of revolution 
is therefore proportioml to the I •qurtflini of the length of the 
radius vector, whence it deiives its fiisfc nime; it is called equi- 
angular because in it the tangent it auy point makes a constant 
angle with the radius ^ ector 

This constant angle is called the angle of the spiral. 

The equation to the cuive is generally es[uessed in the form 

■where a is some constant on -nhi h thi, fjim of the curve de- 
piends. From it evidently 

log )- - e log « i 
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and since the logarithm of 1 is 0, r must evidently bo of unit 
length when S= 0, i.e. the curve must cut the initial line at unit 
distance from the origin. 

If this condition is not fulfilled the equation to the curve is 
of the form T=ha, where b is another constant, and in this form 
the initial line must be taken so that it cuts the curve at a distance 
h from the origin. 

The known constant value <^ of the angle which the tangent 
at any point makes with the radius vector ia 



where e is tiio base of Najiiorian logarithms, i.e. -^ i; 



The value of log,„e ia 0'43429448. 

From the definition of the curve it follows that any radius 
vector is a mean proportional between the two at equal an- 
gular distances from it on opposite sides. This property gives 
tbe best method of constructing the curve georaetrieally when 
tho pole and two points are given or determined. 

Problem 1'19. To draio a hgarithviic spiral, tlie value of the 
constant in t/ie ec/iMition, and the unit of the curve heing given 
{Fig. 152). 

Let the equation be r= 1 . 15[ , the unit being the length L. 

Take the pole, and OA the initial line — the curve will cut 
this line in the point M at unit distance from 0. 

Suppose the revolving line to have made one complete revo- 
lution, so that it again coincides with OA ; the corresponding 
value of will be the circular measure of four right angles ;— 
ie. 2ff or 2(3'14159...) = 6-2S318. 
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SPIHALS. 
Tho corresponding value of t is given by 

-log i-=6-283181og (1-15) 
-6-28318 X -0606978 
= -381376 ; 
.-, r — %-^\ very nearly — = OjY, 
and N is a second point on tlie curve. 



Make OP on MO prodnoed a mean proportiiinal between OM 
and ON, and P will be a third point on the curve. Through. 
dT&wQOp at right angles to OM, make OQ a. mean proportional 
between OP and 01^, and Q will be a point on tlie curve. 

Similarly if the curve cuts QO again in B, OS : ON :: ON : OQ 
which determines R. To do so evidently all that is necessary is 
to draw NB parallel to PQ or perpendicular to QN, and thus a 
series of points lying on two lines perpendicular to each other, 
and passing through the pole can be determined. 

It is of course easy to interpolate points between those of 
the original series ; for bisect the angle TOE by the line OS, and 
make OS a mean proportional between OT and OB, and on SO 
produced make OF a mean proportional between. ON sxaA OQ. 
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S aad V will be points on the curve. 
Draw W at right angles to OS, and make OW i 
portional between OS and OV (i.e. on .ST describe s 
cutting OIF in W), and W will be a poiat on the curve. Then 
a aeries of points on the lines OS and W can be obtained by 
drawing, as shewn by the dotted lines, parallels to SW and WV 
alternately. 

The angle between any tangent and its radius vector is given 
by the equation 

, 43429448 
i& = tan -r — ,, , „. ■ , 

. , -43429448 

= 1-155, 
whence - 82" nearly (more exactly 81°. 58'). 

The tangenta can therefore be drawn at all the points found 
by drawing lines through them making this angle with the radii. 

The dotted part of the curve arises from negative values of 
the angle of rotation; it never reaches the pole. 

Centre of Curvature. 

The centre of eui-vature at any point S can easily be deter- 
mined when the angle between the radius and tangent is known. 
Di-aw the noiinal SC, and from the pole draw OC perpendicular 
to OS the radius vector; C will be the required centre. 

Problem 150. To desei-ibe an equtmigula/r spired, the pole 
wnd two points S and K on ilis curve being given (Fig. 152). 

Let OS^r^, OE^r^, and the angle ^05*= a. (In the figure 
05 = 3-3, OA'=2'78, and ZOS= 1-22173... =t!ie cm. of 70".) 

The angle of the spiral may be determined from the following 
equation — 

alog,„e 1-22173 X -4 3429 _..,, 

^^'"''"l^r.^logr/ -5185139- -4440448^' ^''*' 
whence ^ = 82° nearly. 
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Tlie constant a of the curve is tlien given by 

°"' t&a<j, 7-124 
.'. « = 1-15 very approximately. 

Taking OK as the initial line the equation to the curve may 
be written r = r^^. 

Draw OJ at right angles to OK and on it take a length OJ 

equal to r^n^, i.e. determined from the equation 
logO/-logr^+|log» 

- 4440448 + l'5r07 x -0609 = 3-47. 

We liave now two points on radii at right angles to each other, 
ai^d other points can at once be found by the preceding problem. 

Any number o£ points on the curve can be found without 
determining either « or ^ by making each radius a mean propor- 
tional between the two at equal angular distances from it. Thus 
the radiua bisecting the angle KOS must be a meaa proportional 
between OK and OS, and the radius making an angle 2a with OK 
nmst be a third proportional to OK and OS. 

Points at equal angular distances can easily be found by 
Problem 8, when the lengths of two radii separated by that angu- 
lar distance are known. 

In practice <!> should always be determined, and tangents 
drawn at all the points found, because these tangents are of great 
assistance in tracing the curve through the points. 

Problem 151, To inseribe a Logarithmie Spiral in a given 
parallelogram (Kg. 153). 

Let ABGD be the given parallelogram, a the circular measure 
of its acute angle. [In the figure AB = 3, AD = 4, the unit being 
the length L, and the angle BAD contains 75°, so that its circular 
measure is 1'309...] 

Let p aad q be the perpendicular distances between the oppo- 
site pail's of sides, p being greater than q. 
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In the lig.;» = 3-8(5, aniJg = 2-89. 

Fig. 153- 




Tf ^ bo tlie angle of Die spiral, it can be determined fiom tlie 
equation 

tan A = ; i , 

or with the above dimensions 

I-309>: -43429 
*^^"-5865873--460897S 

.-. ij> contains 77° very nearly, 

Next determine the number (jV suppose), tlie log. of which 
^jrlogc 

tl6 

4-284 
= 'SISS, 
.-. from a table of logs iV-2-08. 

Divide the perpendiculars p and q so that one portion shall be 
to the other :: I : N, and lines di-awn through these points of 
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division parallel to the sides of the given parallelogram will inter- 
sect in the pole of the required spiral. In tlie figure tho per- 
pendicular Ce is divided by making Gd on C5= unity on any 
convenient scale, and de^^ 3-08 on the same scale, then rfm. parallel 
to ec divides Go at the point m in the required ratio. Similarly 
Aa is divided in n, and nO and mO perpendicular to Aa and Cc 
respectively intersect in the required pole. 

The Involute of the Circle. The Evolute of a Curve has already 
(p. 91) heen defined as the locus of the centres of curvature, and 
considered with respect to its Evolute the curve is called the 
Involute of its Evolute. If an inextensible string be imagined to 
lie in contact with the evolute and to be kept stretched while 
gradually unwound from it, a certain fixed point on the string will 
describe the corresponding involute. The free portion of the 
string will be a tangent to the evolute at the point it quits it, and 
a normal to the involute at the point reached at the moment by 
the tracing point. 

Problem 152, To draw the Involute of a given circle to pass 
fJirough a given point {Pig. 154). 

1st. Let the given point be on the circle. Let G bo the 
centre and AB a diameter of the given circle, and let jl be a point 



Frg.iB*. 
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300 INVOLUTE OF CIECLE. 

on. the irn'oliite. Draw the tangent at A, and on it determine a 
length AD equal to the cii-cum£erence (see p. 267). Divide AI) 
into any convenient niiniber of equal parts Al, 1.2,...&c., and the 
circumference into the same number AV, 1'2'.... Draw tangents 
to the circle at 1', 2'... 

If w-e imagine a string unwowad from the circle starting from 
A, — when its point of contact is 1', i.e. -when the free portion of the 
string is a tangent to the circle at 1', the length of the free portion 
will of course be equal to the arc AV, or to the length Al of the 
straight line AD. Make !'£ on the tangent at 1' equal to Al, 
and a will therefore be a point on tbe curve. Similarly make 2'/'' 
on the tangent at 2' equal to A2, and i*' will be a point on the 



2nd. Let the given point be P. Through P draw a tangent 

to the given circle meeting it in p. If A is the point where the 

required invoIut« through P would meet the circle and 6 be the 

circular measure of the angle subtended at the centre by the arc 

arc Ap 
Ap we have = — ; but the lengtb of the are Ap must be the 

line Pp so that if the lengths Pp and AG be measured on any 
scale the numerical value of $ can be calculated, and the corres- 
ponding number of degrees obtained from a table. This of course 
determines A and the construction reduces to the first case. 

As the distance from the pole increases and the points found on 
the curve get further and further apart, others can be determined 
between those of the original series by bisecting the corresponding 
arcs of the circle and divisions of the straight line AD, as shewn 
at J/. 

Tangents to the circle are of course normals to the involute, 
and the centre of curvature at any point is the point of contact of 
the tangent drawn from that point to the circle. 

The involute of the circle is the locus of the intersection of 
tangents drawn at the points where any ordinate meets a circle 
and the corresponding cycloid. 
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Examples on Chapter XT. 

1. Draw a spiral of Archimedes to touoli a given line, the 
pole and the constant (a), and nnit of the curve being given. 

[If r is the length of rad. vector to the point of contact of the 
given tangent, and p the length of the perpendicular on it from 
the pole 

Construct therefore a rectangle equal to the sura of the two 
rectangles 



W«+2 ■ 



(Prob. 18.) 



The 'ast expression is of course the length of the hypotenuse of a 
right-angled triangle, the aides of which are a and^ , and is con- 
sequently always greater than -. The negative sign in the above 

equation therefore gives an imaginary result. A mean propor- 
tional between the sides of the rectangle constructed as above is 
the required length r.] 

%. Draw a spiral of Arcliimecles to touch a given line FT at 
a given point 1', and to have a given pole 0. 

[Through P draw Pa perpendicular to FT, and through 
draw Ocb perpendicular to OP meeting Pa in is. The length Oa is 
the unit of, and is proportional to, the constant of the curve, and 
the initial line is at an angle POA from OP given by 

OP 
circular measure of POA — -- .1 
Oa ^ 

3. Draw a reciprocal spiral, the polo 0, and two points P, Q 
on the curve being given. 

[Compare problem 145. Let OP=r, OQ = r, o£ which let j- be 
the greater ; the angle POQ = a., and the angle between the initial 
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eand OP ^6, then 



The value of a can be obtained from a table of the circular 
measures o£ angles, and if a fourth proportional I be determined to 



which determines a. Aiiy convenient scale can be used for measur- 
ing I and the unit of that scale will then be tlie imit of the curve ; 

then p = - X - , the length of r being measured on the same scale. 

The initial line cau then be drawn,] 

4. Draw a reciprocal spiral, the pole 0, a point P on the 
curve and the tangent at that point being given. 

[Draw OT perpendicular to OP meeting the tangent at P in 
T. OT = - , so that the constant of the curve is known. If the 
circular measure of the angle between the initial line and OP is 6 

ol'^ or^' ""-' ^ = '0P' 

and tlie initial line can be drawn.] 

5. Draw the Lituus, the pole and two points P and Q on 
the curve being given. 

[Let OP-^r, OQ-r^, r being greater than r^; the angle 
POQ = a, and tlie angle between the initial line and OP^ 6. 

Then ^-aJK 
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Ta.ke a fourtli proportional I to 



and can be calculated, tlie lengths r, and I lieing measui'ed on any 
convenient scale.] 

6. Di-aw an equiangular spiral to touch three given lines AJl, 
BO, GA in three given points P, Q, S respectively. 

[On PS as chord describe a segment of a circle containing an 
angle eqnal to the external angle between the tangents AB and 
GA. This is a locus of the pole. Similariy oa PQ as chord 
describe a segment of a circle containing an angle equal to tlie 
external angle between the tangents AS and JIG which will be a 
second locus. The pole is thus determined.] 



7. Draw i 



tliree given lines AS, BO, GA 



equiangular spiral of given angle (^) to toucli 
AS. BO. GA. 



the spiral is to touch BA and BC produced. 
Through B draw a line dividing the angle ABC so that the 
perpendicular (^j,) dropped from any point on it on AB is to the 
perpendicular (pj) dropped from the same point on BC as 1 : a", 
where a is the constant of the required curve, and a. is the oiroulai- 

measure of the supplement of the angle ABC, i.e. — = w". 

w is of course the number whose logarithm is 
O-43i29448xeot0, 
and can therefore be obtained from a table of logarithms. The 



A di 



i drawn is a locus of the pole. Similarly draw a line through 
; angle between SA produced and AG, so that 
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— = a , wliere ji and q^ are perpendioukrs on AB, AG respectively, 

and B ia (ie circular measure of the angle BAG. This line will 
be a second locus of the pole which is therefore known.] 

8. Draw an equiangular spiral, the pols; 0, and two tangents 
TF, TQ being given. 

[Draw perpendiculars p, , p^ on TF, TQ from of whii;h let p^ 
be the greater; then 

log ffl = °' " £-i-l = log,„ e . cot 1^, 

where a is the constant of the curve, a the circular measure of the 
angle between the tangents alternate with that in which lies, 
and 1^ the constant angle between the tangent and radiua vector. 
^ can therefore be determined from a table of logarithms.] 
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CHAPTER XII. 



MISCELLAKEOUS CURVES. 



The Harmonic Curve or Curve of Sines. 

In this curve the ordinates are proportiotial to tbe siuea of 
angles which are the same fractions of four right angles as tho 
corresponding abscissre are of some given length. It is the curve 
in which a nmsical string vibrates when sounded. 

Problem: 153, To draw the Harmome Curve, the length and 
amplitude of a vibration hetng given (Fig- 155). 

Let AB be the given length, AO the given amplitude. With 
centre oh SA produced describe a semi-circle iAi', and divide 
it up into any convenient number of equal parts. Bisect A£ in 
C, and divide up AG and CB into the same number of equal parts 
chosen for the semi-cirde. Draw the successive ordinates la, 
16, &,<}., and from the corresponding points on the semi-circle draw 
parallels to AB meeting the ordinates in a, h,... &o., which will 
be points on the ciirve. The length from A to G is half a wave 
length which will be repeated from C to £ on the other side of 
AB. C ia a point of inflection on the curve, the radius of curva- 
tnre there becoming infinite. 

To draw tlm tangent at any point P. 

Through P draw pPM parallel to AB, cutting the semi-eirclo 
in p; and make PM=AG. Draw pm perpendicular to OA 
cutting it in m, and make Mm' on MP = Om. Through M draw 
J/^iV perpendicular to PM ov ^^, and on it make J/"^ = 3.I4... 
on any convenient scale. On 2!P make Mk ^ unity on the same 
K 20 
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scale, and draw m'Jf parallel to hg cutting 3/A'm N. N will be a 
point on tiip, tangent at P, 




The lines corresponding to v^'N will of course 
all points on the curve, so that the points h and g need only be 
found onoe. 

A parallel to Ttg through the point 6 (the quadrisection of CA) 
cutting iT in y determines AT and CT, the tangents at A 
and a 
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Ooah of Cassini. 

Whea a poiat moves in a plane so that the product of its 
distances from two fixed points ia the plane is constant, it traces 
out one of Cassini's ovals. The fixed points are called the foci. 
The equation of the curve ia therefore rr^ = k', where r and r, 
are the distances of any point on the curve from the foci and 
£ is a constant. 

Corresponding to any given foci an infinite number of ovals 
may of course be dvawa by varying k. 

Phoelbm 154. To describe an oval of Cassini, tike foci F and 
F^ and tlie constant Jc of the curve being given (Kg. 156), 

Draw a line through F and F^ and bisect FF^ in C : through 
G draw BCB^ perpendicular to FF^, and with F as centre and 



'^—^ r"''^.h' ^-^ ^ Li) ^'i 



radius - h describe an arc cutting BGB^ in B and B^ . B and i?, 
will evidently be points on the curve. 

Draw FK perpendicular to FF^ and make FK=k., and on 
C^'make CA and CA^ each = C/r. A and ^, will be points on the 

20—2 
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curve, for CA' = CK' = CF' + FK% 

. : GA' -CF' = e = (CA + OF) {GA - CF) ; 
Vmt GA + CF^F.A and GA - GF^FA, 

.-. FA.F^A^k\ 
"With centre F and any radius greater than FA and less than 
FA^ describe an arc dD cutting FA in d. Tlirough E draw Kd, 
perpendicular to dK and cutting FF^ in d^. A circle described 
witli centre F^ and radius Fd^ will cut the arc dD in D, a point 
on the curva . 

Evidently by symmetry D^, the intersection of arcs of the 
same radii as the above but struck from the opposite foci as 
centres, will also be on the curve, and so also will be the inter- 
sections on the other side of AA^. Similarly ajiy number of 
points may be found. 

An alternative method may be adopted as soon as two points 
such as A and i), not very far apart, and the two corresponding 
points A^ and i), are found. If two series of terms in geo- 
metrical progression are found, FA and FD being successive terms 
of the one and FA^ and FD^ successive terms of -the othei- 
(Problem 8), circles struck with the corresponding terms of 
each as radii and with the opposite foci as centres intersect in 
points of the curve, the radii increasing from the one focus and 
dimiuishing from the other. This is shown in the figure, and this 
construction moreover enables at once any number of ovals to be 
drawn, the intersection of any two circles of opposite series 
being taken as a starting point, and the successive intersections 
giving succeeding points. The second curve drawn in the figure 
ja an example of this. 

It may be noticed that a circular arc with centre at the 
focus coincides very closely with the oval at the vertices A 
osiAA^. 

To drww the tangent at any point I'. 

The angle FPG whicli the normal at any point P makes with 
the focal chord Fl' is equal to the angle which the other focal 
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T similar triangles ^ ^ = ^^_^. ., since ^(^-5 is 
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chord F^P makes with the chord CP drawn, from P to the 
centre. 

27i« Cusoid of Diodes. 

This curve, named after Diodes, ii Greek rnatliematician, 
who ia supposed to liave lived about the sisth century of our 
era, was invented by him for the purpose of constructing the 
solution of the problem of finding two mean proportionals. The 
curve is generated in the following manner; — - 

In the diameter ACB of the circle ADBE (fig. 167) make 
AN-BM, and draw MQ and Fit perpendicular to AB, and let 
MQ meet the circle in Q, then AQ and NR intersect in a. poiut on 
the curve, ie. the locus of this intersection is the Cissoid. 
i?if _ QM _ JAM.MB 

^aF'am" am 

right angle; or if we call BN'=y, AIf = x, and the raiiiua of the 

a: •2a ~x W^a — x' 

which is the equation to tlie curve referred to rectangular axes 
with A as origin and AB as asin of x. 

Problem 155. To i^sorihe the Cissoid corresponding to a 
circle of given diameter (Fig. 157). 

Of course the above description is really a construction for 
the curve, since by it any number of points can he determined. 
The curve may also be described by continuous motion thus ; 

Draw a diameter AB of the circle, and the tangent at B. 
If j1 is a point on the curve, this tangent will be an asymptote. 
Through C, the centre of the circle, draw a parallel to the tangent 
at B of indefinite length, and make jIO on GA produced eqnal to 
AC. Cut a piece of paper to a right angle as abc, and on one side 
of it mark off from the angle the points d, c, making hd — dc=AC, 
the radius of the given circle. If the paper be now placed 
so that the edge ha passes through 0, and the point c is always 
on ECD, the point d will be on the curve, and by moving it 
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the positions of any inimber of points can easily lie marked off 
on tlic paper. The curvo is evidevitly symmetncal about AJi, 




there is a cusp, at A, and D and E, the extremities of the diameter 
perpendicular to AB, are points on the curva 

To drcm) fJie tangent at any point P. 

From P, with radius AC, mark off L on the diameter ECD. 
Through i draw LG parallel to AB, and through draw Off 
parallel to PL, meeting LG va G. G will bo a point on the 
normal at P, and the tangent is therefore perpendicular to PG. 

It may be noted that the area included between the curve 
and the asymptote is three times the area of the generating 

The problem of finding two mean proportionals between two 
given quantities a and b is, to find two quantities m, and n 
such that 

m,' = an and n^ = mb, 
or that m^-a'b and 'd-db^. 

By means of the cissoid corresponding to the circle, the radius 
of which is equal to a, the smaller of the given quantities a and h, 
the first term m can easily be found thus : 
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Make OS on the diameter BCE=h. By hypothesis S wiU 
always fall beyond E. Draw BS emitting the cissoid in K. Then 
AK will cut CS in a point 2* at a distanee from C equal to the 
required quantity m, i.e. CT" = wi^ = a'h. For draw the ordinate 
Kn. By similar triangles 

CT AC 



CS BG 



r CT=^ 



but An is tlie x and Kn is the y of the point K, and it has been 
therefore already proved that 



JmI" 



Sa — jiw Ar^ 



n proportional 71 



When m, is found the second n 
by similar triangles, for 



If CS or 6 be made equal to la, m, will be the length of the 
side of a cube, the volume of which is twice that of a cube of side 

TI1& Conchoid of Nioomedes. 

If through a fixed point a straight line POp be drawn 
meeting a fixed right line LM in B, and EP, Bp be taken each 
of the same constant length, the locus of P and p is called the 
conchoid. 

If OD be drawn perpendiculai- to LM meeting it in A, and 
OA = a, EP=b, and AOK^d, 

OP^OB + BP= -^+6. 
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Also Op-OE-B.p,ii\ac& we go in the positive direction from 
^ R, and in the negative from R to p-^ 

■■■ »'-?»-«-'■ 

so that the polar equation of the curve, being the pole and AS 
the initial line, will be 

Problem 156, To draw the Conchoid, the conslants a and b 
being given {Fig. 158.) 

Draw the line OD, and make OA on it = a, and AD, Ad each 



Tlirough A draw LAM perpendicular to OA ; LMmW be an 
asymptote of the curve. Draw any Kne OP throngli mooting 
LM in £, and on it make EP = lip = 6. 

By definition P and p will be points on the curve, and 
similaJ^ly any additional number of points may be determined. 

The curve is evidently symmetrical about OB. 

If 6 is less than a, tho form of the curve is that shewn, by the 
dotted lines. 

"When h~a the point is a cusp on the curve. 

To draw the normal at am,y point Q. 

Iiet OQ meet ZM in r; draw rG perpendicular to LM and 
OG perpendicular to OQ intersecting in G, which will be a, point 
on the i-equired normal ; for the line OQ is moving so that it 
always passes through while a fixed point on it is travelling along 
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LM ; i.e. at the moment the line ia moving along OQ (or turning 
about some point on OG), and also along LM (or turning aliout 
some point in rG), i.e. G is the centre of instantaneous rotation. 
The Witch of Agnesi. 

Let AB (fig. 159) be a diameter of a circle, NM a. lino per- 
pendicular to AB meeting it in M and the circle in M. If 1' be 
taken on JV^il/" produced so that 

BN ^ MN 
Ali "AN' 
the locus of tlio point P is tlie curve called the Witch. 
If a be the radius of the circle we have from tho above 
FN' _ MN' _ BN _ 'ia-AN 
"4^ " Xr ~ AN~ Alf ' 
or putting AR^x, and PN^y, 

„,/ = ia-{SS«-x). 
which is the equation to the curve referred to rectangular axes 
with A as origin and AB asia o£ x. 

Problem 157. To describe the Wiich of Agnesi cofresponding 
to a, circle of given diameter (Fig. 159). 

Let AB be the given diameter, O its centre ; draw the tangent 
at B, and through A draw any number of lines AE, AF,...kii., 
cutting the circle in E, F, &c., and the tangent at B in e,f,... 
&c. Lines drawn through E and e respectively pavaUel and per- 
pendicular to the tangent will intersect in §, a point on the curve ; 
similarly lines through F an d^ intersect in R, and ao any number 
of points can be determined. 

The constraction is obvious irom the definition of the cui-vo. 

Tho curve ia symmetrical about AB and cuts the diameter per- 
pendicular to AB at distances irom the centre equal to the diame- 
ter; the tangents at these points pass through B. 

If GB be bisected in D and DE be drawn perpendicalar to AB 
meeting the curve in K, Emu point of inflection on the curve 
The tangent to the circle at ./I is an asymptote to the curve. 
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To draw the tangent at awy point T. 

Through T draw iTv parallel to AB meeting the tangent at j5 
n £ and the asymptote in v. Draw Aw perpendicular to At meeb- 





iog tho ordinate through C, the centre of the circle in w. The 
tangent at T is parallel to vw. 
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The curve in which a heavy inextensible string, freely sus- 
pended from two points, hangs under the action of gravity, is 
called the Catenary. If the mass of a unit length of the string is 
everywhere constant, i.e. if the string is of uniform density and 
thickness, the curve in which the string hangs is called the 
Common Catenary. 

Investigation of the conditions of the statical eqnilibriwm of 
the string gives for the curve of the common catenary the well- 
known equation 

the axis of y being a vertical line through the lowest point of the 
curve, and the axis of a; a horizontal line in the plane of the string 
at a distance e below tlie lowest point, c is the length of string, 
the weight of which measures the tension at the lowest point, and 
e is the base of Napierian logarithms. 

At H, distance c from the origin measured along the asis of x, 
the corresponding value of y is 



at a distance 2c it is 

and so on ; and if we make c the unit of length tlie corresponding 

values of y are | {«' + e~'i, 

iK + O, 
a.id so on. 

The third column of the following table gives the value of ^ 

at the corresponding points along the axis of x as shewn by the 

fii-et column 

6 = 2-718281828-.. IogJO= '43429448. .. 
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Abscissa ^{e'' + e '] ^ 

^=1 ^(1-284:05 + 77880) 1-03142 

x^.~ ^(1-6487 +-60653) M27G 

'■^^-r H^'HT 4--47144) 1-234422 

,«=c ^ (2-71828 + '367S8) 1-54308 

a;.= 3c ^(7-389 +'13534) 3-76217 

a;-3fl ■^(20-0853 + -049787) 10-0676... 

x=ic J(54-598 +-01831G) 27-308... 

Phobleii 158. To draw the aonimon calanary, the unit c being 
given. 

Example 1. {c--^OA) fig. 160. 

Di-aw the horizontal line Ox and the vertical line Oy. On Oy 
measure OA = c. A -will be the lo-weat point o£ the curve. Set off 
from along Ox lengths Oa = ab=bd~c, and draw the ordinates 
through (s, h, d... parallel to Oy. 

On the ordinate through a measure from a a length ap^ = (the 
number in third column of above table opposite x — g)xc, i.e. 
1-54308 xe (e.g. if e is y it ia only necessary to measure off on a 
diagonal scale of half inches a length 1 -54). p, will be a point on 
the curve. Similarly on the ordinate through b measure hp^ = 
(number in column 3 opposite x = 2c) x c, i.e. 3-76217 x e. p^ will 
be a point on the curve. Similarly for ordinate through d. 

Points can of course be found between A and p^ by using the 
fractions of c given in the table. 

Example 2. (e==OA) fig. 161. 

The points p„ p^, p,, p^ on the ordinates through a, h, d, e, 
where Oa = ab-bd=de- \c, 

are given by the table : the next point furnished by the table 
would be on the ordinate through f, where ef= Oe. Points on 
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ordinates between c and / may lie found witliout calculation a 
follows ; 



Any three equidistant ordiiiutes (y„_,, y„, y^,) are connected 
by the relation 

whore h is some confltant, i.e. ii eg =de 



UP, 



dVf, 
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Construct the right-angled triangle AOm,, ivith hypotenuse 
Am = ap„ the ordinate at distance Oa = de — eg from origin; the 
length Om is the value of the constant k. 

If ft?i be drawn parallel to Ox and meeting Oy in q^, 

so that the required length gp^ can he determined by taking a 
third proportional to dp^ and liij^,. 

Similarly, if gk-eg= Oa, 

ep^ : mq^ :: inq^ : Itp^; 
or, since eh = be, hp^ may be determined from 
hp, : fli,(/j :; -ni^q^ : Apj, 
where «i, is a point on Ox such that Am^ = 6^^. 

fo draw the ttmgent at any point [p^ Bay). 

"With centre O and i-adius OA describe a circle ; through p^ 
Ara,w p^q^ parallel to Ox and meeting Off in q^. The tangent atp^ 
■will be parallel to one of the tangents which can be drawn from q^ 
to the above circle. 

From g, the foot of the ordinate at p^, draw gt perpendicular to 
the tangent at^^ meeting it in t. gt^ OA, the c of the curve, and 
p^t is the length of the arc of the curve between p^ and the lowest 
point, i.e. pf — arc Ap^. 

To deierinvne the centre and radius of curvatm-e at any point 
(a. p.). 

Draw the normal at p, meeting the horizontal axis Ox in tf. 
On the normal jaak% p3S=p,6. Swill be the required centre, 
and 5^3 the radius of curvature. 

Problem 159. To d/raio a catenary, the vertex A, the axis Ay 
and a point Q heing given (Fig. 161). 

The following method is approximate only, but gives tolerably 
close results provided the depth of A below Q does not exceed 
two-thirds of the distance of Q from Ay. 

Find on Ay the centre {F) of the circle passing through A and 
Q, and determine the length of the circular arc AQ, i.e. from a 



y Google 



MISCELLANEOUS CUEVES. 

table of the circular measure of angles get the circular 
corresponduig to the number of degrees in tbo angle AFQ and 




multiply tliis number by tlie lengtb FA i 
venient scale. [In tlie figure AFQ contains 64", the circular mea- 
sure of which is 1-117, and /^ = 5, the unit being ^inch; the 
length of the circular arc AQ is therefore 5-585 unit*.] From Q 
set off downwards on a parallel to Ay drawn through Q the length 
QL = the circular arc AQ as above determined, and let the horizon- 
tal through A meet QL in h, and make LN" on Q produced through 
L a third proportional to twice Qh and hL ; i.e. take 
LN : hL :: kL : 2 . Qk 

N will be a, point on the axis Ox of the required catenary, Le. 
c is determined for the retjuired curve. 

[N is easily determined by inflecting from Z to Ak produced a 
length LJc^ = twice Qk ; produce 7c, £ to Ji malting Ln -- kL, 
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n will be a ])oiiit on the rcciuii-ed axis of Oa;; for by the 
similar triangles Z!c?c^, LN'n, 

LN : Zk :: Ln : L\ :: Lk : 1 . Qk^ 

The construction ia based on the assumption that the length of 
the arc of a catenary near tlie vertex does not sensibly differ from 
the circular arc passing through its centre and extremities; and 
the point N is determined so that the tangent from it to a circle 
with centre § and radius QL shall be equal to Sk. 

Problem 160. To draw a catenwry, a point, of suspension P, 
t!ie tangent FT at that point, and the depth, PE of the loop being 
given (Fig. 161). 

Draw the horizontal through K meeting FT in E. 

On PS produced make PT = PK, and draw TiV", perpendicular 
to PT meeting PE in iV,. 

KN'^ = the unit c for the required curve. PT ia the length of 
the arc between F and the lowest point, and a kiio 
for ita length is 

PT^.f^-(f-»% 

where X- AK. Also 

FN^^^^f^), 

PN^ + FT _ ^_ 

or - log e =■- log RN\TFT- log c, 

,^,^ ao" PF~TFT-\o"KK) 



which determines the vertex A. 

Pboblem 161. To draw a catenary, tJie axis Oy, a point P 
on iAe curve, and the tangent FT being given (Fig. 161). 

Through F draw P^^ parallel to 0«/, and PM perpendicular 
to Oy meeting it in M. Let the angle TFH, = $, and if FT is 
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^ length of arc between P and A tlie vertex, we tave if TS'^ is 
perpendicular to FT, 



c = 2'iVj = PA\ f 

e . $ ^'! 

■■■ <^os-2=sin-E" or 
■, log e = logcot;r , 



By means of a table of logarithms, the value of c can be 
calculated, and wben the length If^T ia known, the points 2f^ and 
2' are of course easily determined. 



THE TKACrOEi' Olt ANTI-FRICTION CURVE. 

The involute of the Catenary is called the Traotrix or Tractory. 
Since in the catenary {fig. 161) </( drawn from the foot of the 
ordinate at any point F, perpendicular to the tangent at P, meets 
it in a point t such that Pt = axo of catenary measured from the 
lowest point, ( is evidently a point on the involute of the catenary 
and tgm a. tangent to the involute. Also ig ia constant {p. 318) 
and equal to OA, and therefore the Tractory is a curve such that 
the intercept on its tangent between the point of contact and a 
fixed right line is constant. This fixed length is called the 
constant of the curve. 

E. 21 
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THE TRACTORY. 



The equation of the tractoiy may be written 



J-Ji'-y 



x + Ji'-y-'=0, 



where OA (fig. 162) is the axis of y, ON tho axis of x and OA - 1 
the oonstant of the carve. 



Pkoblem 162, To d/i-aw a Tractory the comtant t Imm/j r/ivm 



Describe the catenary eorrcsponding to tlie unit ( ^ OA 
(Problem 158). 




Ill the figure since OJV = OA, QJV tho ordinate of the cateiiaiy 
— I'5i3.,.x OA, and so for otlicr points. 
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Draw QP tlio tangent at Q (p. 318) and JVP pei'peiidicular to 
QP and therefore parallel to Op. P is a point on the tractris as 
already shewn, and similarly other points can be determined. 

The centre of curvature at P is of course the point Q. 

The line OiV is an asymptote to the curve, and hj the revolu- 
tion of the curve round OjV a solid is generated, the form of 
which has been adopted for the foot of a vertical shaft working 
in a socket or step. This pivot is known as Schiele's Anti-Friction 
Pivot, The theoretical advantage of the adoption of the form in 
this case is that the vertical wear of the pivot and stop is every- 
where eqiial. 



INVBKSE CURVES. 

Dei". If on any radius vector OP drawn from a fixed origin 
0, a point P' be taken such that the rectangle OP . OP' is con- 
stant, the point P' is called the inverse of the poiat P; and if P 
describe any curve, P" describes another curve called tlie inverse 
of the former, with respect to the pole 0. 

Let he the pole and P, Q two points on any cui've, and let 
/■j, Q be the inverse points, then by definition 

OP . OP, = OQ . OQ, = vfc' suppose. 
A circle can therefore be described round PQQ^F, and hence 
the triangles OQP and 0P,Q, are equiangular. (Euc. nr. 23.) 
PQ _0P _ OP.OQ _ OP.OQ 
■'■ ~P~Q\^OQ,^OQ.OQ,~ F * 

Since the angle OQ^P, = the angle OFQ, it follows that when 
Q moves up to and coincides with P so that I'Q becomes the 
tangent at P, Q, moves «p to and coincides with P,, and Q,P, 
becomes the tangent at P^, and the angle OP^T, between OP, and 
Q.P produced is equal to the angle OPQ, so that the tangents to 
a curve and its inverse at corresponding points make equal angles 
with the i-adius vector but on opposite sides of it. 

21—2 
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The Lvmaqon. The inverse of an ellipse or hyperbola with 
respect to a focus is called a lima^on. The polar equation to an 
eUipse or hyperhola, the focus being the pole and the major axis 

the initial line, is r = — . ^ , -where a and h are the major and 

minor axes of the ellipse or the tranaverseandconjugateaxesof the 
hyperbola, and e is the eccentricity of the curve {pp.99 and 154). 
If T be produced to a length r' such that rr'—-lf (Dei. p. 323), 
the above equation becomes 




■which is of the form 

the positive sign being taken for an hyperbola, negative for an 
ellipse, and -B=-t3- bo that ■= = e the eccentricity of the conic. 

Hence the constant for the Inverse being given, the values of 
A and £ for the lima^on corresponding to any particular conic 
can be calculated^and conversely the equation to the Lima^on 
being given, and also the constant k, the pai'tieular conic of which 
it is the inverse may be determined by solving the above two 
equations for a and 5, 

Evidently A is less than £ in the inverse of the ellipse, and 
greater in the inverse of the hyperbola. 

Peoblem 163. To descrihe a Lvmaqon, the equation to ilke 
cwrve heing given (Fig. 163). 

Let the given equation be r — .■! cos 6 + B. 

Draw a circle of diameter OD = A , and on DO sot off from D 
on each side of D lengths DM, Dm each equal to JB. M and m 
are evidently the points corresponding to the values of 0, zero and 
180", being the pole; i.e. OD must be the initial line. 
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Tlirougli draw any line whatever cutting the circle in Q. 




On it from Q on each side of Q set off lengths QP, Qjj each equal 
to £. P and p ■will be points on the curve ; 

for OP=^OQ + QP = on coa DOQ + QP 

= AcosO-^B, 
and Op ^QP-OQ^QP- OB cos DOQ 

^ QP + 01) cos (ISO + DOQ) 

^Acose + B, 
the 6 in this case of course coirespouding to the radius O}). 
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Similarlj', by drawing a sories of lines through and setting 
off on them from the points where they cut the circle, the constant 
length B any number of points can be determined. 

In the figure the outer curve with plain letters is the inverse 
of un ellipse, and the inner one with sutKxed letters the inverse 
of an hyperbola. 

The values of the constants are A = 2'l, 

B for the outer curve= 2'4, 

B „ inner „ = -84, the unit being the length I 

Hence corresponding to the value Je' — 1-7 we have 

2-1. "7.-^, 



whence a^3 and 6 = 146 the semi-axes of the ellipse of which 
the figure is the inverse ; and corresponding to the value A° = 9 






M^^Ja^ + b% 



■84 = ^. 
whence a-2'03, 

6 = 4-66, 
the semi-axes of tlie hyperbola of i 



To draw Uie normal at any jmint I" of a Lima^ou. 

Through D draw J)G parallel to OP, meeting the circle on OD 
as diameter again in G, which ^vill be a point on the required 
normal. 

To find the centre of eurvatwre at amy point P. 
On OP as diameter describe a semicii-cle, and draw Q V perpen- 
dicular to OP meeting it in Y. On F6, the normal at P, make 
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Fv = FV and draw vX parallel to G7 meeting IT in .1. On 
F V make Fg^2 . 1'G and draw Gx through G parallel to F<j and 
= FX. gx will intersect FG iu s, the other extremity of the 
diameter of curvature at P, so that S the required centre is the 
point of bisection of Fs. 

Froof. It is easily shewn analytically tliat if p is the radius 
of curvature at P, 

_ {A^' + UB cos e + -g^i° 
''~' ^A' + iAB 003$ + B' ' 
■where A and B are the constants of the curve and B is tlie 
angle DOB. 

But A' + 2ABco%e + B^ ^ FG\ 

and .-. A' + Anco%e^FG''-{B' + ABcQ5 6), 

PG^ 
■'" ''~ '■2.BG'-{B^ + ABco%e}' 
But Qr' = OQ.QF = AB cos 6, 

and PI'= = PQ' + ^ P - 5^ + ^£ cos $, 

PG^ 

By construction FX : FV :: Fv : FG, 
and Pv = PV, .: FX.PG^FV, 

J'G' _ 
■'■ <'~2FG~PX' 
i.e. 2p : PG :: 2PG : iPG-P'X, 
or 2p ; 2p - P(? ; : 2Pe : PX, 
but Fa : Gs :: Fg ■. GX, 
i.e. Ps:Fs~FG::2PG:FX, 
.: Fs=2p. 
The liinagon is an epi-troohoid, the diameters of the directing 
and rolling circles being efjual. 
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The Inverse of a Parabola is called a Cardioid, i.e. a Cardioid 
is a Limagon in the equation of which the constants A and B are 
equal 

Its equation is therefore r^A (1 + cos 6). 

The inner loop disappears in this case, and the origin is a 
cusp on the curve. 

pROEtBji 164, To descrihe a Cardioid, the equation to the 
curve being given (Fig. 16i). 

Let the given equation he 

T^A{l+cose). 




Draw a circle of diameter OD — A and on 01) produced set off 
DM=A. 

M is evidently tlie point on tte curve corresponding to zero 
value of 6, being the pole; i.e. OD must be tHe initial Uno. 

Through draw any line whatever cutting the circle in Q, 
and on OQ produced make QF = OB -A. P will bo a point on 
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OP=0Q + QP=0Dqo&D0Q + 
Similarly, any number o£ points 
taincd. 



To draw tlie normal at any point P. 

Througli D draw D6 parallel to OP meeting the circle again 
. G, (? is a point oil the required normal. 



The inverse curve of the Rectangular Hyperbola with respect 
to its centre is called a Lemniscate. 

The polar equation to the rectangular hyperhola, the centre 
being the polo, and one of the axes the initial line, is 
r=cos2e=ft^ 

If any radius vector OP, being the centre, is produced to 
r so that OP. OP =k', where k is any constant, P -will by 
definition be a point on the inverse. 

If OP^r, OP'=^r', this may be written 
rV' = yt* or r" = ^Icos2^; 
tJie polar equation to the lemidscate may therefore be written 

The lemniscate is a particular case o£ the ovals of Caasini, the 
distance between the foci being J2K and the product of the focal 
distances of any point of the curve being — . 

Pkoblek 165. To describe a lemniscate, ilie eonstanl of the 
cu/rve hemg given (Kg. 165). 

Draw any two lines OB, Oh at right angles to each otlier. 
On OB make OA = OA, = the constant K of the curve. A and A^ 
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are cvidentlj- points on tlie curve corresponding to tlie values of 

Fig, IBS. 




6, zero and 180°. On Ob mate Oa^OA, and with as centre, 
and Aa as radius, describe & quadrant of a circle £b. 

Draw any line 0I> through meeting the circle in D, and 
draw DH perpendicular to OA meeting it in JT. With A as 
centre, and ON aa radius describe an arc cutting Ob in p, and 
make OF, OP^ on OD each = Op. F and P, wiQ be points on the 



Similarly any additional number can be determined. 

The curve passes through the ongin for r = -when 20=9(f, 
and lines drawn through making 45" with OA (the initial line) 
are tangents to the ctti've at 0. 



I'roof. The ec[uatio 
,.-.if(2co, 



to the curve may he written 



which by construction it does since 

AI'--^OiV and 0A = K. 
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Between tlie values 90° and 370" for 29, a 
md consequently no real valnea for r exist. 



The length OQ corresi»ndmg to an angle AOQ = 30" is ^OB, 
and the tangent at Q is parallel to OB. 

To draw the tangent and normal at any point. 

The angle OPG between the radius vector OP and the normal 
PG is twice the angle POA. Considered as one of Cassini'a ovals 
the foci are at F and P^ where 0F= OP, = ^OB, and the normal 
may of course be dra'Wn in the manner given for those curves, 
i.e. by making the angle P,PO = augle OFF. 

Peoblem 166. Given two points A and 0, and a line Oil 
through one of tliem, to determine the loous of a point P moving so 
tJiot the angles which OP tnakes with PA and with a parallel to 
OB ilMvugh P, sJmU he efual (Fig. 166). 

On OA as diameter describe a circle, and through draw a 
perpendicular to OB, 
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With as centre and any radius less than i desciibe i 
circle cutting the circle on OA la a and a,, ind the f eipi-ndiculai 
through ia 5 and 5,, 

Draw Aa meeting jiarallela to OB thiotiijh h and 6, in f 
andi*,, and draw J a, meeting the same parallels m Q and Q 
P, Q, P, and Q, ■will be points on the req^uired loi^ug, for the 
triangles 06^, Oa^Q, e.g. are equal in. all lespects 

Similarly any additional number of points can be determined 
as shewn. 

The curve extends to an infinite distance on both sides of 0, 
and has an asymptote parallel to OB on the opposite side to A 
and at the same distance from OB as A ; or if AW be drawn 
perpendicular to OB and NX on it be made equal to AW, the 
asymptote passes through X, 

The internal and external bisectors of the angle AOB are 
tangents at to the two branches of the curve passing through 
that point. The tangent at A is inclined to OA at an angle OAT 
= angle AOB, and parallels to OB at distances from it^OA are 
tangents to the curve. The points of contact Z and M of these 
last are determined by drawing LAM perpendicular to OA. 
At some point beyond M the curve becomes convex to the 



This problem is a solution of the question : — to find the point 
on a spherical mirror, on which a ray from any point A must 
impinge in order that it may be reiiectod parallel to a given 
direction. 

For if be the centre of the mirror, the circular arc repre- 
senting the section of the mirror by the plane passing through 
A, 0, and the line OB through parallel to the given direction, 
will of coujse cut the curve in points such that the incident and 
reflected rays make equal angles with the normals at those points. 
In other words the problem is to find the point P on a given circle 
at which the lines AP, P£, A being a given point and PB being 
parallel to a given line make equal angles with the normal at P. 

The whole curve in such a case need not bo drawn, since it 
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is easy to find points on tlie curve in the neiglibourhood of tho 
part of tlie mirror required ancl to draiv an arc of the curve 
through them. 

Problem 167. Gw^en three points A, B, G, to determine the 
loms of a point P moving so that the angles which PC makes with 
PA and PB are always equal (Fig, 167). 

Let AC be greater than BO. On JC and BC as diameters 
describe circles, and with centre C and any radius not greater than 




BC describe an arc cutting the circle on AC in a and u,, and the 
circle on BC in h and fij. The lines Aa, Aa^ will intersect both 
the lines Bh and Bb^ in points on the required locus. On!y three 
of the intersections are shewn in the figure, viz. the points P, Q 
and B, the fourth not falling within the limits of the paper. 
Similarly any additional number of pointa can be determined aa 



Tlie curve extends to an infinite distance on both sides of the 
lipe AB, and has an asymptote parallel to tho line joining G to the 
centre point of AB, and which cuts AB between A and D the 
foot of the perpendicular from G on AB at a distance DE from 
D, which may be thus determined. 
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Let BG^a, AC-'b, AD = m, BD^n and GD = h. 
It can be aliewn analytically that the length 

On DA io»ksDF=DB, therefore AF^-^m-n. 
Draw FG peipendienlaj- to AB meeting EG in G, eo that 
FG = 2DG=U; 

Draw &K pei-pendicular to ^6^ meeting AB in K, so that by 
similar triangles 

AF : AG :: AG : AK; 

.-. AG[^ = AF.AK. 

In the flgui'e K is beyond the limits of the paper, but if A G is 
bisected in <?, and gle is drawn perpendicular to AG meeting AB 
m k, Ah = \AKs.nA therefore AG'f=2.AF. Ah. 
The ahoTe expression for BE tlierefore becomes 
a" + Jf 
^^ - AK ■ 
I>raw CL perpend iciilar to AG and mate CL = CB so tliat 



On AB make Al-AL, and throiigh I draw LI/ parallel to 
KL meeting AL in M. (In the figure AL is bisected in L^ so 
that hL^ is parallel to EL.) By similar triangles 

_AL\^ 

^'ak 



AM : Al :: AL : AK or AM rr. 



AK" ' 
i.c, AM will bo the required length DF. The asymptote can 
then be drawn through F parallel to the line joining C to tlie 
middle point of AB, 
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Tlie, internal and external bisectors of the angle ACB are 
tMigents at G to the two brancliea of the curve passing through 
that point. 

The tangents AT, BT, at A and B make angles GAT, CBT, 
with OA and GB equal i-espeetively to the angles CAB, GBA. 

This problem is a solution of the question : — to find the point 
on a spherical mirror on ■which a ray from A must impinge in 
order that it may be reflected to B ; — for if C be the centre of the 
mirror, the circular arc representing the section of the mirror by 
the plane passing tlirough A, B and G will of course cut the curve 
in points such that the rays from A and B make equal angles 
with the normals at the points. In other words the problem is 
to find the point P on a given circle at which the lines AP, BP, 
A and B boing given points make equal angles with the normal 
at 2*. 

The whole curve in such a case need not be drawn, since it 
is easy to find points on the curve in the neighbourhood of the 
point required and to draw an arc of the curve through them. 

Magnetic curves. 

The locua of the vertex of a triangle described on a given 
bfffie and having the aura of the cosines of the base angles constant, 
is called a magnetic curve. 

If AB be the given base, and P a point on the locus, we must 
therefore have cos PAB + cos PBA = k, and corresponding to 
different values of k, we get a series of curves passing through 
A and B. These represent the lin^ of force in the plane of the 
paper due to a magnet whose poles are the points A and B. 

The greatest value of h is 2, since the numerical value of the 
cosine of an angle is never > 1 , and k may have any value between 
and 2. 

Problem 168. To draw a inagnetia curve, the base AB and 
the constant k being given (Fig, 168). 

On AB as diameter describe a circle AEQB, and on AB take 
a, point JjTsoch that 

AM^k.AB. 
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Draw any line through A cutting tlie circle in Q, and mLi.ke 
AqonAM = AQ. 



/- 


Fig, 168. 
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With centre S, and radius ^^ — Mq desovibc an arc cutting 
tlio circle in H. 

BR will intersect AQ m F a point on the required curve, for 
Similarly, any additional number of points can be obtained. 
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The tangents at A and B may be determined by considering 
that when P moves down to B the angle BAP becomes zero, and 
its cosine = unity ; 

.-. aoAABT=k-l. 
In tlie curve marked 1 in the figure h = I, 



Fore 



e number 2 therefore M coincides with 1 
3 ,, M 



C, the centre 



of the circle on AB. 

For curves Noa. 4 and 5 M is at M^ and M^ respectively 
bisecting and quadrisecting AC. 

Corresponding to the value 2 of A we get the diameter AB 
itself for the locua, and corresponding to the value zero we get the 
prodactions of the diameter to the right and loft of AB. 

Each curve cuts the diameter of the circle perpendicular to 

AB at a distance from A ov B= —r- . 

k 

The chain-dotted curves in the figure are equi-potential curves 
(see next problem) and cut all the lines of force or magnetic 
curves at right angles. 

Bqui-potential Curves. 

If the lines of force due to a magnet, in any plane passing 
through its poles, are cut normally by a series of curves, these are 
known as equi-potential curves, and by revolution round the line 
joining the poles they generate equi-potential surfaces. 

If A and B are the poles of the magnet, and the length 
ji5= c, the distances of any point P on one of the curves, from 
A and B are known to be connected by the relation 

L _ J_ * 
AP BP'^c 
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where k is constant throughout the particular curve conaidered, 
i.e. the ei^uation. to the series of curves may be ■written 

where r and i-j denote the distances of a poiot from A and B. 
The value of k of course varies from curve to curve of the 



Pkobleu 169. To draw an equi-poUntial curve, the poles A 
arid B and the constant k being given (Fig. 169). 



First determine the 
line AB. 




At the point K we evidently have 
AK+BK = c, i.e. T + r=c 
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whicb, combined with the equation. 
1 1 k 



determines tlie value of r and r 
We evidently have 



1 __*_!__ 
-kr 1 



or c'-(2 + A)cr + S/ = 

a quadratic to determine r or AE, but the smallest of the two 

roots is the only admissible solution. 

At the point L we have BL — AL — e, 



The equation 

1 k 



- becomes therefore in this 



and one of the roots of this equation is 
To find any points on the curve ; 
jIO auch that AO — -r , i-e. take 

AO : AB :: ^ : 



le length AL. 

a. AB determine a length 



h. 



Through draw any line Oa and on it make Oo. = OA ; set ofT 
on aO on each side of a equal lengths aq, aq^ ; and through a 
draw ap parallel to Aq meeting AB in p and also draw ap^ parallel 
to Aq, meeting AB in p, . Then Ap and Ap, are corresponding 
values of ?■ and r, for a point on the curve and therefore a circle 
described with centre A and radius Ap will intersect a circle 
described with centre B and radius = Ap, in points F and P^ on 
the curve. 
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Th d tan 9 aq, aq^ must be taken withiu ccitam limits, 
n th 1 ngth. Ap whicL depends on aq cannot be grea,ter thdn 
iL 1 s tl AK Thpae limits can evidontly be determined 
by d aw tl oiigh A a |i<nallcl to E( meeting aO n^ f, and 
s in la ly il a ng Ag jjaiillel to a line thiough a itnd point I on 
Ab sn 1 tl t Al=AL The points <] must then be taken 
betw n / nd y 

In the figure, tbe value of k for the curve marked 1 is |, 



i „ i, 

and the corresponding values of AK and AL are 

for 1, AK= „ , AL=e . --- — , 

„ 2, ^/r = |(3-V5), AL = ^Wb-l), 

„ 3, 4ff = ^(5-Vl7), AL = c, 

„ 4, ^ff - I {9 ~ -i/eS}, AL=l('/y!-l). 

These values can of course be doterminod arithmetically, i 
graphic methods may be employed. 

Proof. From tlie similar triangles Opa, OAq 



from the similar triangles Oop,, Oq.,A 

Apj _ OA _ I \ _l-aq^ 

aq^ Oq^ I — aq^ Ap^ I . aq^ ' 

1 12. 
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but I by construction = j^ ; 

1 ^ J. _ A 
Ap Ap^ c 
or Ap and Jp^ are corresponding values of r and r,. 

It may be noticed that tlie line corresponding to Oa of 
curve ], is, for No, 3 the line oa^, the distance between A and 
the intersection of AB and oa^ being 4 . AB ; that the limits, 
between which points corresponding to q must be taiten arey] and 
g^, and that the point Ji on the curye corresponds to s and s^ 
on oa,, «,)■ being parallel to jis and a,r^ to Js,; so that 
AB=Ar and ,67;== ^r,. 
The equi-potential curve corresponding to zero value of k, is 
the perpendicular to AB through its centre point. 

THE CAKTESIAN OVAL. 

This curve owes its name to Descartes who first discussed its 
properties. M. Chasles, Mr Cayley, Mr Casey and others have 
since devoted a good deal of attention to it. A short discussion 
of the curve, treated geometrically, will be found in Chap. xx. of 
Williamson's Diff^&nttal Calculus, ith Edition, from which the 
following is mainly taken, 

Dep. The locus of a point moving so that the sum or differ- 
ence of its distances each multiplied hy some constant from two 
fixed points, called the foci, is constant, is called a Cartesian 

If -F, F^ are the two fixed points, P the moving point, and 
FP=r, FFj =r, and FF, = c, the equation of the curve may be 
written in either of the forms 

nr^h; = mc (1), 

or r^Mr,=E (2), 

where K is some given length and M may be assumed to be less 
than unity. 
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Pkoblbm 170, 2'o draw aGartesioM oval, the foei and constants 
fffthe curve being given {Fig. 170). 

Let F, and F^ be the given foci, and the length F.F^ = c^. 
The line joining F„ F^ is called the axis. 




Let the distance of any point P on the ciirTc from F^ be 
denoted by r,, and bmaF^ by r^, and suppose the equation of the 
curve to be written in the second of the above forms, ie. 



On the line joining the foci, make F^X— K, and through X 
draw a line XY making any convenient angle with the axis. 
On X¥ determine a length XY such that 
XY : F,X :: I : M. 

With centre F, and any convenient radius less than F^X 
describe an arc pp^ cutting the axis in p^ ; draw p^k parallel to 
F^ Y meeting XY in k, and with centre F^ and radius = Xk 
describe an arc cutting the former in p ; ^ will be a point on the 
curve, for 
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■■■ '■==^-' 

but piZ=^-r,, 

and Xh : p,X :: XY : F^X v. \ : M, 

ie ZA or )■ = — -' 

3 J/ ■ 

Similarly any ad<iitioiial number of points may be deter- 
mined. 

Again with centre F^ and any convenient radius greater than 
F^X describe an arc ^q cutting the axis in q. Draw qm, parallel 
to -fjF cutting YX in m, and with centre F^ and radius = X»n 
describe an arc cutting the former in Q. Q will be a point on the 
curve, for 

r,-Mr=Ii:, 



and Xm : Xq :: Xr : F,X :: \ : M, 

'~ ~M ' 

The curve consists o£ two ovals one lying wholly inside the 
other, the point p belonging to the inner, and Q to the outer. 

The radii F^, F^Q must be . taken within certain limits which 
may be determined thus ; — 

To find the points in which the civrve cuts the axis. 

Let the inner curve cut the axis in v and «„ and the outer in 
Fand r,. 

We have 

r ± Mr -K, .: r ~ ~ij-^ . 
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the positive sign referring to the inner curve, and the negative 
sign to the outer. 

At v and V we have 

> n- 3 — Jf ' 

or F^v{l + M)^-K-M.c,, 

which determines F^v, and 

F V-K 

1 a a M ' 

or ■^"',^(1 -M) = K + M.c^, 

whicli determines F^ V. 

Again iit v^ and V, we have 

K-Fv 

11 3 1 - if- 1 1 M ' 

or F^v^(\-M) = K-M .c^, 

which determines F^v^, and 

F V -E 
F. V, + i^, F, - c = F, V, + -'—h^ , 

11 3 13 11 If ' 

or F,Vi{l + M)==E+M.c„ 

which detenninea F,Vi. 

The radii for points on the inner oval ninst be greater than 
F^v and less than F^v^, and for points on the outer greater than 
F,V, and loss than J", r. 

Geometrical properties of the Curve. 

The curve is evidently symmetrical about the axis. 

Draw any line through F, cutting the curve in P and Q {on 
the same side of /'',); describe a circle round the triaiigie FQF^ 
cutting the axis again in F^, then F^P . F^Q = F^F^ . F,F^; but 
^j7'.i^,0 is constant, for 

~f\P\' = FJ'\' + c;-2FJ--.c,,.coRF^F^P=-'^^^^\ , 
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or li\PV{l^M^-2{K-c^M'cQiF^F^P)F/'-M\c^'-^K' = Q, 
and F^P and F^Q are the roots of this equation, so that their 

product = — jri^ an*! is constant. Heuoe F^ is a fixed point 

and it possesses the same properties relative to the curve as F^ and 
F^l iu other words F^ is a tliird focus. This may most con- 
veniently be shewn from tlio equation of the curve in the form 

where r, is the distance of any point on it from F^, r^ its distance 
from F^ and#ji^3 = e„ wxA n>m>l. Let F^F^='0^ and denote 
the distance of a point from F^ by r^. 

It is easily seen that the triangles F,PF^ and F^F^Q are 
eqiiiangular ; 

F^Q ^ F^ H 5^ - -^"' 
"'■ F,F^~ F,F F/^'~ F,P' 

.: the equation nF,Q ~L F,^Q = m. F,F^ 

may be written 

n . F^F^ - I . F^F= m . F^P, 

i.e. ™.r,+/. j-^=».c, (3), 

which shows that the distances of any point on the inner oval 
from i'\ and F^ are connected by an equation simDar in form to 
(1) and consequently F^ is a third focus of the curve. 

In like manner since the triangles F^QF^ and F^F.^F are equi- 
angular, the equation 

n. F^P + l.F^ = inF^F^ 
gives n.F,F^ + l. F^Q - m . F^Q, 

mr,-l.r,=^n.c., (4), 

or the same holds for the outer oval. 

Combined with the previous result, this shews that the con- 
jugate ovals of a Cartesian referred to the two internal foci are 
d by the equation 

^r,d.;r, = «.c, (n). 



yGoosle 



316 CAETESIAN OVAL, 

and referred to the two extreme foci by 

Similarly it is easily seen that referred to the middle and 
external foci, they are represented by 

nr^-mr,= ^k, (6), 

where c, = F^F^ . 

Taking the equation (5) referred to tlie two internal foci, 
it may be written 



■ r, ± j1 .r^=^ B where A and B are constants. 
With centre F^ and radius = B describe a circle DE. 
[Evidently comparing equations (1) and (2) we may ta 



othat 



- F^F, ' 
FF 



i.e. -S : F,F^ :: F^F^ : K.] 

Let any line through F^ meet it in D and the curve in P and 
Q. Let DF^ meet the circle again in E. 

Now PD=-B-PF,^A.FF^, 

QD^F^Q-B-=A.Fji; 
.-. F^Q : F^P :: QD : DP, 
so that F^D bisects the angle PF^Q. 

Produce i-i^, and QF^ to intersect F^E in Q, and P^. The 
triangles PF^D and P.F^E are similar and 
P^ _ PD_^ , 
■*" F^P^ ~ F^P ' 
and consequently the point P, lies on the inner oval. So also the 
point Q^ lies on the outer. 



y Google 



MISCELLANEOUS CURVES. 347 

AgMn, since FJ> bisects the angle PF^, 

i\P . FJi = PD.DQ +^^ = 

= A\F^P.F^Q + F~J)\\ 

or (1 - A') F^P . F^Q = F/>\ ', 

^ V - ■, . ■ 1 ^^^ ^J^ 
and by similar triangles -^-p = p p > 

.■. {\-A')F^Q.F^^ = F^D.F^E, 
i.e. the rectangle under FJ^ and F^P^ is constant ; a theorem due 
to M. Quetelet. 

If the curve has been constructed from the two internal foci, 
the external focus can easily be determined, for the angle F,P,F^ 
= the angle F^PF^ = K^,Q, i- e- the angle F^P,Q - the angle F,F,Q 
or a circle through F^P^Q passes also through F,. 

To i/eoM the Icmgent and normal at any •point P. 

Let FiP meet the circle DE (of radius as jireviously described) 
in J) and let FJ) meet the circle through PQF^F^ in R. Then 
fi is a point on the normal at P and also on the normal at Q. 

They may also easily he drawn without using the circle DE. 

The equation of the curve referred to the extreme foci has 
been shewn to be 

Ou PF,, PF^ measure lengths PL, PM proportional to n and I 
respectively, L e. make PL : PM :: n i I. 

Bisect LM in G and & will be a point on the normal at P. 

The normal at Q may be constructed in exactly the same way, 
one of the two lengths being measured on the corresponding focal 
radius produced. 

Similarly lengths on PF^, PF^ proportional to m and I deter- 
mine the normal at P from vectors drawn from the internal foci. 
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BENT SPEING. 



In the widest sense of the term, an elastic curve is the figure 
assumed by the longitudinal axis of an originally straight bar under 
any system of bending forces. It is here restricted to the figure 
taken by a slender flat spring of uniform section when acted upon 
by a pair of equal and opposite forces. 

The essential property of the curve undei- these conditions is 
that the radius of ewrvature at any point is inversely proportional 
to the perpendictda/r distance of that point from, the line of action 
of the forces. Its equation may therefore be written 

where p is the radius oE curvature at any point, y the distance of 
that point from a fixed line in the plane of the curve and a con- 
stant. 

A. very close approximation to tlie form of the curve can be 
easily drawn by conaidering it as formed of a aeries of circular 
arcs — the appropriate radius for ea«h being determined. 

Peoblem 171. To draw <m elastic cv/rve the consta/nt of the 
curve and the distance of the exPreTne point of the loop from the li/ne 
of action oftheforces Itemg given, 

lat. A bent bow (Fig. 171). 

liOt AB be the Hue of action of the given forces, CD the 
maximum ordinate of the curvo from AB. From any point D in 
AB draw DG perpendicular to AB and on it make i)0 = the given 
maximum ordinate. From inflect to AB a length C^ = the 
given constant of the curve and draw £'0, perpendicular to GE 
meeting CD in 0,. Evidently GB : GE :: CE : 0,0, so that 0, 
is the required centre of curvature at and may be taken as the 
centre of a circular arc extending to a reasonably short distance 
on either side of G, draw it say to F and since FO, is the normal 
at P the centre for the adjacent arc must be taken on ^''0^. Draw 
FG parallel to AB meeting CD in G and on DA make DH= GE 
= the given constant of the curve. HK perpendicular to Gil 
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MISCELLANEOUS CURVES, 
a point K sucli tliat 

&D : Dll :■ DU : DK; 
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i.e. DS^ ia the required radius of curvature at F, and therefoire if 
FO, on FO^ be made equal to J)K, 0^ may be taken aa the centre 
of a circular arc esteudiDg to a reasonably short distance from F 
as to L. Any number o£ successive centres may similarly be 



i£ at any number of 
e bo greater than the 



Sad. Ail undulating figure cross 
intermediate points. 

a. Let the given constant of the 
maximum ordinate (Kg. 172). 

Divide the given length AB into a number of equal part; 
g to tlie number of required undulations and at the 
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■centre o£ one such 
AB and cqttal to the gi 



BENT SPRING. 

of the line draw CD perpendicular to 
maximum ordinate, from C inflect to 




AB ^. length CB equal to the given constant and draw M0^ per- 
penclicular to CM meeting CD in 0,. 0, will be the required 
centre of curvature at G for evidently GD : CM :: CE ■ CO, ; 
and a circular arc may he drawn through with centre 0, and 
extending to a reasonably short distance on either side of (7 as to 
F. The centre of the adjacent arc must lie on /'O, . Draw Ff 
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351 



I to AB meeting CD in / and on DG, DB respectively 
make De^De^ =CE. Through e draw em,^ parallel tofe^, meeting 
AB in m^ and Dm^ will be the required radius of curvature at F 
for evidently Df : Se, :: De : Dm^, i. e. py — a' where 1/ is the 
ordinate of F. On FO^ make FO^ — Dm^ and 0^ maybe taken 
as the centre of the arc adjacent to GF. Similarly any number 
of additional centres may be determined — supposing the second 
arc extends to 6, draw 6g parallel to AB, em^ parallel to ge^ and 
on GO^ make GO^ equal to Hm^, 0^ will be the centre of curvature 
at G. As the radius of curvature at A is infinite the portion AH 
may be drawn tangential to the adjacent arc. 

j8. Let the given constant be less than the maximum ordinate 
<Fig. 173). 

Divide up AB and draw CD the maximum ordinate as before. 
On CD describe a semicircle and in it make GS equal to the 



Fie.i73. 




given constant: draw FO^ parallel to AB meeting CD in the 
required centre of curvature at G. The rest of the conatmction 
is exactly similar to the above. De = Be^ - GF. Ffh parallel to 
AB and eni^ parallel to fe, determines Dm^ the radius at F. In 
the figure G is taken on FO, so that g coincides with 0, and em, 
parallel to 0,-', determines Dm., the radius of curvature at G. 
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BENT SPRING. 



3vd, The points A and B coinciding, which may give, with an 
endless spring, a figure of S (Fig. 174). 

On CD describe a semi-circle; in it make GD equal to the 
given constant and draw EO^ perpendicular to CD meeting it in 




Oj which will be the required centre of curvature at G. Make 
De = De, = OE, De^ being perpendicular to iJC7, and successive 
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centres may be determined precisely as before, the curve at D 
being drawn tangential to the adjacent arc. 

4th. In figs. 171 to 174 inclusive tlie forces are directed to- 
wards each other. When they act in directions from eacli other 
the spring may form ono or more loops, with the ends and inter- 
mediate portions meeting or crossing AB, as shewn in lig. 175, 
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3o4 CURVES OP PURSUIT. 

tlie construction for wLich is exactly similar to the preceding and 
which, is lettered to correspond. 

5th, If the forces are directed from each other at tho points 
A, B, ia two rigid levers AD, BE to which the spring is fixed at 
D and E, the spring forms ono or more looped coils lying alto- 
gether at one side of tho line of action AB (fig, 176). 

The general method of construction is the same as before, but 
the radius of each arc coirespondiog to its central portion instead 
of to one extremity has been determined. 

Let GF be a maximuio ordinate ; on it describe a semicircle 
and in the semi-circle make Oil equal to the given constant ; draw 
HO^ perpendicular to CF meeting it in 0^ the centre of curvature 
at 0. Draw 60^ parallel to CF and at a distance from it equal 
to one-half the desired length of the loop of the curve, and on it 
make Gh^GH the given constant: make 6h^ on AB equal to 
Gh. Take any convenient point K at about the centre point of 
the intended second arc of the curve and draw Kk parallel to 
AB meeting GO^ in h, then Amj drawn through h parallel to iA, 
determines Gm.^ the required radius of curvature at K. Take any 
convenieot point L on the arc struck through C and join it to 
the centre 0,; make iO, on LOi = Gn\, and 0, will be the re- 
quired second centre. Similarly any additional number of centres 
can bo determined. 



CURVES OF PURSUIT, 

When a point A moves so that it is continually directed to- 
wards a second point B also in motion in some known curve, the 
locus of A is called a " (ywrvs of pursuit." 

The problem wag first presented in the form — To find the 
path described by a dog which rans to overtake its master. 

The velocities of the two moving points must of course he 
known, and the required locus can then be easily traced to any 
required degree of approximation by supposing the direction of 
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motion to be constant for a short interval and tlien to be suddenly 
deilectod. 



ti 173. A mmes in a straight line from A to B with 
cunetatjt vdociti/, and C starts from C loit/t constant vdoaty dmiMs 
tliot of A tmd is constantly/ directed on A. To find the curve of 
pwrmit (Fig. 177). 

Set off from A along AB any convenient equal distances A'i, 

-^ 1 — 1-~ ^'. t \ I . I I I ; I I? iT ; ?/T/'T/t 

\ 
\ 

\ 
'\ 
1 
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356 EXAMPLES. 

12, 23j... While A advances from ^ to 1 suppose C's motion to 
be directed on c the centre point of ^1. Then %yhen A arrives 
ftt 1, C will be at the point D on Co such that CB = twice A 1 — 
while A advances from 1 to 3 suppose Cs motion to be directed 
on d, the centre point of 12; thou when ^ is at 2 C will be at 
the point £ on Dd such that DE = twice 12, and similarly any 
number of successive points can he dotermlned. 



1, Draw a Harmonic Curve given the length AB of a vibra- 
tion and a point P on the curve. 

[From F draw PiV perpendicular to AB meeting it in iV. If 
a, is tho amplitude of the vibration -PiV= a sin 6, 
and ^ : 2n- :: AJ^i" : AB, 

FN 



s the circular measure of the angle, 

the sine of which can then be obtained from a trigonometrical 
table.] 

As a numerical example take AB^IOS, AN'^1-75, PJV=l-G7. 
a then equals 1'96 very approximately. 

2. Draw a Cassini's oval, the foci F, F^, and a point P on 
the curve being given. 

[Take a mean proportional {h) between the focal distances 
FP, F,P. A is the constant of the curve. Prob. 154.] 

3. Draw a Cassini's oval, the foci F, F^ and a tangent PT 
being given. 

[Bisect FF^ in C and draw GT pei-pendicular to PT meeting 
it in T. From one of the foci F draw a line meeting CT in Q 
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and on. CF^ describe a segment of a circle containing an angle 
equal to tte acglo GQF (Prob. 30) and cutting FQ in p. The 
locus of p will intersect the given tangent in its point of contact, 
and the question reduces to the preceding. The line FQ must be 
drawn within certain limiting positions in order that the circle 
may meet it in real points.] 

4. Draw through a focus F oi n lemniscato a line which shall 
cut the curve at a given angle a. 

[Let C he the centre and F^ the second focus. On CF^ 

describe a segment of a circle containing an angle j.—a, and 

meeting the curve in P. FP will be the requited line.] 

5. Given the centre 0, direction of axis CA, and a point P, 
on a lemniscate, draw the tangent at the point. 

[Draw CB perpendicular to CA, and CT (between CB and 
GP) making the angle .BCr=angIe AGP. Eisect CP in D and 
draw DT perpendicular to CP. T will be a point on the tangent 
at P.] 

6. Describe a lenmiscate with given centre G, given direction 
of axis GA, and to cut a given right line at a given angle. 

[The direction of a tangent ia obviously given. Through G 
draw a line parallel to this given direction, and the angle between 
this line and GB, perpendicular to GA, is three times the angle 
ACP, where P is the point in which the required tangent 
meets the given line.] 



Qiniscate, with given centre G, given direction 
of axis CA, and to pass through a given point P. 

[Draw the tangent and normal at P. Ex. 5. Let the 
normal meet CA in 6. Bisect the angle CFG by PD meeting 
CA in D. Through P draw lines making equal angles with PB 
and cuttuig off equal distances CF, GF^ on GA. (Prob. 19.) F 
and F^ are the foci of the required curva] 
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8. ah, a'ah' are two lines at right angles to each, other and 
a'a = a6' = ^ ab. ah moves round in the plane of the two lines till 
h comes to h' and a to a', the centre point c of ah moving alw^ays 
along CO, and a certain point d of ah describing a circular arc 
round 6', Determine the position of d and draw tho loci of h and 
a throughout the motion. 

9. A pendulum 5" long vibrates uniformly in an arc of 40". 
A fly starting at the bottom crawls at a uniform speed to the 
top, arriving there in the time taken by a forward and backward 
swing of the pendulum. Trace the course of the fly, 

10. A ti-ain is running in a straight line at 10 miles an 
hour. The door (30" -wide) of one of the cBiriages is opened 
with uniform angular velocity till it stands at right angles to the 
direction of motion in J a second and closed again in the same 
time. Dmw the curve traced out by a point on the edge of the 
door. Scale, ^ = 1 foot (Harmonic Curve). 

11. BD is a line If" long. Draw AB, DC perpendicular to 
SD ajid each 2" long, the points A and C being on opposite sides 
of BD. Consider these lines as three bars jointed at B and D, 
and free to turn in the plane of the paper about the points A and 
C as centres. Trace the locus of the centre point of ££>. 

[The complete locus is a figure of 8, the central portion being 
very nearly straight linos.] 

1 C th t t l^ail-S potstsd 

th 1 1 t pi A 1 11 t IP I 1 

th 1 d th f 1 p 1 1 £f th t p rt p 

\A Ithtl df h tht yfilpt 

th 1 t I b h p bul th t m w d by tl 

rotation of the circle. 

As a particular example take CA = 2'', CB = 2", diameter of 
circle I", and one position of the tracing point 1;^" from A and 
2J" from B. 
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CHAPTER XIII. 

SOLUTION OF EQUATIONS. 



Graphic methods may be applied to the solution of a^e- 
braical and trigonometrical equations, and in certain cases the 



Prions than the arith- 
■cularly the case with 
ition of equilibriuin is 
given. " The 



process is much simpler and more expediti 

metical or analytical one. This is partic 

certain statical questions in which a 

defined by two angles for which two equatio: 

equation for either variable which results from eliminating the 

other may be one of high degree, the approximate solution of 

which by the methods of the Theory of Equations would he very 

troublesome. In such cases it is often possible to obtain a 

solution sufficiently accurate for practical purposes by couBtruet- 

ing curves corresponding to the equations and taking their points 

of intersection*." 

For example, to find 6 from the equation 

osm(2«-,).,,m9 (1), 

e, a and a being given constants. 

If we trace the curves r^ a sin 0, 

then at their points of intersection the equation (1) is satisfied — 
the same origin and initial line being of course taken in tracing 
both loci. 

' Minohin's Statics, 3i:a Edition, p. 49. 
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360 GENERAL METHOD. 

At first a rough, tracing only is necessary, tlio object of this 
rougii preliminary trticing being merely to find the places in the 
neighbourhood of which, the curves really intersect. Then devote 
very special care to the tracing of the curves in these indicated 
neighbourhoods and in these alone. "We shall thus get a value 
or values of the unknown variable accurate within certain natrow 
limits of error due to the draughtamansMp and possibility of 
measuring given quantities. This is as exact a solution as the 
graphic method pure and simple enables us to obtain, but by 
analysis a further step can be taken. We have obtained a near 
value (say oi) of B, whict does not quite satisfy (1), but u + S 
does, where S is a small unknown quantity. If we write <o + S 
for ^ in (1) and then, S being very small, put co3S = l, sinS = 3, 

SO that S and therefore u> + @, or a still nearer value of 0, is known. 

In general, if we have to solve F{0)-f{6), i.e. any given 
function of fl = to some other given function, we may trace the 
rarre. r.F{S};r.f(t), 

and get an approximate value io of ^ from their points of inter- 
section as above. Then the correction 8 ia given by the eqnation 

*•{,.) +8y-(.)./M4.rM. 

f{«)-F{.) . 

#■{»)-/-(„)■ 

the dashes denoting the differential coefiicients of the original 
functions. 

Exmn/pU: — Solve the equation 2*= 5 sin 6. 

T='2fi represents art equiangular spiral, (Prob. 149), 

r = 5 sin represents a circle of diameter 5 units, passing 

through the origin and its centre on line through the origin pei-- 

pondicular to the initial line. 
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Let 61 be the circular measure of the angle between the initial 
line and the radius drawn fi:«m the origin to a point of inter- 
section of these curves, then 



5coa<o-2'"log,2' 
\i will be an approximate solution of the original equatioi 



Pkoblem 173. To solve ike q 

a;=-2^^ + .0' = O{rig. 178). 

Draw two lines Oct, Oh at right angles to each otjicr, and on 
one of them maie Oh = H. 

With h aa centre and A as radius describe an arc cutting Oa 
in a, so that Oa -- J A' — B^ ; and with centre a and radius a& 



s cutting Oa, in d and d^. Od and Od^ are lines 
representing the two values of x in the above equation. K the 
numerical values of the roots are required they must be measured 
of course on the same scale which has been used for laying off the 
lengths A and B. 

If A is numerically less than B the roots become imaginary, 
and the graphic method is not applicable. 

As a numerical example we may take the equation to deter- 
mine the length AK in problem 169, 

Here AK is one of the roots of hr'' — 2 + k\cr + c^ = 0, 



2 + A 



- + T=0. 
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362 QUADEATICS. 

whicli 13 of the above form il A= ^ — --^^ and fi = ^ 

Suppose k = l Uien ^ =^ and 5 = '^c, 

where c is a given length. 

Make Oe m fig. 178= this given length c. 

On Oa, Ob, take Of^Of^, 'Oas-a.ff^ represents J2 the length 
tybeing the unit; v\skQ OF m. Oh ^ff^. 

"With centre f^ and radius — "i. Of describe an are cutting Oa. 
in G, then OG represents ^3, the length Of being the unit. 
31irough e draw a parallel to FG meeting Oh in 6, 

Since evidently Ob : Oe : : J2 : J3, 

Ob = the constant £ of the equation. 

?c 
"With centre 6 and radius = -^ describe an arc cutting Oa in 

ffl, and ■with centre a and radius ah describe ares ciitting Oa 
in d and lij . Od, Od^ represent the values of r in the equation, 

and the particular value oi AK in Problem 169 is Od = -^. 
Pkobleu 174. To solve the quadratic equation 



The solution is exactly the same as that of the last problei: 
but both roots a 



Peoblem 175. To solve the quadratic equation 
7?-2Ax-B'^^{Yig. 179). 

Draw 2 lines Oa, Ob at right angles to each other and on 
tliem make Oa = A, Ob = B: 
then ah = JA^ + B\ 

"With centre a and radius ah describe an arc cutting Oa in d 
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and d,. Od, Od, represent the roots o£ the equation, but the 
smaller one must be taken witli negative sign. 



Pkoblem 17G. To solve the quadratic equation 

Tlie solution is identical with that of the last problem, but 
the greater root must be taken with negative sign. 

As a numerical example take the equation to determine the 
length AL in Problem 169. 

r- + or - ( -"r-^ ^ so that^l=^ undB- — , 

suppose ^ - ^- -'■ 01/ : c :: J'i : 1. 

Make Oe. = e; bisect Oe in a and make Off, = Oa so that 
aa^ : Oa :: J2 : 1. 

Make OF on Ob = aa^ and through e diaiv A parallel to aF ; 

then Oh = B, 

Witli centre ts and radius a6 describe arcs cutting Oa ra d 
and d^. Od is the positive root of the equation, and is the length 
AL in curve Ko. 3 of Problem 169. 
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364 acos0 + bsme = c. 

Problem 177. To solve grapkieally tlie equation 
«costl + 6sm9 = c(Kg. 180). 

Draw 3 lines at right angles to each otter as AO, AB. Make 
AO = a and AB = h on any convenient scale. Describe a circle 

I, Fig, 1 80. 




round OAB (its centre will of course be at the middle point of 
OB) and with centre and radius OB =c describe an arc cutting 
it in D, the angle AOD is the required angle $. 

[In the figure a=2-5, 6 = 1'3, c--=2'65, the unit being tlie 
length L and 6 = 47'5°.] 

Proof. e«s£Oi).-^-§=-;^, 

co,{AOD-AOB) = ;j-^, 

COS AOD Qos AOB + sin AOD sin AOB^~^, 

<:o.AOD^--^.i.AOD±^-^^, 

.: AOD----e. 

The second point Z*, in which the arc described with centre 
and radius c would cut the circle gives when c is greater than a a 
second solution, the angle A OD^ being the value of $ in this case. 

When c is loss than a so that D^ falls between and A the 
second solution corresponds to « cos ^ - 6 sin 6 = c. 



y Google 



SOLUTION OP EQUATIONS. 365 

Problem 178. A wnd B are two fixed pomts and P a variable 
point, the position of which is defined by Hie angles PAB (= 6) and 
PBA (- ^); draw the locus represented by the eqi,uttion 

sim, + sin 'j) = a, 
where a is aoiistant [a Tnay he either positive or negative hut 
its nwmerieal value eamnof he greater than 2.] (Fig. 181.) 

On AB mate BG = a . AB, and describe a semi-circle on AB. 
Draw a line Ap meeting the semi-circle in p ami on BA make 




Bh — Bp. With centre A and radius = bO describe an arc cutting 
the semi-circlo in q, and draw Bq cutting Ap ia P. P will be a, 
point on the required locus. Similarly any number of points can 
be determined. 

If (t is greater thau unity, i.e. if BC is greater than AB, the 
locus will meet jir, BTi drawn perpendicular to AB, ia points T 
and 2", determined by inflecting AE, BE in the aerai-circle each 
equal to AG and drawing BR, AB, meeting AT, BT, in T and 2", 
respectively. BT, AT^ are tangents to the required locus at T 
and Tj. Lines drawn from A to points between P^ and £ do not 
intersect the locus in real points. 

If » is less than unity, i.e. if BG, is less than AB, the ciirve 
passes through A and B and the tangents at those points can be 
drawn by inflecting BY, A V^ in the semi-circle eaoh. equal to BC^. 
AV, BY, are tangent* to the required curve. In the figure the 
value of a for the upper curve is -| and for the lower ^. There 
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366 TWO UNKNOWNS. 

are similar branches 511 tlie otlier side of AB corresponding to 
negative values of tlie angles. 



Froof. 



PAB = ^"-, and ^iiiPBA^ 
AB' 

pB + Aq _ Bb + hG BO 



114.=-.'- 



iB 



AB 



' AB " 



Froblem 179. To determine values of r wnbd wldeli sim 
ta/neously satisfy the equations 

r'cosW^a\,.{Vi, and r .sin'^^=h .sina...{2), 
toJiere $ is the angle between the radius vector r and a fixed rii 
line and a, h and a are constants. 



E([iiation (2) may be written j- = — 



, so that r and b are 

evidently sides of a triangle the opposite angles of which are a 
{or -n-- a.) end a -0. 

Let OA (fig. 182) be the fised straight line from which is 
measured, the origin. On it mako OB=b and through B draw 





'• 


.^ FJe.182. 
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BP making aii angle o. with, the positive direction of the initial 
line. BP is the locus represented by (2), for P being any point 
on it 01' - r and BOP = 6, so that 

OP _ &in OB P _ sine 
OB^smBPO' sina:^' 

To find points on the second locus. Make OA =a; when 9—0, 
r=^a so that the curve passes through j1, and jIj on tlie other aide 
of such, that 0A^ = a would be a second poiat on the locus. 
The curve is symmetrical about OA because negative values of 8 
^ve the same r as the corresponding positive values. Through 
draw any line Op and make the angle AOQ — t^tioa tho angle 
AOp. Draw AQ perpendicular to OA meeting OQ in Q, then 

eos2,-4.0j)^T|-;r, und .'. if^ is a point on the curve 

or Op'' - OA . OQ. 

Make Oq on OA = OQ and on Oq describe a semi-circle cutting 
AQ in jo, and make Op = 02\- Simiiarly any additional number 
of points on the curve may be determined, and at the points P 
and P^ where the line BP intersects the curve the same values of 
6 and r hold foi both. 

As the angle AOp increases the lino OQ will not intersect 
AQ within any leasonable distance; the length OQ may however 
be deteimined by bisecting or quadrisecting OA and taking the 
intersection of the ordinate through the point of division with 
the line corresponding to OQ — -the distance of which from will 
be the half or quarter of the diameter of the required semi- 
circle. The length Or, for example, corresponding to the radius 
vector OR is one-fourth the diameter of the semi-circle which 
determines t^ on AQ and so the length OR. 

The only portions of the second locus which it is neeessaiy 
to trace, are of coui'se those in the immediate neighbourhood of 
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368 a cot {6-a) + h cot (^ - ^) = c. 

the points wJiere it cuts the line, and a trial or two readily 
shews whereabouts the radii Op should be drawn. 

The seeoud loctts is a rectangular hyperbola with ceutre 
and transverse axis 2f(, and if this were recognised from the 
equation, the ordinary method of drawing an hyperbola might of 
course be adopted. 

Problem 180. A and B wet two fixed poirita and P a vanalle 
point, wliose position is defined by the angles PAB (= 6) and PBA 
(= ^), what hcas is represented hy the equation 

acof{6~a) + boot('P-^) = c, 
wliere a, h, c, a, ^ a/re constants ? 

Equations of which the above is the general form frequently 
occur in statical problems, and therefore a knowledge of what it 
represents and how it is liable to modification may be uaefiil 
(Fig. 183). 

Draw AC, BG making with AB the angles BAC = a. and 
ABG = 13. The required locus is a conic circumscribing the tri- 




angle ABC, the tangents to which at tliose points are easily 
drawn. 

The distance of any point T on the tangent at C from BC : its 
distance from AC produced ;: Ssina : wsiii^. 
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SOLUTION OF EQUATIONS. 
li Ap on AG-b and pn be drawn perpendicular to A £, 

iiid if £q on SC = a and qm be drawn perpendicular to AB, 



T can therefore be determined by drawing parallels to BG and 
jIC at distances =jm and gnt respectively. 

The tangent at A diyides the exterior angle at A so that the 
distance of any point ( from AG : distance from 

AB :: a : {aoota + heot P + e)sma. 
The length given by this last term is easily obtained, for if the 
angle mAB (fig. 184) - a, and Bm perpendicular to Am, - a, 
Am = acQta, draw Bk parallel to Am and make kBG = ^, and Ck 
perpendicular to Bk = h, 
then Bk or mn = h cot ^, 




make rd^ e, I being taken on the same side of m as ^ if c is 
negative and on the opposite aide if c is positive and the length 
Al = a cot o + 5 cot j8 ± c : from I draw U perpendicular to AB and 
la^Alsuio.. 

The tangent at A is determined by drawing parallels to AC, 
AB respectively at distances a, and la intersecting in t. 

Similarly the tangent at B divides the exterior angle at B so 
that the distance of any point t^ from BG : its distance from AB 

:: 6 : (a cot a + 6 cot j8 + c) sin ;8. 
The conic is therefore coiopletely determined, 

E. 24 
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370 a cos 9 -Vh cos <f) = c and k eot + 1 cot if> = tii. 

If a cot a + h cot /5 + c = tlie tangents at A and B evidently 
coincide with, the line AB, and the locus becomes a straight line 
through C, identical with the tangent at C in the general case. 
If a and j3 both equal zero, i.e. if the equation is 
a cot d + b cot ^ — c, 
the locus is a right line, which may be constructed as shewn in 
the next problem; for the point C is evidently in this case some- 
where on the line AB, and the tangents at A and £ again coincide 
with the line AM. 

Problem 181. To solve the equations 

acosfl + 6cos<;.-c (1), 

keotO + lcotrji^m (2), 

■where a, b, c, k, I, m are constants (Fig. 185). 

The second equation represents a right line which may be 




drawn as follows ; Draw any straight line AB and produce it to D 

sothat J.5 -.BD-.-.l-h-.k, and draw 7JC so that cot CJ5= ^ , 

l — k 
ie. UDE^Tn, EC^l-k. 

[On any line through B ma^ke Bd=k, da = l, and draw dD 
parallel to Aa. This determines D. Make DE=m, and EG per- 
pendicular to DE, = aB, 
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SOLUTION OF EQUATIONS. 371 

At any point/) of the line wc have, if pAq = 6, pBq = 4i, 

cot^=.^^ cot*=:^^ 

PI PI 

and we want to shew therefore that 

h . Aq + l. Bq = m.pq (a); 

.'. (a) may he written k (Aq + Bq) = I (Dq - Bq), 

i.e. h.AD = l.BD, 
which by construction it docs.] 

To find points on the locus represented by (1). With the 
points A and B as centres describe two circles S and T of radii 
- . AB and - . AB respectively. Draw any common ordinate NLQ, 

meeting Sia. L and 2" in JV; then the lines AL and BN intersect 
in a point, P, on the required locus ; for 
AQ^QB = AB, 
or ^Z cos ^ + BN cos 4, = AB, if BAL is Q and ABN is ^. 

or -.AB. cose +^-AB 00s ^^AB, 

which is the given equation. 

If the line DC meet the curve in R and R^ the angles RAB, 
RjAB are the required values of 0, and the angles RBA, B^BA 
those of ^. 

There is a precisely similar loop on the other side of AB. 

In the particular case in which a = h the locus is the Magnetic 
Curve. (Prob. 168.) 

Probleji 182. To find Q and •^from, the eqvMtionx 
w/iere a, b, c, h m& aoTistanls (Fig. 186). 
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S72 —.--p: + —. — , =c and cos6 = kcosA. 

sin fl sin ^ ^ 

Take two points A and S sucli that AB -^ a+ b; make AO = a, 
OB — b and draw OD perpendicular to jIjS; with A as centre and 




c as radius deaciibe a circle, and draw any radius AC meeting 
OD in L; inflect BJ=LC {/being on OD); then P, tke point of 
intersectioQ oi AC and BJ is a point on the locus represented by 
(1), the angles $ and ^ being ALO and BJO respectively. 

There is a precisely similar loop on the other side of AB. 

Again the equation Gosd = k cos ^ gives sin PAB = A . sin PBA 
or PB = h . PA, i e. P is the vertex of a triangle on a given base 
AB and with sides in a given ratio (Problem 17), i.e. the iocus 
represented by the second equation ia a circle whose diameter 
QQ^ is the line joining the points which divide AB internally 
and externally in the ratio 1 -.h; Le. 

AQ : QB :: I : k :: AQ, : Q^B. 
The values of 6 and (/> which satisfy both equations are those 
belonging to the points of intersection of this circle and the 
previous curve. 
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SOLUTION OF EQUATIONS. 



1. Solve the equation — — = ^ . 

[Trace the loci y = sia a; (harmonic curve) and y = — (a, 

line through the origin) : the values of x corresponding to their 
points of intersection are solutions.] 

2. Solve the equation sin cc = oic + 6, 

[The intersections of the hannonic curve y = sin x aJid of the 
straight line y — aoi-i-h where a and b arc constants.] 

3. Solve the equation 2* = 5 sin 6, 

[The intersections of the equiangular spiral r = 2 and of the 
circle r = 5 sin 6.] 

4. Knd 6 and ifs from the equations 

tan(^ = Jitanfl (1), 

acos^ = 6ces<^ + <,' (2), 

where a, h, c and n are given constants. 

[The 2nd equation represents a looua identical with (1) of 
Problem 181, attention being paid to the usual conventions as to 
sign. 

The 1st equation repreaenta a right line perpendicular to AB 
(fig. 185), the base of this locus, and meeting it in i) so that 
AD = n. BD.] 

5. Find $ and from the equations 



[Draw two lines AB, AC including an angle a, and make 
AB = a and.AG = m. With centres Sand f and radii=«and I 
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